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To my princess and my big mama

Thanks for everything

Purpose: This document is a compilation of notes generated to prepare for the Applied Differential Equa-
tions (ADE) Qualifying Exam at UCLA. I have documented the followings solutions as part of my review
process. These are incomplete and certainly contain typos and errors, for which I apologize in advance.
Much credit is due to Peter Cheng and Zane Li, Jeffrey Hellrung, and Alejandro Canteraro for their excel-
lent notes! Several of my solutions follow in likewise fashion to theirs; however, plenty others are distinct.
I would also like to extend many gracious thanks to Victoria Kala for her aid in producing many of the
solutions to problems from recent years, and also thanks to Bohyun Kim. To anyone that embarks on the
journey of preparing for this exam, I hope these notes prove valuable to you. I also hope you pass the
exam early on in the program (rather than fail twice and be told if you don’t pass next time then you are

out of the program, as was my situation).
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1 Introduction

Many solutions from old exams are contained herein. First we provide some background material that 1
found relevant for the solutions. Several example problems are drawn from textbooks, as I believe they
reflect the types of problems that have shown up in the past and may show up in the near future. After
this, over two hundred qual problem solutions are presented. I attempted to make these self-contained, as
if to model what I would hope to write on the actual exam. Consequently, some of the solutions may seem

repetitive.

The primary references we have found useful are as follows. First, the PDE text by Evans is of utmost
value. Particularly, we suggest studying Chapters 2, 3, 4, 5, 6, and 8. We also recommend Chapters 1 and
3 of Bender and Orszag’s text for the Frobenius and asymptotics methods. Chapters 5, 6, and 7 of Stro-
gatz’s text are also useful for the ODE problems (in addition to the similarity solution portion of Chapter 4

of Evans’ text). I have attempted to include as many relevant problems and examples from these as possible.

REMARK: Because the Bender and Orzsag portion of the notes has been removed from the online version
of these notes, the links in the document were removed (as part of the process). Kindly email me if you

seek the complete set of notes (with links). A
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2 Evans

Chapter 2

Problem 2.1. Write down an explicit formula fo ra function u solving the initial value problem

ug+b-Du+cu=0 in R" x (0,00),

u=g¢g onR"x {t =0}

Here ¢ € R and b € R™ are constants.
Solution:

This is the transport equation with an added cu term. We claim u = g(z — bt)e™“*. Indeed, this gives

u=gonR"x {t=0} and
u+b-Du+cu= (=b-Dg(z—bt)e " —cg(x — bt)e ") +b- Dg(x — bt)e " + cg(z — bt)e " =0. (2)

0
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Problem 2.2 Prove Laplace’s equation Au = 0 is rotation invariant; that is, if O is an orthogonal n x n
matrix and we define v(z) := u(Oz) for x € R", then Av = 0.

Proof:

Set g(x) := Oz so that v(x) = u(g(x)). Then

vz, (z) = Du(g(x)) - ga,; (v ZuxJ O, ( OJJ Zu% Oj; fori=1,2,...,n, (3)
where
8%.(033)]- = Oy, ZOjkxk: = Z Ojidix = Oj; fori=1,2,...,n. (4)
k=1 k=1

Differentiating once more yields

Vgya, (T) = Z Ojiaﬂﬁiu Z Oji Z ijxk ))Oki. (5)
Jj=1 Jj=
Note
3040k =Y 0,0} = (0071 = 651, (6)
i=1 i=1

where the final equality holds since O is orthogonal. Then

Ao(@) =3 3 0ji0kitta o, (9(2) = 3 Sjptinso (9(2)) = 3 s, (9(2)) = Aulg(a) = 0. (7)
j=1

i=1 j,k=1 7 k=1

This completes the proof. O
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Problem 2.3. Modify the proof of the mean-value formulas to show for n > 3 that!

1 1 1
UO:][ gda—i-/ <_>fd$a
R n(n—2)a(n) Jp, \Jz["2 =2

provided
—Au=f in BY%0,r),

u=g¢g ondB(0,r).

Proof:
Assume u is a solution to (9). Then define ¢ : [0,00) — R by

o(r) = ]éBm,r) udo = ]éB(o,ﬂ o(y) doy) = ]{93(071) 4(r=) do(2).

Then differentiating yields

/ Yy
_ 71 Dy(rz) - 2 do(z) = 7[ Dy(y)- ¥ do(y) = 7[
o) 8B(0,1) 9(rz) -z do(2) dB(0,r) 9(v) T o) aB(0,r) OV

Using Green’s formula and (9), we then deduce

r

¢ (r) = n]{s(om) Au(z) dz = _n]{g’(o,r) f(z) dz

By the fundamental theorem of calculus, we see

o(r) —¢(0) = /07" d(s)ds = ¢(0)=a(r)— /07‘ ¢'(s) ds,

and so the fact u(0) = ¢(0) implies

u(0) :][ u do +/ 8][ f(z) dzds.
dB(0,r) 0 "JB(0,s)

!The solution here is due to a helpful conversation from Bohyun Kim.

Heaton

(10)

(11)

(12)

(14)
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All that remains is to verify

1 1 1
) daeds = / ( _ > da.

Let € > 0. Then observe integration by parts yields

/ f][ f(z) dzds
e NJB(0,s)

T 1
:/E 7na(n)5”*1 /3(075) f(z) da ds

r

1 1 " 1
" o ( T o dx} | T Lo d‘“”)

S=—¢&

1 1 1 " f(y)
dx — d d
n(n —2)a(n) |2 /B(O,s) flz) do 2 /B(O,r) fle) do+ /5 /33(075) g2 7

(y)ds|,

J(e) K(e)

where we let J(¢) and K (¢) be the underbraced quantities. Note

lim K(e / / do(y)ds :/ f(nx_)2 dx.
e—0+ 8B(0,5) 5" B(0,r) ||

Furthermore,

f(x) dz
gn—2 /B(O,e) (=)

1
oo d
iy [ im0 da

1 n
— - a(n)e" || fll Lo (B0,

== [e%s) . l 2
£l oo (B(0,1)) lim e

Therefore, taking the limit as ¢ — 0%, (16), (17), and (18) together imply (1

completes the proof.

Heaton

(15)

(16)

5) holds, which

0
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Problem 2.4. Give a direct proof that if u € C?(U) N C(U) is harmonic within a bounded open set U,
then

max % = max u. (19)
T oU

Proof:

Because U C R" is closed and bounded, it is compact. Since u is continuous on the compact set
U, it attains its supremum. Similarly, since U is closed and bounded u attains its supremum on
OU. Thus the use of max in (19) is well-defined. Now let ¢ > 0 and set u. := u +¢|z|?, and note u.
is continuous on U. By way of contradiction, suppose u. attains its maximum at an interior point

z € int(U). This implies
0> Auc(z) = Zaxm (u(z) + 5\:U|2) = Au(z) + 2ne = 2ne > 0. (20)
i=1 =z

This implies 0 > 0, a contradiction. Consequently, max u. = Hal%x ue. Then observe
U

maxu < ma z) + ¢lz]?) = maxu.(x) = ma T) = ma z) + elz)?) . 21
axu < ma (u(e) + lel”) = max ue(e) = mas ve(e) = ma (u(e) + o). (@21)

Since U is bounded, there is M > 0 such that |z|?> < M for all z € U. Thus,

max u < max u(z) 4 |z|* < (maxu) +eM. (22)
U zeoU oUu

Letting ¢ — 0, we deduce maxu < r%%x u. And, because OU C U, maxu > I%%X u. Combining our
U U
inequalities, we conclude (19) holds. O

6 Last Modified: 4/26/2019
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Problem 2.5. We say v € C%(U) is subharmonic if —Av < 0 in U.?

a) Prove for subharmonic v that
v(x) §][ v(y) dy V B(z,r) C U. (23)
B(z,r)

b) Prove that therefore max v = maxwv.
T U

c) Let ¢ : R — R be smooth and convex. Assume u is harmonic and v := ¢(u). Prove v is subharmonic.

d) Prove v := |Du|? is subharmonic whenever u is harmonic.

Proof:
a) Let B(x,r) C U. Then define ¢ : [0,00) — R by
o(r) = / u(y) do(y) = / u(z +rz) do(z). (24)
oB(xz,r) 0B(0,1)

Then
' (r) = / Du(z +7rz) -z do(z)
9B(0,1)

_ / OU (4 4 12) do(2)
2B(

0,1) ov

_ / A (25)
0B(z,r) OV

r

= / Au do
" JB(x,r)

This shows ¢ is monotonically increasing. Whence

o(z) = lim w do = Tim ¢(t) =< 6(r) = ][ o(y) dy. (26)
t=0 OB(z,t) t—=0 B(z,r)

b) Because OU C U, we know

max v(x) > max v(z). (27)
zcU xcoU

2The solution to b) was constructed through reference to stack exchange.
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By way of contradiction, now suppose

max v(z) > max v(x). (28)
zeU xcoU

This implies v attains its maximum at an interior point z € int(U). From a), we know for any

r > 0 such that B(z,r) CU

v(z) < /B(”) viz)de = 0< /B(z,r) v(z) —v(z) de, (29)

but note the integrand on the right hand size is nonpositive, which implies v(z) = v(z) for all
x € B(z,7).

Let S = {r > 0: B(z,7) C U} and note S is bounded since U is bounded. Moreover, by
definition of s, we know

B(z,s) = U B(z,r) C U. (30)

Thus v(z) = v(z) for all x € B(z,s). And, because v is continuous on U, it follows that v is
continuous on B(z,s). Whence v(y) = v(z) for all y € B(z,s). We claim dB(z, s) N OU # 0.
Consequently, there is a point y € 9B(z,s) N OU, which implies there is a point y € U
for which v(y) = v(z), a contradiction to (28). This contradiction together with (27) imply
mﬁaxv = maxw, as desired.

All that remains is to verify dB(z,s) N OU # (). By way of contradiction, suppose dB(z,s) N
OU = (), which implies dB(z,s) N (R™\U) = (). Thus letting

d:=inf{|lz —y|:x € B(z,s), y € (R"\U)} (31)

yields d > 0. Consequently, B(z, s+d/2) and (R™\U) are disjoint. This implies B(z, s+d/2) C
U and so s + d/2 € S, contradicting the fact s = sup S. The result directly follows.

c) First note v(z) = ¢(u) implies

Vg, = O (Wug;, = Vg, = qﬁ"(u)ui + ¢ () g, fori=1,2,...,n. (32)

K3
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Thus
Au=> vy = Zcb” whul, + ¢ (g, = ¢ (u)| Dul? + ¢ (u) Au = ¢ (u)|Dul* > 0, (33)

using the fact ¢”(u) > 0. This shows —Awv < 0, as desired.

d) Observe u,; is harmonic for j = 1,2,...,n since
Aug, = Zuz aiz; = O, (Au) = 0,0 = 0. (34)

Then note ¢(z) = 22 is convex and so —A¢(u,,) < 0 for i = 1,2,...,n. Whence

n

~A(|Du*) = -A <Z u2> => —A¢(uz) <> 0=0. (35)
=1 =1

=1
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Problem 2.6. Let U C R"™ be bounded and open. Prove there exists a constant C', depending only on U,

such that
max |u| < C <max lg| + max ]f]) (36)
T oU T
whenever u is a smooth solution of
—Au=f inU,
(37)
u=g¢g onJU.
Proof:
Let A := max|f|. Then set
U
(e) = u+ 2L (38)
v(x) :=u
2n
and observe
2
—AU:—A<u—|—|;U|/\>:—Au—)\§—Au—f:0. (39)
n
Thus v is subharmonic. By a previous exercise, it follows that maxv = rré%x v. Thus
U
|22

Alz[”
= maxv = max v = max |u| + .

max |u| < max |u| +
U U U U ou 2n

Because U is bounded, there exists M > 0 such that |z|> < M for all x € U. Thus taking
C = max{1l, M/2n} reveals

AM
max |u| < max |u| + — < C (max lul + /\> =C (max\g\ + max\f\) . (41)
U U 2n U U U

Noting C' depends only on U, we see we have obtained the desired result. ([l

10 Last Modified: 4/26,/2019
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Problem 2.7. Use Poisson’s formula for the ball to prove for x € B°(0,r)

r— ||

U n—2 T+ ‘.%"
(r+ =)

ol

n—2

(0) <wu(x) <r

whenever u is positive and harmonic in B%(0,7). This is an explicit form of Harnack’s inequality.

Proof:

First note Poisson’s formula for the ball is is given by

2 —z]? 9@
u(w) = =120 /a do(y),

na(n)r Jopoory v —y|™

which implies
1
w0) = [ gly) doty)
8BO(0,r)

na(n)re

Now fix any = € B°(0,7). Then for each y € 9B°(0,) it holds

v =yl <l +lyl = [z[ +7r and |z —y| >y - [z] =r —|z|

Whence

o < TR [
OBO(0,r)

na(n)r r— |x|)
n—2 T+ ‘l" 1 /
=T : 9(y) do(y
)T nalmr T Jop,, T 47W)
_.n—2 T+ ‘iU|

O

In similar fashion, we see

(r + |a)(r — |2 o(y)
u(z) > / W)
o

na(n)r Bo(,r) (1 + [z|)"
n—2 = ‘.%" 1 /
— . d
TR nalnr T o 7Y 470
_.n—2 = ‘x’
=r 7(7" n |ac])”—1u(0)'

Combining our results, we obtain the given form of Harnack’s inequality.

Heaton

(42)

(43)

(44)

(45)

(46)

11 Last Modified: 4/26/2019



ADE Qual Notes Heaton

Problem 2.9. Let u be the solution of

Au=0 in R%, (48)

u=g¢g onJdR",

given by Poisson’s formula for the half-space. Assume g is bounded and g(x) = || for x € R} satisfying

|z| < 1. Show Du is unbounded near z = 0.

Proof:

We verify Du is unbounded near x = 0 as follows. First we claim

u(Aen) — u(0)
A

lim
A—0t

‘ — co. (19)

Since v is harmonic, v € C*°(R"}). By way of contradiction, suppose Du is bounded in some open
ball about the origin, i.e., there is M > 0 such that |Du(x)| < M for all z € R’} N B,.(0) for some

r > 0. Then for any A\, e € (0,7) with A > ¢ we see

A A
lu(hen) — ulcen)| = / iy, (ten) dt‘ < / (s, (ten)] dt < M(A—2). (50)

From a theorem in Evans text3, we deduce u(ce,) — u(0) as e — 0F. Consequently,

M > lim lim
A—=0t e—0t

u(Aen) — u(eey)
—€

a contradiction to the fact M is finite. Thus Du is unbounded near the origin.

All that remains is to verify (49). Using Poisson’s formula for the half-space, we see for A > 0

u(Aen) —u(0) u(Aen) 12X g(y) _ 2 9(y)
Ao A A na() /am e — i Y el /6131 02+ e ¥ )

where the final equality holds as the n-th component of y is zero since y € OR'. Let J(\) and

3See Theorem 14iii on page 37.
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K ()) be the corresponding integrals over Ry = dR"t N B(0,1) and Ry = 0R'} \B(0, 1), respectively,
so that u(Aey) = J(A\) + K(\). The fact g is bounded implies there is B > 0 such that ||g||cc < B,

and so

B 1 |
K\ g/ S, | gB/ —d —BCn/ — " 2dr = BC(n) < 0. (53
|[K(N)] 0 D2+ g2 y o oI Yy (n) e (n) (53)

r

The first equality follows from using polar coordinates, where C'(n) is a scalar dependent only on

n. Next observe
2 Yl

J)\(x) = na(n) /R1 (/\2+ ‘y’2)n/2 dy
2 / Y|
na(n) Jao1) (A2 + [y|?)n/?

2 / | Az] -1
- Az
na(n) Jpo,1/0) A1+ [2[2)n/2

__2 / I
na(n) Jaoan (1+ |2|2)n/2

Note here we use B for balls in R"! and use y in R” in the first line and R"! from the se-
cond line onward. Employing polar coordinates, for some scalar A(n), dependent only on n, for

A € (0,1) the integral becomes

1/ r n—2
J)\(II,') = A(n) ) m - r dr

1/ yn—1
> A(n)/ T ar
1 (1 +T2)n/2 (55)

/X ,.n—1
> Aln) / ! dr
1

lm JO) > lim — A 10 = . (56)

13 Last Modified: 4/26,/2019
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Note since K()) is bounded as A — 0" while J(\) — oo, compiling our results yields

lim ——"“——— = lim J(\)+ K(\) = 57

BT g TR = o o7

as desired. This verifies (49) and completes the proof. O
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Problem 2.10

Proof:

Let U~ denote the open hall-ball {z € R" : |z| < 1,2, < 0}. Observe vy, is continuous in U™ for
each i € [n] since v,z = Ug,z, in UT. Also vy,,, is continuous in U~ for each i € [n] since —uy,,,
and ¢(z1,...,2n-1,2n) := (21,...,2n—1, —2pn) are continuous in U~ and the composition v,,,, =
—Ug,q; © ¢ is continuous. All that remains is to verify vg,,, is continuous along OUT N {x,, = 0}.

For i € [n — 1] we directly deduce vy, = Ug,z;, = 0 since u = 0 in this set. For each z € B%(0,1)

lm vy, 2, (21, 2n—1, @) = Um ug, 2 (21,0, 2n—1, Q) = Uz, 2, (21, -, 2n—1,0) = 0. (58)
014)0-’_ QA)OJ'_

The first equality holds by the definition of v, and the second by the continuity of uy, ., , and the
third since, using the facts uy,,, = 0 on OUT N {x,, = 0} for i € [n — 1] and v € C?(UT) and u is

harmonic in U™,

n n
0= lim 0= lim Au= lim g Ug,z; = g Uz, (1, -, Tp—1,0) = Ug 2, (1, ..., Tn-1,0).
=1 i=1

a—07t a—07t a—07t —
(59)
Similarly, we deduce
lm vz, (21,5 2n—1,@) = Im (—ug,q, © @)(21,. .., 2n—1,Q)
a—0~ a—07t
=(—u op)(z1,..-y2n-1,0
(—Uzpz, © @) (21 n—1,0) (60)
= —Up, 2, (21, 2n—1,0)
=0.
Since the right and left hand limits exist and are equal, it follows for each z € B%(0,1)
lim vy 0, (21, 2n—1,0) =0 =10y, 4, (21, ..., 2n-1,0), (61)
a—0
which implies v, ., € C2(U), from which we conclude u € C?(U). O
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Problem 2.15. Given g : [0,00) — R, with g(0) = 0, derive the formula

$2

(o, 1) = J%/Ot (t—ls)?’/? exp (—4@_8)> o(s) ds (62)

for a solution of the initial /boundary-value problem

up — Uz =0 in Ry x (0,00),
u=0 on R4 x {t =0}, (63)

u=g on{z=0}x][0,00).

Solution:

Define v(z,t) := u(x,t) — g(t). Let us momentarily assume ¢(t) is differentiable. Then define

. —g'(t) ifx >0,
Fapy e 7Y (64)
Jgt) ifz<O.

and define the odd reflection o : R x [0, 00) by

v(x,t if z >0,
o(x,t) := (@) (65)

—v(—z,t) ifz<O.

Then note, for = > 0,

Oy (2, 1) — Vg (2, 1) = w0, 1) — uge(,t) —g'(t) = fla, 1), (66)

~~

=0

and, for x < 0,

’Dt(xyt) - ﬁ$$($,t) - - (Ut(—$,t) - ’U$z(—.f(},t)) = - (’U,t(—l',t) - uz:v(_x7t)) +g/(t) = fN(x')t)' (67)

Because ¢(0) = 0, we further see, for x > 0, v(x,0) = u(z,0) — g(0) = wu(z,0). This implies v =

16 Last Modified: 4/26,/2019
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0 on R x {t = 0}. Compiling the previous results, we may write

Vp — Vg = f In R x (0,00),

7=0 onR x{t=0}, (68)
5=0 on {z =0} x[0,00).
For fixed s € (0,t), we see
ilastis) = [ 06t =9)f(6s) de (69)

solves the PDE

Op(+;8) — Ugz(v38) =0 in R X (s,00),

(70)
o(;8) = f(;s) on R x {t = s},
where ® is the funadmental solution to the heat equation:
2
®(x,t) == (4mt) "% exp (—475) . (71)
Duhamels’ principle then asserts
¢
v(x,t) = v(x,t;s) d
o(x,t) /0 o(x,t;s) ds
t 00
— [ a-ct-9ses deas
0 J—o0
t 00 0
:/0 g'(s) {—/0 O(x— & t—s) d§+/oo<1>(a:—§,t—s) d{] ds (72)
t o0 0
:/0 g'(s) |:—/_Ooq)(l‘—£,t—5) d£+2/_oo<1>(a:—£,t—s) dg} ds

t 0
——g(t)—|—2/0 g’(s)/ O(x— &, t—s) déds,

—0o0

where we have substituted in the expression for f and note the integral of ® over R is unity and g(0) = 0.
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Now define 0
0= [ dw-gt-s)de

—0o0

_ 1 0 (=)
— 7477@ = /Oo exp < 1= ) d¢ (73)
exp(—y~) dy,

- Var /x/\/4(ts)

where the final equality holds by using the change of variables y = (x — £)/1/4(t — s). This implies

P N G R B PRV S PN R A
q(s) i p( 4(t_8)> 2(4(t ) 4= INCTEE p( 4(t_8)>.(74)

Using integration by parts, it follows that

/Og’(S)q(S) ds:[gq]é—/o q'(s)g(s) ds

75
o L t_ B 1,2 g(s) s ( )
Wil i) e
where the boundary terms vanish since ¢g(0) = 0 and
lim ¢(s) = lim / exp(—y?) dy = L /OO exp(—y?) dy = 0. (76)
s—t— s—t— \/4m /\/A(t—s) VAT Joo

Therefore,

t T t 1'2 S
o(x,t) = —g(t) + 2/0 g'(s)a(s) ds = —g(t) + 37 ), O (— ) @ f(s))gm ds,  (77)

from which we conclude, for (z,t) € R x (0, 00),

a? 9(5)
u(x,t v(x,t) + / ex ds, 78
(1) = 0(a,1) +9(0) = —= p< 4(t_5))(t_8)3/2 (78)
as desired. Finally, note our final solution makes sense even if g is merely bounded (rather than differen-
tiable). O

18 Last Modified: 4/26,/2019



ADE Qual Notes Heaton

Chapter 3

REMARK: The following is an interesting example, with a brief solution sketch provided on page 134 of
the text by Evans. A
Example. Solve

1
up + i\DuP =0 in R" x (0, 00),

u=|z|] onR"™x {t=0}.

Solution:
The Hamiltonian H for this PDE is H(p) = [p|?/2, for which the Legendre/Fenchel transform is the
Lagrangian

2
L(v)=H"(v)= sup v-p— H(p) = supv-p—@. (80)
peR™? peR™ 2

Differentiating the expression to be minimized reveals the critical p* satisfies the optimality condition

0 =v —p*, and so

o2 _ vl
Lv)=v-v——=—. 81
(W) =vov- =1 (51)
The Hopf-Lax formula then gives
u(z,t) = min tL TV 4 ly| = min M + |y (82)
’ yERN t yeRr 2t '
Differentiating yields the optimality condition for optimal y* to be
y -z ¥ . v x ( t -
t % v %

If |x| > ¢, then y* # 0 and the sign of y* is the same as that of x, and so

v = (|z] —t) ,% (84)

which implies
(z, 1) t2+|! t= o] - 2 (85)
= — —t=|z|— <.
u(z, o7 x 2
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Now suppose |z| < t. The result (83) shows y*/|y*| = £z /|x| if y* # 0. For such a choice, we see

X

y* = (lz| $t)m, (86)

which implies
2

t 3t t
)= — +(t == > .
ul@ )=+t Flz) =5 Flal 25 (87)
However, if |z| <t and y* = 0, then
> _ ¢
t) = — < —.
u(z,t) 5 =35 (88)

Because y* is the minimizer, (87) and (88) show y* = 0 must hold when |z| < ¢. In summary, we conclude

lx| —t/2 if |x| > ¢,
u(z,t) = (89)

lz|?2/2t  if |z] < t.
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Example. Solve
1
ug + §|Du|2 =0 in R" x (0,00),

u=—|z| onR" x {t=0}.

Solution:
The Hamiltonian H for this PDE is H(p) = |p|?/2, for which the Legendre/Fenchel transform is the
Lagrangian

[pl*

L(v)=H"(v)=sup v-p—H(p)= sup v-p— ~ - (91)
peR™ peR™ 2

Differentiating the expression to be minimized reveals the critical p* satisfies the optimality condition

0 =v—p*, and so

> ol
Lv)=v-v— — = —. 92
(W) =vv-1- =1 (92)
The Hopf-Lax formula then gives
u(x,t) = min tL U ly| = min v —yP* — |yl (93)
’ yeR™ t yeR™ 2t '

Differentiating yields the optimality condition for optimal y* to be

v -z oy N y* N t :
_ . I AN 1— ) = ify* 0. 94
- y=etig v\l T (94)

O:

This shows y*/|y*| = £2/|x|. Minimizing the candidate values for u among all possible cases for y* reveals

2 2
t t t 3t t
wind 55 = (el +0), 5~ elel = 0) p =min{ 550 <ol = 3. 5 ~lal, Jal - 5 -
=0  yr=z+tiz/|zl y*=a—tz/|z|
t
= —|z| - 9
from which we conclude y* = 0 and
t
u(z,t) = —|z| — 7 (96)
(|
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Problem 3.5a. Solve using characteristics: xjug, + Taug, = 2u, u(zy, 1) = g(x1).
Solution:
We proceed by using the method of characteristics. Define F(p, z,x) := x - p — 2z. Taking p = Du and

z = u yields F' = 0 and gives rise to the system of characteristic ODE:

(97)
is)=Fy, p=x-p=2z 2(0)=g(a})
This implies
(x1,22) = 2(s) = x(0) exp(s) = (z7,1) exp(s) = x] ==x1exp(—s)= %, (98)
and so
ula) = 5(5) = 20) exp(29) = alal) exp(2s) =g (21 ) (w2 (%)
g
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Problem 3.5b. Solve using characteristics: zjug, + 2Toug, + Uzy = 3u, u(z1,x2,0) = g(z1, 22).
Solution:

We proceed by using the method of characteristics. Define F(p, z, z) := p-r —3z, where r(z) := (21, 222, 1).
Taking p = Du and z = u yields F' = 0 and gives rise to the system of characteristic ODE:

(s)=F,=r, x(0)= (x?,mg,O),

(100)
i(s)=Fy,-p=x-p=3z 2(0)=g(x}, ).
This implies #3 = 1 and 2§ = 0. Thus x3 = s and
(z1, 22, 23) = (2 exp(s), 23 exp(2s), s) = (2¥ exp(x3), 2 exp(223), 5), (101)
which implies
(x?, xg) = (x1 exp(—x3), z2 exp(—2x3)). (102)
Then
u(x) = z(s) = z(0) exp(2s) = g(:z(l), xg) exp(3s) = g (x1 exp(—x3), x2 exp(—2x3)) exp(3z3). (103)
U
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Problem 3.5c. Solve using characteristics: uug, + ug, = 1, u(x1,z1) = x1/2.

Solution:

Heaton

We proceed by using the method of characteristics. Define F(p, z,x) := p- (2,1) — 1. Taking p = Du and

z = u yields F' = 0 and gives rise to the system of characteristic ODE:

(s) =Fp=(z1), z(0)= (o, a),
2s)=F,-p=z-p=1, 2(0)=a/2.

This implies

o
z:s+§ and 29 = s+ a,

and so
s=2z—x9 and « =2xy— 2z.
Then s
:L‘lzoz—i-/;fc(T)dT
0
S
:a+/7'+ad7
0 2
+s2+ozs
= o - -
2 2

422 — dzzo + 23
2

= (229 — 22) + + (w2 — 2)(22 — 22)

22
= 219 — ?2 + z(xe — 2),

which yields

121 +3/2
Ty — 2 '

(104)

(105)

(106)

(107)

(108)

24 Last Modified: 4/26/2019



ADE Qual Notes Heaton

Problem 3.17. Show that?*

2
-3 <t+\/3x+t2) if 4z 4+ 2 > 0,

u(z,t) == (109)

0 if 4z 4+t2 <0

is an (unbounded) entropy solution of u; 4 (u?/2), = 0.

Solution:

We proceed in the following manner. First we show u is a smooth solution to the PDE to the left and right
of the shock curve 4z + t?> = 0. Then we show the shock curve satisfies the Rankine-Hugoniot condition.

These two facts prove u is a weak solution to the PDE. Lastly, we must verify the entropy condition holds.

For 4z + t? > 0, observe

2 1 ~1/2 2 —1/2
BT S W PP S
and
uﬁ—% <0+;(3m+t2)_1/2-3> =~ (Bo+3) 2 (111)

which imply

2 1/2 —1/2 2 —1/2
wy = =2 (4 (Be+12)"7) (= Be+2) ) = S (tBr+ ) 1) = —ue (112)
Thus,
2
ut+<u2) =wu +uuy, =0 ifdx+t>>0. (113)

Additionally, we see u; + uu, = 0 if 4z + t> < 0 since the derivative of 0 is 0.

Let f(u) = u?/2. The RH condition is that along a shock, parametrized by (z(t),t), we have

_ 2
o= () = f(uii = j:(“) - _“;iz =2, (114)

4This showed up as S13.8.
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where uy and wu, are the limiting values of u to the left and right of the shock, respectively. Because

, 2 2\ 2 t

we deduce o = —t/2. This implies, with the fact z(0) =0,
t t T t2
x(t):/ Uy dT:/ ——dr=—- = dx+t*=0, (116)
0 0o 2 4
as desired. Hence u is a weak solution of the PDE. Then observe f’(u) = u and
fllu)=0>0=—=>—t= f'(u), (117)

from which it follows that the entropy condition is satisfied. This completes the proof. O
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Chapter 6

Problem 6.1. Consider Laplace’s equation with the potential function c:
— Au+cu=0, (118)

and the divergence structure equation:

—div (aDv) =0, (119)
where the function a is positive.
a) Show that if u solves (118) and w > 0 also solves (118), then v := u/w solves (119) for a := w?.

b) Conversely, show that if v solves (119), then u := va'/? solves (118) for some potential c.

Solution:
a) Observe
v, = 8Tl for i = 1,2,...,m. (120)
w
Then

n n n
div(aDv) = Z O, (wzvmi) = Z Oz, (Ug,w — Wy, u) = Zummw — Wy, U (121)

i=1 i=1 i=1

Rewriting this in terms of the Laplacian operator reveals
n
div(aDv) = Zuzixiw — Wy, U = WAU — uAw = w(cu) — u(cw) = 0, (122)
i=1

and the result follows.

b) Observe

Au = En: Oz, [WW} = En: Or, [anf/2 + Va0 1/2}

i=1 =1

1 Az Vg 1/2
_ Z 4&3/2 + W [azizi'l) + a.ﬂtivxi] + W +a Uz;z; (123)

D 2
— pal/? [|452‘ + 25] +a Y?[Da- Dv + aAv].
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Additionally,
n n
0 = div(aDv) = Z Oz, (avg,) = Z Ag,; Vg, + AVg,z;, = Da - Dv + alAv. (124)
i=1 i=1
Defining
|Dal?>  Aa
- Aa 12
‘ [ 12 " 2a (125)
and utilizing (124), we see (123) becomes
Au = u(—c) + a " Y?[Da - Dv 4 aAv] = —cu, (126)
and the proof is complete.
U
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Problem 6.2. Let

n

Lu=— Z (aijuxi);,;j + cu. (127)
ij=1

Prove there exists a constant x4 > 0 such that the corresponding bilinear form B[, -] satisfies the hypotheses

of the Lax-Milgram theorem, provided

c(z)>—p forallzeU. (128)

Solution:

Let H := H}(U). The associated bilinear form Blu,v] is given by

Blu,v] := / E aijuxivxj + cuv dx = / (ADu, Dv) + cuv dz. (129)
U5 U
3,j=1

We seek to show B is bounded and coercive. Boundedness follows since
| Blu, v]| < /U |ADul[[| Dv|| + clu|v] dz

< Al oo @) N1 Pul | Dol | 1 @y + elluvl 1wy

(130)
< Ci||Dull 2@y | Dol 2wy + llell oo @ el L2 vl 2
< [C1 + llell oo ] Nulla |l o,
where C1 = [||A]||f~ ), |A| denotes the induced Euclidean norm of A(z) in U, and we have made

use of Holder’s inequality. Poincaré’s inequality asserts there exists Cy > 0, dependent only on U, such
that
2 2
||u||L2(U) < Cg||DuHL2(U), for all u € H. (131)

And, because we assume A is uniformly elliptic, there exists 8 > 0 such that

(AE,€) > 9]¢, for all £ € R™. (132)
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Assuming (128) holds with p < C3/6, our combined results imply

Blu,u] = /U (ADu, Du) + cu? dz> 9||Du||%2(U) - ,u||u|]%2(U) > [0 — uCs] ||Du\|%2(U). (133)

However,
1 min{Cs, 1} min{Cs, 1}
1Dl = 5 [IDulew) + 1Dl | = 52 |l + 1Dule)| = =52l (134)
and so
min{C», 1}

Blu,u] = [0 — pCo] - -l (135)

2

where we note the leading scalar is positive, by our choice of . This proves B is coercive, and we are done.

O
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Problem 6.3. A function H2(U) is a weak solution of this boundary-value problem for the biharmonic

equation
A%y =f inU,
(136)
u=1u, =0 on U,
provided
/ AuAv dz = / fvdx, forallve HZ(U). (137)
U U

Given f € L?(U), prove that there exists a unique weak solution of (136).

Solution:

Set H := HZ(U), let u € H3(U), and let £ > 0 be given. Since H is the closure of C°(U) in H%(U), there
exists w € C°(U) N H*(U) such that

lu —wg < e. (138)

Integrating by parts, we see
n n n
HA’UH%Q(U) = Z / Vi, Vajz; AT = Z / ~Vgzia;Vz; AT = Z / Ugﬂj dr = HD%H%Q(U), (139)
ij=1"U ij=1"U ij=1"U

where the boundary terms vanish since v has compact support. Together with the triangle inequality, this
implies
1Dl 20y = 1 Aull 2] < [ID?*(w = 0) || 2wy + D0l 2y = [|Aul| L2 |
< ID*(u = )|l r2@y + |ID*0ll 2@y — |1 Aull 2|
<e+ [|Av]l 2wy — | Aull 2] (140)
<e+ A —u)llp2w)

< Ze,

where the fourth line is an application of the reverse triangle inequality. Since € was arbitrary, letting
e — 0T reveals

ID*ull 12y = [|Aul r20r)- (141)

Since u was chosen arbitrarily, this result holds for all w € H. Now define the bilinear form B: H x H - R

31 Last Modified: 4/26,/2019



ADE Qual Notes Heaton

and the linear form ¢ : H — R via

Blu,v] := / AuAv dz and {(v) := / fu dz. (142)
U U
We claim the Lax-Milgram theorem asserts there exists a unique w € H such that
Blu,v] = {(v), forallve H, (143)
from which the result follows.

All that remains is to verify the assumptions of the Lax-Milgram theorem hold. Namely, we must show /¢

and B are bounded and B is coercive. Observe ¢ and B are bounded since, for all u,v € H,
)| < Ifvlloiwy < If 2@y llollzzwy < 1fllc2an lloll & (144)

and

| Blu, v]| < [|Audovllpwy < [Aull 2wy Al 2wy < llullzllvllz- (145)

Additionally, by Poincaré’s inequality, there exists C; > 0, dependent only upon U, such that

|ull2y < CillDull 2y, for all w € Hy(U). (146)

However, since u,, € Hg(U) for each index i, it follows from (146) that there exists Cy > 0 such that

[Dull72y < Col D*ull 2y, for all u € H. (147)

Combining (141), (146), and (147), we see

Blu,u] = || AulZ2
= |D%ull72 ¢y
1 1 2 1 2 2,112 (148)
Z3 m”’“”m(m + EHDUHLQ(U) + [[D%ull 720
1 .
> g min{1/(C1 - C2),1/C3, 1H|ulF,
from which we deduce B is coercive. ]
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Problem 6.4. Assume U is connected. A function u € H'(U) is a weak solution of Neumann’s problem

—Au=f inU,
(149)
Uy, =0 on U,
if
/Du~Dv dm—/fv dx, for allve HY(U). (150)
U U

Suppose f € L2(U). Prove (149) has a weak solution if and only if

/fdxz& (151)
U

Solution:
Suppose (149) has a weak solution u*. Let v be the constant function with value unity in U. Since U is

bounded, v € H*(U). Thus, Dv =0 in U and

/fdac:/fvdx:/Du*-Dvdw:/Du*-de:O. (152)
U U U U

Conversely, suppose (151) holds. Set H := {v € H*(U) : v dz = 0}, where we set

v::/ v dx. (153)
U
Note H is a closed subspace of H'(U). Then define the bilinear form B : H x H — R and ¢ : H — R by
Blu, v] ::/ Du-Dvdx and {(v):= / fu dz. (154)
U U

We claim B is bounded and coercive and £ is bounded. Thus, the Lax-Milgram theorem asserts there exists
a unique u* € H such that
Bu*,v] = ¢(v), forallve H. (155)

Therefore, for all v € HY(U),
L(v) =L(v—"1) 4+ £(v) = Blu*,v — 1] + 0 = Blu*,v] — Blu*,7] = B[u*,v], (156)
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where the second equality holds since (v — v) € H and (151) holds, and the final equality holds since

Dv = 0. This proves u* is a weak solution of the PDE.

All that remains is to verify our claims. Observe B and ¢ are bounded since, for all u,v € H,

(@) < N fvllrwy < Ifllzanllvlliczwy < 1z llolla, (157)

and

| Blu, v]| < |[[Du- Dol vy < [Dull 20 1Dl 20y < llullalvlla- (158)

We say B is coercive provided there exists § > 0 such that
Bllull? < Blu,u], forall u e H. (159)

By way of contradiction, suppose this is not the case. This implies there exists a sequence of nonzero
functions {u*} C H such that

1
Blu*,u*] < T 113 (160)

Define v* := u*/||u¥||. Then ||v*|| = 1 for all ¥ € N and

1
klgrl 1DV 721 khlgo B[v",v"] < klggo 0 (161)

Since the sequence {v*} is bounded, the Rellich-Kondrachov compactness theorem asserts there exists a

subsequence {v™} C {v*} and v* € L?(U) such that
lim [[v"™ —v*||p2(¢y = 0. (162)
k—o0

Letting o be any multi-index with |a] = 1, we see, for each ¢ € C*(U),

/ " 0% da
U

where we have utilized (161) and Holder’s inequality. Additionally, (162) and Hélder’s inequality imply

lim
k—o00

= lim ’—/ %™ ¢ dx
U

k—o0

< lim Haavn’“(b”pw) < lim HDvnk||L2(U)||¢||L2(U) :O7 (163)
k—o0 k—o0

lim
k—o0

/ (v* =" ) 0% dx
U

< Jim [(v* = 0™)0%| L1y < lim [[v* = 0™ || 20 [0% | L2y = 0. (164)
—00 k—o0
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Together, these facts reveal

/ 0% dx = lim [ (v — 0™ +0™)9% dx = lim [ (v —0™)0% dx +/ V"9 dx = 0. (165)
U k—oo U k—o0 U U

Since a was an arbitrary multi-index with || = 1 and ¢ was arbitrary, this implies v* has a weak derivative
in U and Dv* =0 a.e. in U. Because U is also connected, v* = C a.e. in U for some C € R. However, by

the definition of H,
0= lim [ v™ dz= lim [ v* dx—}—/ V"t — v dx:/ vde=C|lU = C=0. (166)
k—00 U k—o00 U U U
Therefore, v* = 0 a.e. in U and

L= lim o™ % = lim 0" 3 + 1D0" [ = Jim o™ = o7 Faqg) + 1DV [Fay = 0, (167

a contradiction. Consequently, B is coercive and the proof is complete. ]
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Problem 6.5. Explain how to define u € H(U) to be a weak solution of Poisson’s equation with Robin

boundary conditions:

—Au=f inU,
ou (168)
u+—=0 onoU.
ov

Discuss the existence and uniqueness of a weak solution for a given f € L?(U).
Solution:

Let us momentarily assume u is a smooth solution to the PDE. For each test function v € C°(U), we see

0:/(—Au—f)vda::/Du-Dv—fvda:—/ %vdJ:/Du-Dv—fvd:c—i—/ wv do. (169)
U U ou Ov U ou

The final expression makes sense even if v and v are merely in H := H*(U), evaluating the boundary terms

in the trace sense. Consequently, we say w is a weak solution of the PDE provided
Blu,v] = {(v), forallve H, (170)
where the bilinear form B : H x H — R and the linear form ¢: H — R are defined by

Blu, v] ::/ Du - Dv dx—l—/ uv do and {(v) ::/fv dz. (171)
U ou U

Suppose f € L?(U). We claim B is bounded and coercive and ¢ is bounded, from which the Lax-Milgram

theorem asserts there exists a unique weak solution u* to (170).

All that remains is to verify our three claims. First note £ is bounded since

(@) < N follwy < Ifllezanllvllzwy < 1 l2@nllolla, - for all v e H. (172)

The first inequality follows from the triangle inequality and the second inequality is an application of

Hoélder’s ienquality. Similarly, B is bounded since, by application of the trace theorem, there exists C' > 0
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such that
| Blu, v]| < [|[Du - Dv|| gy + [[uwv|l o

< |[Dull 2l Dvll L2ty + Clluv]| 1oy

(173)
<Mullzllollz + Cllull 2w 1ol 2@y
< (14 O)|ullzllv|| &, for all u,v € H.
The form B is coercive provided there exists # > 0 such that
Blu,u] > B|lu||%, foralluec H. (174)

By way of contradiction, suppose this is not the case. This implies there exists a nonzero sequence {uk} CH
such that
1
B[u*,u*] < EHukH%{, for all k£ € N. (175)

Since each u* is nonzero, we may define the sequence {v*} such that v* := u*/||u*| s, for all £ € N. Then
1
: k2 k2 o ko k o1
klgrolo 1DV 721y + 10" 17200y = klggoB[U ,0°] < lim — = 0. (176)

k—o0

Because the sequence {vk} is bounded, the Rellich-Kondrachov compactness embedding theorem asserts

there exists v* € L?(U) and a subsequence {v™} C {v*} such that
lim [[v"™ —v*||p2(¢y = 0. (177)
k—o0

Now let « be any multi-index with |a| = 1 and let ¢ € C°(U). Then observe

/ V" 0%p dx
U

where the final equality follows from (176). Similarly,

kli}H;o < klin(}o [O%V™ || L1 (1) < kli_flgo 191l L2y 1DV || L2 27y = O,

(178)

k—o0

= lim ’—/ PpO*v"™ dx
U

lim

lin < lim [|(0% = 0™)0l 3y < Jim 0" — 0" | o 070l 2y = 0. (179)

/ (v* —v™)9% dx
U
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Together, these facts reveal

/ v°0% de = lim [ (v —0™ +0™)0% dz = lim [ (v* —0™*)0% dx +/ V" 9% dx =0. (180)
U k—o0 U k—o0 U U

Because this holds for an arbitrary multi-index o with |a| = 1 and an arbitrary ¢ € C°(U), we deduce v*

has a weak derivative and Dv* = 0 a.e. in U, and so v* is piecewise constant. Moreover,

Il L2 ouy < Hm o™ = o™ + 0™ L2 a0

< lim [v* — o™ || 2oy + [V || L2(007)
—00

(181)
< lim Cllo* = o™ p2w) + [[v"* [ 22(o0)
—00
=0,
which reveals v* = 0 a.e. in U. Consequently,
. 2 . 2 2 . 2 2
1= kll)rxgo o™ (|2 = klglc}o ||vnk||L2(U) + | Dv™* |12, = klggo o™ — U*HLQ(U) + | Do™ |25, =0, (182)
which implies 1 = 0, a contradiction. This shows B is, in fact, coercive, and the proof is complete. U
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Problem 6.6. Suppose U is connected and 0U consists of two disjoint, closed sets I'1 and I's. Define
what it measn for v to be a weak solution of Poisson’s equation with mized Dirichlet-Neumann boundary

conditions:
—Au=f inU,

u=0 onl}y, (183)

un, =0 on I's.
Discuss the existence and uniqueness of solutions.
Solution:
Let us momentarily assume u is a smooth solution to the PDE. Set H := {w € H'(U) : w|;, = 0} and
observe H is a closed subspace of the Hilbert space H'(U). And, for all v € H,

0—/(Au+f)vdx—/—Du-D’U+fvdx—/ v@da
U U ou On

:/—Du-Dv+fde—/ vauda—/ v%da (184)
U r, 0 r, 0

n n

:/ —Du - Dv + fov dx,
U

where the first boundary term vanishes due to the fact v = 0 on I'; in the trace sense and the second
boundary term vanishes since u solves the PDE. The final line makes sense even if u is merely in H*(U).

Consequently, we say u* € H is a weak solution to the PDE provided
Blu*,v] = £(v), forallve H, (185)
where we define the bilinear form B : H x H — R and the lienar form ¢: H — R by
Blu,v] := /UDu -Dvdx and {(v):= /va dx. (186)

We claim B is coercive and bounded and ¢ is bounded, from which the Lax-Milgram theorem asserts there

exists a unique u* € H such that (185) holds.
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All that remains are to verify our claims. Observe £ and B are bounded since, for all u,v € H,

()l <l follprwy < I fllezanllollzwy < W llzw)llvlle (187)

and
| Blu, o] < |Du - Dol gy < [[Dull 2 [I1Dvll 20y < llullzl[vlla (188)
where we have made use of Hélder’s ienquality and the definition of the norm || - || induced from H(U).

The functional B is coercive provided there exists § > 0 such that
Bllul|% < Blu,u], foralluec H. (189)

By way of contradiction, suppose this is not the case. Then there exists a nonzero sequence of functions
{uF} e such that

1
Blu,u] < T |ull%, forall k€ N. (190)

Setting v* := u¥/||u*| i yields ||v*|z = 1 and

HkaHLz(U) = B[v*,vF] < =, for all k € N. (191)

x| =

Furthermore, because {v*} is bounded, the Rellich-Kondrachov compactness theorem asserts there exists

v* € L2(U) and a subsequence {v"™} C {v*} such that
lim [[o™ —v*|| g2y = 0. (192)
k—o0

Let a be any multi-index with |a| =1 and ¢ € C2°(U). Then (192) implies

lim
k—o0

< lim [[(v" = 0™)0% |1y < lm o =™ 20 [0%¢l] L2y = 0. (193)
—00 k—00

/ (v* —v™)9% dx
U

And, by (191),

/ V"% dx
U

Jm < Jim [p0* V™ || L1ty < Jm 161l 2 [ Dv™ || 217y = 0.

(194)

= lim ’—/ PpO*v"™ dx
k—o0 U
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Consequently,

/ v 0% dr = lim [ (v* —0™ +0")0% dz = lim [ (v —0™)0% da — / V" 9% dx =0, (195)
U k—o0 U k—o0 U U

which implies v* has a weak derivative Dv* and Dv* = 0 a.e. in U. Since U is connected, it further follows
that there exists C' € R such that v = c a.e. in U. However, since vr; = 0 in the trace sense and the

measure of I'y is positive (i.e., |I'1| > 0), it follows that ¢ = 0. Whence v* = 0. Therefore,
L= Jim 0" [ = Jim o [+ 1D0 ey = Jim 0" — o [2ay + D0 32y =0, (196)

where the final equality holds by our previous results. However, this shows 1 = 0, a contradiction. Thus,

B is coercive and the result follows. OJ
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Strogatz

Chapter 5

2

Problem 5.1.1. Consider the harmonic oscillator £ = v and v = —w-z.

a) Show the orbits are given by ellipses w?z? + v? = C, where C is a nonnegative constant.

b) Show this condition is equivalent to the conservation of energy.

Solution:

a)

Observe
dl' x v 2
™ = Z = — — —w?x dz = v do. (197)

Integrating reveals there exists a € R such that, for all times,

2.2 ’1)2

w; 254—04 — O =2a=uw’z?+° (198)

where we define C' := 2«. Since the right hand side above is nonnegative as each quantity is squared,

C is also nonnegative. This equation is the form of an ellipse.

Define the energy

e(t) := w?a? + % (199)
Then
é(t) = 2wzd + 200 = 2w?xD + 20 [—w?z] =0, (200)
which shows e(t) is constant in time, i.e.,
e(t) =e(0), forall ¢t € [0,00). (201)

Taking C' = e(0), we see (198) and (201) are identical, from which the result follows.
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Problem 5.1.2. Consider the system © = ax and y = —y, where a < —1. Show all trajectories becomes

parallel to the y-direction as t — oo and parallel to the z-direction as t — —oc.

Solution:

Consider any trajectory in the system, parameterized by (z(t),y(t)), that does not originate along a null-

cline. This implies (zo,y0) := (2(0),y(0)) satisfies g # 0 and yo # 0 since the null-clines are z = 0 and

y = 0. We seek to show

d d
lim & _ d+oo and  lim &y _ 0.
t—oo da t——oo dx
Observe we may write
z=z0e® and y=1ype L.

Differentiating reveals

O _ Yo (~1-ay _ _ Y0 bt
dez =z axgest o zo
where we note b := —1 — a > 0, by hypothesis. Thus,
d
lim <7 = lim —@ebt = 4 e’ = +o0,
t—oo da I ) Lo t—o0
=00
as desired. Similarly,
lim <7 = lim — 22t N fim ebt = 0
t——oo dx t——0co0 I g t——o0
=0

This verifies (202), and we are done.

(202)

(203)

(204)

(205)

(206)

REMARK: We presume in the previous example that (xg,yo) # (z0,0). Otherwise, dy/dz = 0 for all time,

and the result would not hold.
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Problem 5.1.10. Consider a fixed point x* of a system & = f(x). We say z* is attracting if thereisa § > 0
such that lim;_, 2(t) = z* whenever [|z(0) — 2*|| < J. In other words, any trajectory that starts within a
distance § of x* is guaranteed to converge to x* eventually. In contrast, Liapunov stability requires that
nearby trajectories remain close for all time. We say that x* is Liapunov stable if for each £ > 0 there is a
9 > 0 such that ||z(t) —2*|| < € whenever ¢ > 0 and ||z(0) — 2*|| < 0. Thus, trajectories that start within §
of * remain within € of #* for all positive time. Finally, z* is asymptotically stable if it is both attracting

and Liapunov stable.

For each of the following systems, decide whether the origin is attracting, Liapunov stable, asymptotically

stable, or none of the above.

a) © =y, y= —4x.

fi=a 9=y
Solution:
a) Observe
T+4dr=9y+4z =0, (207)
which implies z and y are of the form
xr =asin(2t) +bcos(2t) =  y = 2acos(2t) — 2bsin(2t), (208)

for some a,b € R. In particular, we see

1(2(0), y(0) 1> = 4a” + b%. (209)
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c)

Then, for all times ¢,

1(z, ) || = [asin(2t) + beos(2t)]? + 4 [a cos(2t) — bsin(2¢))?
< [lal + [b}* + 4[|al + [b[}?
=5 [a® +b* + 2|a|[b]] (210)
<10 [a® + 7]

<10 [4a® +b%].

Let € > 0 be given. Taking § = ¢/+/10, the above result reveals if

I(z(0),y(ODI <6 = [l(z,y)ll < V10]|(2(0), y(0))I| < e, (211)

from which we conclude (0,0) is Liapunov stable. Note (0,0) is not attracting since x and y are

periodic.

Let z = (z,y) and observe Z = Az, where
0 2
A= : (212)

which has eigenvalues A = ++/2. Thus, the origin forms a saddle and, thus, is neither Liapunov stable

nor attracting.

This may also be shown as follows. Observe

w_ t —t ¢ —t i 1 —t 1
i=y=x = x=ae +be = y=ae —be = z=ae + be , (213)
1 -1

for some scalars a,b € R. This implies, for each point originating along the line y = x, we have b = 0,
a # 0, and
lim ||z(t)|| = lim |a|e'v2 = +o0. (214)
t—00 t—00

Whence the origin is neither Liapunov stable nor attracting.

Let (z,y) be any trajectory. From the ODE, & = 0 implies there exists a € R such that x(t) = a for
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f)

all time. This implies y = a, and so y = at + b, for some b € R. For each trajectory originating at
(a,0), we see

. — . 2 2: . 2:
Jim (|G, 9) | = Jim v/a? + (ah)? = Ja] Jim v/T+ 2 = oo, (215)

from which we conclude the origin is neither attracting nor Liapunov stable.

We claim the origin is Liapunov stable, but not attracting. For each trajectory, parameterized by

(x,y) and originating at (xq,yo), the ODE implies x = x¢ and y = yoe!. Consequently,

(2. 9)ll = /23 + (woe )2 < /o3 + 33 = [I(@o. ), for all ¢ € [0, 00). (216)

This shows, for all ¢ > 0,

l(zo,p0)ll <& = (= y)] <e, (217)

and so the origin is Liapunov stable. In the limit as ¢t — oo, we see
. ET —t\
Jim (,y) = lim (zqyoe™) = (20,0). (218)

Thus, for all trajectories not originating along the y-axis, the trajectory will converge to a point on

the z-axis other than the origin. This proves the origin is not attracting, and we are done.

Let (z,y) be the parameterization of any trajectory and let (zg,%0) denote the starting point of the

trajectory. Integrating the ODE reveals

M= @yl = Vi@ee™)? + (yoe)2 < /g + g = [l (o, mo)ll. (219)

(13, y) = (Jjoe_t) yOe_

Let € > 0 be given. The previous result shows if ||(zo,v0)| < €, then ||(z,y)|| < e. Thus the origin is

Liapunov stable. Moreover, it is attracting since

tlim [(z, y)ll = tlim V(zoe )2 + (yoe5)2 = /22 -0+ y2 -0 =0. (220)

Therefore, we conclude the origin is asymptotically stable.

We claim the origin is unstable. Let (z,y) be the parameterization of a trajectory originating at
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(z0,10). Integrating the ODE reveals (z,y) = (9, %0)e’. Therefore, if (zg,yo) is not the origin, then
: _ 2 2 ot 2 2 et
Jim (9] = lim (/23 4+ 43 ' = \/e 423 - Jim o = oo, (221)
~——
=00

This shows the origin is neither asymptotically stable nor Liapunov stable, as claimed.
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Problem 5.2.12. Consider the circuit equation LI + RI + I1/C =0, where L,C >0 and R > 0.

a) Rewrite the equation as a two-dimensional linear system.
b) Show that the origin is asymptotically stable if R > 0 and Liapunov stable if R = 0.

c¢) Classify the fixed point at the origin, depending on whether R2C — 4L is positive, negative, or zero,

and sketch the phase portrait in all three cases.

Solution:
a) Letting x = I and y = & and z = (x,y), we see Z = Az, where
0 1

A= . (222)
~1/LC —R/L

b) Momentarily assume R = 0 so that we may identify a conserved quantity corresponding to the

associated undamped system. Let o := 1/LC so that

d .
@4 _y_ _or _— y der = —ax dx —

2 2\ _

N

for some constant C' € R. This shows that trajectories form an ellipse when R = 0. Consequently,
the origin is Liapunov stable. However, the origin is not asymptotically stable in this case since there

are trajectories arbitrarily close to the origin that are periodic.

Now suppose R > 0 and, in light of above, define the Liapunov function V(z,y) via

1
V(z,y) := 3 (az® +y?). (224)
Then observe
V = axi + yy = axy + y(—ax — By) = —By*> <0, (225)

where 5 := R/L > 0. Additionally, V' > 0 everywhere other than the origin. And, the only point
that is a fixed point of the system and yields V = 0 is the origin. This verifies the assumptions of

Lasalle’s theorem, from which we conclude the origin is asymptotically stable.
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c¢) The characteristic polynomial for the system is

X(A) =det(A — A) = A =AM+ B8)+a=2N+pr+a. (226)
a A+p

This implies the eigenvalues of the system satisfy

N V2*82 —da (227)

Since
R? 4 1

2— = - - — = —
F—da=1-76~ 2

[R*°C - L], (228)

and so it suffices to consider the sign of 2 — 4« since this matches the term given in the prompt.
If B2 — 4o > 0, then A, A2 € R and are negative. In this case, the origin forms a stable node. If

B2 — 4o =0, then \; = Ay = —3 < 0, and so the origin forms a stable degenerate node??.
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Chapter 6

Example 6.8.5. Show that closed orbits are impossible for the “rabbit vs. sheep” system

t=z3-2z-2y), y=y2-z-y).

Solution:

Heaton

(229)

The fixed points of this system, written in the form (x,y), are (0,0), (0,2), (3,0), and (1,1). The Jacobian

for this system is given by

0t /0x 0i/0y 3—2x—2y —2x
J(x,y)=1| , =
oy/ox  0y/dy —y 2—x—2y

This implies

30
J(0,0) = )
0 2

which has eigenvalues 2 and 3, making the origin form an unstable node. Also,

-1 -2
J(a]-a]-): )

which has eigenvalues that satisfy

0=MA+1)2-2=X4+22-1 =— A= 5 = —14+V2,
and so (1,1) forms a saddle. Similarly,
-3 -6
J(3,0) = ,
0 —1
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which has eigenvalues —1 and —3, thereby implying (3,0) is a stable node. Lastly,

-1 0
J(0,2) = : (235)
—2 -2

which has eigenvalues —1 and —2, thereby implying (0, 2) is a stable node.

Having the above results, we prove no closed orbits exist via index theory. A theorem in Strogatz’s text®
states any closed orbit in the phase plane must enclose fixed points whose indices sum to unity. Since the
fixed point (1, 1) is a saddle point, its index is —1. And, as (0,2) and (3, 0) are stable nodes, these each have
index 1. Now suppose there exists a closed orbit in the xy-plane. By the theorem and the listed indices,
the closed orbit must enclose either (0,2) or (3,0). However, this is not possible since no trajectories cross

the null-clines = 0 and y = 0. Therefore, the system does not admit any closed orbits. O

T

Example 6.8.6. Show the system & = ze ™%, = 1 + = + y? has no closed orbits.

Solution:

Observe & = 0 if and only if = 0. Thus, if £ = 0, then §y = 1 +y? > 1 # 0. This shows the system
has no fixed points. By a theorem in in Strogatz’s text®, if C' is a closed orbit in the system, then it must

enclose fixed points whose indices sum to unity. Since the system does not admit any fixed points, the

contrapositive of the theorem implies the system does not possess any closed orbits. O

®See Theorem 6.8.2 on page 180.
5See Theorem 6.8.2 on page 180.
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Problem 6.4.1. Consider the following “rabbit vs. sheep” problem, where x,y > 0. Find the fixed points,
investigate their stability, draw the nullclines, and sketch plausible phase portraits. Indicate the basins of

attraction of any stable fixed points.

i=z(3-z-y), y=y2-z-y). (236)

Solution:
The fixed points (z,y) for this system are given by (0,0), (0,2), and (3,0). The Jacobian matrix for this

system is given by

0z /0x 0x/0 3—2x — —x
Ty = | 2 [9 ) _ Y . (237)
oy/ox  0y/dy -y 2—x—2y
This implies
3 0
J(0,0) = : (238)
0 2

for which the eigenvalues are both positive, thereby implying (0,0) forms an unstable node. Similarly,

1 0
J(0,2) = : (239)
—2 -2

which has eigenvalues 1 and —2, thereby implying (0, 2) forms a saddle point. Lastly,
3
J(3,0) = , (240)
which has eigenvalues —3 and —1, thereby implying (3, 0) forms a stable node. The nullclines are given by

y=3—xz (where £ = 0) and y = 2 —z (where y = 0). A phase portrait is given in Figure 1. As illustrated,
the basin of attraction for the single stable node (3,0) is {z > 0} x {y > 0}.

02 Last Modified: 4/26,/2019



ADE Qual Notes Heaton

Figure 1: Phase portrait for Strogatz Problem 6.4.1.
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Problem 6.4.2. Consider the following “rabbit vs. sheep” problem, where x,y > 0. Find the fixed points,
investigate their stability, draw the nullclines, and sketch plausible phase portraits. Indicate the basins of

attraction of any stable fixed points.

t=z3-2x—-y), y=yl2—-—z—y). (241)

Solution:
The fixed points (z,y) for this system are given by (0,0), (0,2), (3/2,0), and (1,1). The Jacobian matrix

for this system is given by

0t/0x 0i/0 3—4x — —x
J(z,y) = / /9 = Y . (242)
oy/ox  0y/dy -y 2—x—2y
This implies
30
J(0,0) = : (243)
0 2

for which the eigenvalues are both positive, thereby implying (0,0) forms an unstable node. Similarly,

1 0
J(0,2) = , (244)
-2 =2

which has eigenvalues 1 and —2, thereby implying (0, 2) forms a saddle point. And,

—3 —3/2
J(3/2,0) = 0 s ) (245)

which has eigenvalues —3 and 1/2, thereby implying (3/2,0) forms a saddle. Lastly,

-2 -1
J(1,1) = ) (246)
-1 -1
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which has eigenvalues that satisfy the characteristic equation

0=A+2)A+1)—1=X+

 -3+V32-4  -3+.5

Heaton

(247)

3x+1 — A 5

2

and so (1,1) forms a stable node. The nullclines are given by y = 3 — 2z (where £ = 0) and y = 2 — =z

(where § = 0). A phase portrait is given in Figure 2. As illustrated, the basin of attraction for the single

stable node (1,1) is {x > 0} x {y > 0}.
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Figure 2: Phase portrait for Strogatz Problem 6.4.2.
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Problem 6.4.3. Consider the following “rabbit vs. sheep” problem, where x,y > 0. Find the fixed points,
investigate their stability, draw the nullclines, and sketch plausible phase portraits. Indicate the basins of

attraction of any stable fixed points.

t=x(3-2x—-2y), y=y2—z—y). (248)

Solution:
The fixed points (z,y) for this system are given by (0,0), (0,2), and (3/2,0). The Jacobian matrix for this

system is given by

ox/0x 0x/0 3—4x —2 —2x
J(x,y) = / /9% = Y ) (249)
oy/ox  0y/dy —y 2—x—2y
This implies
3 0
J(0,0) = : (250)
0 2

for which the eigenvalues are both positive, thereby implying (0,0) forms an unstable node. Similarly,

-1 0
J(0,2) = , (251)
-2 =2

which has eigenvalues —1 and —2, thereby implying (0, 2) forms a stable node. And,

-3 -3
0 1/2
which has eigenvalues —3 and 1/2, thereby implying (3/2,0) forms a saddle. The nullclines are given by
y = (3—2x)/2 (where & = 0) and y = 2 — x (where y = 0). A phase portrait is given in Figure 3. As
illustrated, the basin of attraction for the single stable node (0,2) is {x > 0} x {y > 0}.
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Figure 3: Phase portrait for Strogatz Problem 6.4.3.
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Problem 6.5.1. Consider the system # = 23 — z. Find all the equilibrium points and classify them. Find
a conserved quantity. Sketch the phase portrait.
Solution:
We write the ODE as the system
P=y, g=—z (253)

The fixed points (x,y) of the system are (0,0), (1,0) and (—1,0). The system is Hamiltonian since

ot 0y 0 0 (3
= [yl + — —zl =0. 254
or Oy Ox vl oy [x :n] 0 (254)

This implies there exists a function H(z,y) such that H, = —y and H, = &. Integrating reveals

T T 1:2 .’L’4
H:/ Ho(7,y) di':/ R ) (255)
for some function g(y). Similarly,
Yy o U y2
JYZ/JQWwﬁwz/aww=i2+ﬂ®, (256)

for some function f(z). Combining the previous two results, we may take

2 4

2
¢ty
Hy) =2 -2 ¥ 2
@y) =5 -1 +75 (257)
Then
H:(J:fx?’):'eryy:(:cf:pg)yqty(a::)’fx):0, (258)

as desired. Furthermore, because the system is Hamiltonian, the only fixed points are centers and saddles.

The Jacobian matrix for this system is given by

0t/0x 0i/0y 0 1

J(-x: y) = = ) (259)
05/0x  0y/0y 322 -1 0
which has eigenvalues that satisfy
0=X—-3B22-1) = A==+V322-1 (260)
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Consequently, (—1,0) and (1,0) form saddles and the eigenvalues of J(0,0) are entirely complex, making
(0,0) form a center. The nullclines are given by + = 0, x = 1, = —1 (where y = 0) and y = 0 (where

& =0). A phase plot is given in Figure 4.
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Figure 4: Phase portrait for Strogatz Problem 6.5.1.
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Problem 6.5.2. Consider the system # = 2 — 2. Find all the equilibrium points and classify them. Find

a conserved quantity. Sketch the phase portrait. Find an equation of the homoclinic orbit that separates

closed and nonclosed trajectories.
Solution:
We write the ODE as the system

=1y, y:x—xz.

The fixed points (z,y) of the system are (0,0) and (1,0). The system is Hamiltonian since

or oy 0 O o

This implies there exists a function H(z,y) such that H, = —y and H, = &. Integrating reveals

K

T T X 1‘2
H:/ Hx(i‘,y)da?:/ - Az = = = 5 +9(v),

for some function g(y). Similarly,

2
H:/yHy@,g) dg:/yg 4j=Y 1 fa),

for some function f(z). Combining the previous two results, we may take

2 2
X
at Y
2 2

w| 8,

H(xvy) =

Then
H:( 2—ac)a':—|—yy:(352—:1:)y—l—y(ac—a:2):07

(261)

(262)

(263)

(264)

(265)

(266)

as desired. Furthermore, because the system is Hamiltonian, the only fixed points are centers and saddles.

The Jacobian matrix for this system is given by

0x/0x 0x/0y 0 1
J(z,y) = = :
0y/0x  0y/dy 1-2z 0

(267)
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which has eigenvalues that satisfy
0=X—-(1-22) = A==+V1-21. (268)

Consequently, (0,0) forms a saddle and (1,0) forms a center. The nullclines are given by z =0 and x = 1

(where y = 0) and y = 0 (where & = 0). A phase plot is given in Figure 5.
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Figure 5: Phase portrait for Strogatz Problem 6.5.2.

Lastly, we identify the homoclinic orbit. This orbit originates at the origin and terminates at the origin in
the limit as ¢ — co. Because the Hamiltonian H is conserved in time, the set of all points along this orbit

are given by
2

3 2
{(m,y):E—?—F%:H(av,y):H(O,O):O}. (269)

O
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Problem 6.5.4. Consider the system & = az — 2. Find all the equilibrium points and classify them (for
the different cases of a). Find a conserved quantity. Sketch the phase portrait.

Solution:

We write the ODE as the system

=y, y=ar—2z> (270)
The fixed points (x,y) of the system are (0,0) and (a,0). The system is Hamiltonian since

ot 0y 0 0 9
- + — _ = 0. 271
or Oy Ox vl y [ax . } 0 (271)

This implies there exists a function H(z,y) such that H, = —y and H, = &. Integrating reveals

T T 3 2
H:/ H,(7,y) d.fz»:/ EQ—icd:E:%—%—i—g(y), (272)
for some function g(y). Similarly,
Yy o U y2
H =/ Hy(z,9) dg :/ gdy =3+ flo), (273)

for some function f(z). Combining the previous two results, we may take

3 2

2
r®  art oy
H(zy) =2 2 YV 274
@)=L Y (271
Then
H:(x2fax)x'+yy:(x2fax)y+y(axfx2):0, (275)

as desired. Furthermore, because the system is Hamiltonian, the only fixed points are centers and saddles.

The Jacobian matrix for this system is given by

0 /0x 0i/0y 0 1

J(JZ‘, y) = = ) (276)
dy/0x 0y/dy a—2x 0
which has eigenvalues that satisfy
0=XM—-(a—22) = I==+Va- 2z (277)
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Consequently, when a > 0, the origin forms a saddle and (a,0) forms a center. When a < 0, the origin

0, the only fixed point is the origin, which forms a

forms a center and (a,0) forms a saddle. When a

saddle (Return and explain). A phase plot is given in Figure 6.

e
=0\
=500\
R
==\
=8 8 § =2

] |

Figure 6: Phase portraits for Strogatz Problem 6.5.4. From left to right, a has values —1, 0, and 1.
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Problem 6.7.1. Find and classify the fixed points of 6 + b + sinf = 0 for all b > 0, and plot the phase
portraits for qualitatively different cases.
Solution:

We may rewrite the given ODE as the ODE system, taking x = 6,
T=vy, Y= —by—sin(x). (278)

Since & = 0 if and only if y = 0, we see the fixed points occur whenever y = 0 and sin(xz) = 0, i.e., at

(km,0) for all k € Z. The Jacobian matrix for the system is given by

0t /0x 01 /0y 0 1
I,y = - . (279)
0y/0x 0y/dy —cos(z) —b
For even k € Z,
0 1
J(km,0) = , (280)
-1 b

which has eigenvalues that satisfy

b+ VB2 —4

0=AA+D)+1=X2+bA+1 = A : (281)
For odd k € 7Z,
0 -1
J(km,0) = , (282)
-1 -b
which similarly yields eigenvalues
—b+ Vb +4
A= —+ (283)

2

From the above, we see (k7,0) forms a saddle whenever k € Z is odd. And, when k € Z is even, (km,0)
forms a stable node when b > 2 and a stable spiral when b < 2. The null-clines are given by y = 0, where
# =0, and y = sin(x)/b, where y = 0. Below are plots of phase portraits. Note the system is periodic in

x, with period 27.
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Problem 6.7.2.7 The equation 6 + sinf = ~ describes the dynamics of an undamped pendulum driven
by a constant torque, or an undamped Josephson junction driven by a constant bias current. Find all the
equilibrium points and classify them as - varies. Sketch the phase portrait for qualitatively different ~.
Solution:

Taking z = 6, we may rewrite the given ODE as the ODE system
T=y, Y= —sin(z). (284)

First note the system is Hamiltonian since

or dy 0 0

== — [y —si =0 285

5t o = 5 U+ 5 = sin(@)] =0 (285)
which implies all fixed points are either centers or saddles. If v ¢ [—1, 1], then the system does not admit
any fixed points (since in such a case § # 0 always). If v € [—1, 1], then the fixed points are given by all
points (x,y) such that

(x,y) = (arcsin(y), 0). (286)

The Jacobian matrix for this system is given by

0t /dx 01 /0y 0 1
J(r.y) = - . (287)
dy/0x  0y/dy —cos(z) 0

Thus,

01 0 1
J(arcsin(y),0) = = , (288)

— cos(arcsin(vy)) 0 —y/1-=7%2 0
which has eigenvalues A = i1/1 — 72. Therefore, the fixed points are centers. The null-clines are given by
y = 0, where & = 0, and = = arcsin(y), where § = 0. Note that, because the sine function is periodic, there

are countably many vertical lines where y = 0. Phase plots are provided below.

"This is a modified form of the prompt, reflecting what we might expect on the qual.
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Figure 8: Phase plot with v = /6 on the left and v = 3/2 on the right.
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Problem 6.8.7. Show the system # = (4 — y — 22), = y(z — 1) has no closed orbits.
Solution:
We first identify the fixed points and their type. Written in the form (zx,y), these are (0,0), (2,0), (—2,0),

and (1, 3). The Jacobian for the system is given by

0x/0x 01/0 4 —y — 322 -
J(z,y) = HOow OH0y o . (289)
0y/ox  0y/dy y z—1
This implies
4 0
J(0,0) = 7 (290)
0 —1

which has eigenvalues 4 and —1, and thus (0,0) forms a saddle. Also,
8
J(£2,0) = , (291)

which has eigenvalues —8 and 1, and thus and (—2,0) and (2,0) form saddles. Similarly,

-24 -1
J(1,3) = , (202)
3 0

which has eigenvalues that satisfy

244247 43

0=A+2A+3 =N +24A+3 = A 5

(293)

and there are two distinct real-valued negative eigenvalues. Thus, (1,3) forms a stable spiral.

By a theorem in in Strogatz’s text®, if C' is a closed orbit in the system, then C' must enclose fixed points
whose indices sum to unity. The index of a saddle is -1 and the index of a stable node is 1. Since there
is precisely one stable node and the rest of the fixed points are saddles, if there is a closed orbit in the

system, then it must enclose (1,3) and not enclose any other fixed points.

8See Theorem 6.8.2 on page 180.
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Because there is a vertical null-cline along x = 0 and a horizontal null-cline along y = 0, each orbit enclosing
(1,3) is restricted to the first quadrant. Now let (z,y) be a parameterization of any trajectory originating
in the first quadrant not at (1,3). We claim (x,y) — (1,3) as t — oo. This implies the trajectory is
nonperiodic and, thus, not a closed orbit. Since this was an arbitrary trajectory in the first quadrant, we

conclude no closed orbits exist.

All that remains is to verify asymptotic stability. Observe

i 4 —qy — 2 -1 4 2 3
dj_af:x( y —?) T dr=t 1T gy~ 1 ay, (294)
dy g y(r —1) T y y y

for z =~ 1. Upon integrating, we see it fitting to define the Liapunov function V' (z,y) by

V(z,y) =y —3In(y) + = —In(z) + 31In(3) — 4. (295)

Note V(1,3) = 0 and

vl y2_3>. (296)

VV(%@/)Z( prat

This shows V, < 0 for x < 1 and V, > 0 for > 1. Similarly, V,, < 0 for y < 3 and V}, > 0 for y > 3.

Whence (1, 3) is a strict local minimizer of V. Furthermore, for x,y > 0,

- ()
=@y-3)z-1+@-H4-y-2?

— -3+ (@—1)EB—y) +@—1)(1-2? (297)

— —(1-2)1+2)

<0.

The only fixed point for which V =0is (1,3). We have verified the hypotheses of Lasalle’s theorem,

which asserts (1, 3) is necessarily asymptotically stable. This completes the proof. O
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Chapter 7

Example 7.2.4. Show the following system has no closed orbits in the positive portion of the first
quadrant:

t=x2-r—vy), y=ylr—2*-3). (298)

Solution:
We proceed by applying Dulac’s Criterion, which asserts there are no closed orbits in the first quadrant
provided there exists a continuously differentiable function g : R? — R such that V- (g(z)2) is single-signed

in the first quadrant, where here we write z = (z,y). For g(z) = 2%°, we see

V-(g92) = % [m“+1yb(2 —r— y)] + 86; [:cayb+1(4x —z? - 3)}

(299)
= [(a + a2 -z —y) — :L‘“Hyb] + [(b + D%y (4e — 2% — 3) + 0} .
Thus, taking a = b= —1, we obtain g = 1/(zy) and
V-(92)=0—a Ty tro=—yt<o. (300)

Since this holds for all z = (z,y) € (0,00) x (0, 00), we conclude the ODE system admits no closed orbits.
g
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Problem 7.3.1. Consider the ODE system?

i=x—y—z(@*+54%), y=x+y—yl®+y?).

Classify the fixed point at the origin and prove there exists a limit cycle.
Solution:

The Jacobian J(z,y) matrix for this system is given by

(o) 0i/0x 0i/0y 1-322-5y2 —1—10xy
T,Yy)= = )
dy/ox  0y/dy 1—2zy 1—2%—3y°
and so
-1
J(0,0) = ,
1 1

which has eigenvalues that satisfy

2+v22-4-2

0=A-1724+1=X2-2242 — A="TT7""— ""—14i.

2

Thus the origin forms an unstable spiral. We now convert to polar coordinates to find

Aoy dory 2

2rr—dt[r]—dt[ +y]

= 2[zd + yy]
:2[x2—xy—x4—5x2y2]+2[xy+y2—x2y2—y4]

=2[(a® +9%) — (2° + ¢y*)? — 42®y?]

2 [7'2 —r [1 + 4 sin? cos? 9]]

= 272 [1- 7 [1+ Sin2(29)]] .

Consequently, we see

r=r [1 —r? [1 + sin2(20)H ,

9The prompt has been modified to reflect the style that shows up on quals.

Heaton

(301)

(302)

(303)

(304)

(305)

(306)
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which has the nullclines » = 0 and

1
r=
/1 + sin?(20)
Similarly, ‘ .
. TY — YT
0=
r2
[xz +ay — 23y — :):y3] — [:L’y —y? — a3y — 5xy3]
- 2
r

(22 4+ %) + 4oy
2
3

r

— 14— _
+ x2 + yQ
=1+ 472 cos(6) sin®(0)

=1+ 72 sin(26)[1 — cos(26)].

Along the nontrivial null-cline 7 = 0 we see

sin(20)[1 — cos(26)] > 1 2sin(26)

b=1 - :
L +sin?(20) T 1 + sin?(26)
Taking f(z) := 1 — 22/(1 + 2?), we see
1+2%) — (22)() 1— 22
! :_2.( =-2-——— < for all -1,1

with the inequality strict wheenver |z| # 1. Thus,

L 25in(26) ' , _ 5
- 9611[’(1),71.} 1+ sin2(29) 961?),71'] f(SHI( )) f(SHl(W/ )) 1+ 12 )

Heaton

(307)

(308)

(309)

(310)

(311)

which shows the only possible angle 6 at which =0 along the null-cline would be at § = 7/4. But,

plugging in the exact expression for 6 reveals, along the null-cline,

11 -0 3
[ ]:f>0.

0 =
O0=m/4 1+ 12 2

Whence the system admits no fixed points.

(312)

72 Last Modified: 4/26,/2019



ADE Qual Notes Heaton

We now proceed by constructing a trapping region. Observe

1 1
1 (313)

I

sup = =
o /1+sin?(20) V1+0

which implies, by (306) and (307), 7 < 0 for » > 1. Similarly,

1 1 1
inf

0 \/1+ sin?(20) T VIl V2 (314)

implies 7 > 0 for r < 1/y/2. Therefore, the region R := {(r,0) : 1//2 < r < 1} forms a closed subset of the
plane R2. And, by our earlier work, R contains no fixed points. Additionally, the trajectory originating

at (r,0) = (1,0) is along the null-cline in (307) and, by our choice of R, is contained within R for all time.

The Poincaré-Bendixson theorem then asserts R contains a closed orbit.1? O
REMARK: A phase plane plot for the previous problem is given below.
y
1.5}
10f =
N
NN
0.5 3
0.0F— X
-0.5¢
-1.0t
-1.5¢
215 210 -05 00 05 10 15
Figure 9: Phase plane for Strogatz Problem 7.3.1.
AN

10Ty fact, the null-cline for r forms a closed orbit, and so we didn’t actually need the Poincaré-Bendixson theorem here.

However, we find it pedagogical to show its application.
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Problem 7.3.3. Show the following ODE system has a periodic solution:

t=zx—y—2a°, g=x+y—y> (315)

Solution:
We proceed by converting to polar coordinates and applying the Poincaré-Bendixson theorem. First observe
differentiating r2/2 reveals
rr = x4+ yy
= [2? — 2y — 2*] + [zy + ¥* — ']
= (@ +y%) = (" + 2%y + ") + 207y (316)

=72 —r* + 2r%sin? O cos? 0

i (1]

F=r [1 — 2 (1 - sz(zg))] . (317)

which implies

Thus, the null-clines for 7 = 0 are r = 0 and

2
_ . 318
"o sin?(20) (318)

Additionally, o
Ty =7y
r2
[:L‘2 +xy — :L‘y?’] - [:L‘y — y2 — :E3y]
72
2Pyt rayt a2ty (319)
2

,
=1+ 7r%sinfcosf [sin2 0 + cos® «9]
r? sin(20)

=1
+ 2

Along the null-cline in (318),
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sin(26) 2 sin(20) -1 1
: =14+ —t—>1+—==>0, 320
2 2 — sin?(26) 2 —sin?(20) — o1 (320)

where we note the max value obtained by sin(26) is 1, and the expression for 0 is strictly increasing as a

function of sin(26) since

—2?) — 2(—2x x?
f@) = 142/@—a?) — o) =2 (2)_$2)(2 22) _ (22_+x2)2 > 0. (321)

Because 6 # 0 along the nontrivial null-cline for 7 = 0, the only fixed point of the system occurs at the

origin. Furthermore, since

2 2 2 2
inf = =1 and = =2, 322
% 2 —sin?(20) 2-0 e Py sin?(20) ~ 21 (322)

it follows that 7 > 0 for » < 1 and 7 < 0 for r > 2. Therefore, the region R defined by {(r,6): 1 <r <2}
is closed. This region also does not contain any fixed points. And, it contains at least one trajectory;
namely, the null-cline (318). Hence the Poincaré-Bendixson theorem asserts there is a closed orbit in R.

This completes the proof. O

REMARK: A phase plane plot for the previous problem is given below.

1.5

1.0
0.5¢

0.0
-0.5¢

-1.0

-1.5¢
-1.5-1.0-050.0 05 1.0 15

Figure 10: Phase plane for Strogatz Problem 7.3.3.

A
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Problem 7.3.4. Consider the ODE system:

y(1+x)

i =x(l — 42 — y?) — 5

g =yl —4z? —y?) + 22(1 + z). (323)
a) Show the origin forms an unstable fixed point.
b) Show all trajectories approach the ellipse 422 + 32 =1 as t — oo.

Solution:

a) The Jacobian matrix J(z,y) for this system is given by

0x/0x 0i/0 1—1222 — 2 —y/2  —2zy—1/2
() = ©/0x 0%/0y _ -y —y/ ry —1/ . (324)
oy/ox  0y/dy —8zy +2(1+x) +2x 1— 422 —3y°
This implies
1 —1/2
J(0,0) = , (325)
2 1

which has eigenvalues A satisfying

2422 —4.2
0=A-1724+1=X2-2242 — A="TT" """ —1+4i, (326)

and so the origin forms an unstable spiral.

b) Differentiating in time reveals

V =2(1 — 42% — y?) [-8z& — 2yy]
= V1% |82% — Ay — Az? + 2y2V1/2 + dxy + 4x2]
(327)
= —2V[82% + 2¢°]
<0

— )

with the inequality strict whenever (x,y) is neither along the ellipse V' = 0 nor at the origin. Consider

any trajectory originating at a location other than the origin. Along the trajectory, V < 0 and V > 0,

76 Last Modified: 4/26/2019



ADE Qual Notes Heaton
from which the monotone convergence theorem asserts V' converges to a limit V*. This implies
0=V*=1lim V= lim —2V[8z® +¢*] = lim V =V*=0, (328)
t—00 t—00 t—00

noting 8z +y? > 0 along the trajectory. This shows V — 0 as t — o0, i.e., the trajectory approaches

the ellipse as t — oo.

O
REMARK: A phase plane plot for the previous problem is given below.
y
1.5¢ \‘:,\:‘\?‘ '\\:‘@“1 j'"!x'flf{/ Sl ]
I \ WA e
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050 =200 =S ROTES
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Figure 11: Phase plane for Strogatz Problem 7.3.4.
A
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Problem 7.3.5. Show the following ODE system has at least one periodic solution:

i=-—z—y+a@®+2°), y=z-y+y@®+2. (329)

Solution:
We proceed by converting to polar coordinates and find a nontrivial periodic solution. Differentiating 72 /2

in time reveals

rr =zt + yy
= [-2? — zy + 2* + 20%] + [my — o + 2% + o]
= (@ + ") + (2* + v°)* + 2% (330)

=2+t 4 rtcos?Hsin? 0
. 9
=2 {—14—7"2 <1+sz(29))] :

Therefore the null-clines for 77 = 0 are given by r = 0 and
2
=,/ ——s—. 331
"\ 21 sin?(20) (831)

. . 2 3 3 2 3 3 2 2
. — T Yy + x°y + 2x — |—zy —y* + 2’y + 2z +
0 Ty 2y$ [ Y Y Z/] 2[ y—y Y 3/] x 2y 1 (332)
r T T

Additionally,

The fact § = 1 everywhere implies 6 = t + 6 and the only fixed point of this system is the origin. Thus,

the ODE system admits the periodic solution

[ 2
(r,0) = ( MMJ) , (333)

and we are done.l1 O

'Note we cannot use the Poincaré-Bendixson theorem for this problem since the limit cycle is unstable.
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REMARK: A phase plane plot for the previous problem is given below.
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y
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Figure 12: Phase plane for Strogatz Problem 7.3.5.
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Bender and Orszag

The following are problems taken from the text of Bender and Orszag, reflecting types of problems that
have begun to show up on the ADE qual in recent years and in MATH 266A course materials. Contrary
to the authors of this textbook, I do not find much of the material “easy” (as they indicate by labels next

to problems and sections).

Unfortunately, examples from this text are not provided in the online version. Please contact me via email

if you wish to inquire about the solutions to these problems.
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Past Homework Solutions

Problem 1. Solve the PDE

1
u+ = - (ug)? —up, =0 in R x (0, 00),

2 (393)
u=g on R x {t =0}

where a) g = |- | and b) where g = —| - |.
Solution:
a) This is a Hamilton Jacobi equation with Hamiltonian H(p) := p?/2 — p. We compute the Lagrangian
L as the dual of H, i.e.,

L(v):= H"(v) := ;gﬁ{p-v — H(p)}= ;211; {p S — % - p? —I-p} . (394)

We assume the supremum is taken on at the critical point of the braced expression (i.e., that it

can be replaced by a max). At this critical point, we find

1
O:Dp[p-v—Q-pz—i-p}:v—p—i-l = p=v+1 (395)
Hence
1 1
E(v):(v+1)-v—§(v+1)2—|—(v+1):§(v+1)2. (396)

Using the Hop-Lax formula, we find

yeR yeR

u(z,t) = min {t L (T’) + g(y)} = min {;t (r—y+1)°+ g(y)} . (397)

Note the expression to be minimized is convex. Thus, at a minimizer y*, the optimality condition
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with the subgradient is

g1 1
0€ 35, o (@—y D+l =s@—y' +D+senly’) =y ez +1+td(y"), (398)
y=y*

where ¢(y) equals the sign of y when y # 0 and [—1, 1] otherwise. (Return and complete.)
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Qual Solutions

Reflections: We use a reflection to extend the domain of a function. Odd extensions are used to enforce a
Direchlet condition (e.g., that the function is zero at the origin) while even reflections enforce a Neumann

condition (e.g., the derivative is zero at the origin).

Entropy solutions: The entropy satisfying weak solution of a PDE is a function u for which!'®
1. up and u, are solutions to the PDE to the left and right of each shock curve C;
2. the Rankine-Hugoniot condition is satisfied along each shock C;

3. F'(ug) > $ > F'(u,) along each shock C.

5There is also a more general condition than 3 given in the PDE text by Evans.
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2018 Fall

F18.1.

a) Consider the dynamical system

T =ar+by, y=cr+dy, (399)

where a,b, ¢, d € R (with ad — be > 0) are constants. Classify the equilibrium at (0,0) for all possible
choices of the four constants. Indicate clearly all bifurcations that occur, and designate when you

get closed orbits.

b) Consider the dynamical system
. 2 2 - 2 2
T =-y+ax(z*+y°), y=x+ay(z”+y°), (400)

where a € R is a constant. Determine, with appropriate arguments, the stability of the equilibrium
point at the origin. Also draw the phase portraits for this system for all qualitatively different values

of a.

Solution:

a) The Jacobian for the system is given by'©

0x/0x 0%/0y a b
J(z,y) = = , (401)
0y/0x  0y/dy c d

which has eigenvalues satisfying the characteristic equation
0=(a—N(d—X) —bc=N —(a+dX+ (ad —bc) = \* —TA+ A, (402)

where 7 := a + d is the trace and A := ad — bc is the discriminant. Thus,

4+ 72— dA
Eda S

A= (403)

Then we have the following cases.

16This problem is taken straight out of the explanations in Chapter 5 of Strogatz’s text.
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If A <0, then the eigenvalues are real and have opposite signs and, thus, form saddles points.

If A > 0, the eigenvalues are either real with the same sign (nodes) or complex conjugate (spirals or
centers). Nodes satisfy 72 —4A > 0 and spirals satisfy 72 — 4A < 0. The parabola 72 —4A = 0 is the
borderline between nodes and spirals, upon which we obtain degenerate and star nodes. The stability
in these cases is determined by 7. If 7 < 0, both eigenvalues have negative real parts, making the

fixed point stable. Unstable spirals occur when 7 > 0. Neutrally stable centers occur when 7 = 0.
If A =0, then at least one eigenvalue is zero. This means the origin is not an isolated fixed point.
We illustrate these results in Figure 13. From this, we see bifurcations occur along A = 0, along

7 =0, and along 4A = 72, Centers (when 7 = 0) are when closed orbits occur.

A

/

Stable |Unstable,’
Spiral | Spiral,’

.’ ‘Unstable Nodps
T

Stable Nodes

Saddles

Figure 13: Classifications of fixed point determined by 7 and A.

b) We proceed!” by using standard polar coordinates (r,6). Observe

0 0 1 1
7= a—;z’ + a—;y = [rE + yy| = - [z (—y + axr?) +y (z + ayr?)] = ar’. (404)
This implies
—rsinf4ard cos§ = —y+ax(z®+y?) = & =i cosf—rfsing = rsinff—1] = [f — ar®]cosd = 0.
=0

(405)

1"Note this is Example 6.3.2 in Strogatz’s text.
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Since this holds for all ¥y = rsin@, it follows that 6 = 1, i.e., the trajectories are proceed countercloc-

0, then 7 is constant in time, which

kwise with constant angular speed unity. Consequently, if a

implies the origin forms a stable equilibrium point. If @ > 0, then r is increasing in time (strictly for

r # 0), in which case the origin forms an unstable fixed point. If @ < 0, then r is decreasing in time

(strictly for r # 0), making the origin asymptotically stable.
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Figure 14: Plots of the ODE system for « = 1, a = 0, and o = —1, from left to right.
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F18.2. Consider the equation
1
zy" + (22— 1)y + ~y=0. (406)

a) Classify the points z = 0 and = 0o as ordinary, regular, or irregular singular points.

b) For z = 0, determine the indicial equation and indicial exponents. Find the series expansion about
x = 0 for the solution of (406) that satisfies /(0) = 1, and from it obtain the solution in closed form.

Why is one initial condition sufficient to determine this solution uniquely?

Solution:
a) The ODE may be rewritten as
v +py +aqy =0, (407)

where p(x) = (2 — 1/2) and q(x) = 1/22. Since both p and ¢ blow up as # — 0, the point x = 0 is
not ordinary. However, since zp = 22 — 1 and x2¢ = 1 are analytic in a neighborhood of x = 0, the

point « = 0 is a regular singular point.

The point x = co will be classified according to how = = 1/t is classified at ¢t = 0. Observe

dy dydr  ,dy
dr _dtdt o adt’ (408)
and so
dQ?J d _pdy _3dy -2 dQ?J dz 3dy 4d2?/
e I [ e Sl e V2 o A el 409
da? ~ dz [ Ta| T T @ a ' ane (409)

Thus, the ODE becomes

2

dy d2y dy dy - 1,4y —
_ 339 4= I o 424 2 _ = J 2 \Yd 2
0= (275 T t t2> +(2-1) < t . +ty = 0= 12 + (2t 3t7) . t™“y. (410)

Since (2¢72—3t"1) and —¢~2 are not analytic in a neighbhorhood of ¢ = 0 while #?(2t~2—3t~!) = 23t
and t?(—t~2) = —1 are, we deduce t = 0 is a regular singular point. Whence x = oo is a regular

singular point.

b) Since z = 0 is a regular singular point, Fuch’s result states a solution y;(z) may be expressed as
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yi(x) = z*A(x), where A is analytic, i.e., there are scalars {c, }22 such that

oo
yi(z) = e, (411)
n=0
where we assume « is chosen such that c¢g # 0. Plugging this into our differential equation reveals

0 =2’y + (227 — 2)y; +
o0
— Z e [(@+n)(a+n—1)z" +2(a + n)z" T — (a+n)a" e + 219

n=0

oo o
=coa —1)% + Z cn(a4+n —1)%z" e 4 4 Z 2p_1(a+k —1)zk+e
n=1 k=1

(412)

oo
= co(a — 1)%2% + Z(a +n—1)[(a+n—1cy+2c,_1] 2"

n=1

Since this holds for all # in a neighbhorhood of the origin and ¢y # 0, the first term reveals the
indicial exponents are a; = as = 1. The coefficients in the series must also be identically zero, which

yields the recurrence relation, upon plugging in o = 1,

2
Cn = —— - Cp_1, forallmneN. (413)
n

Taking cg = 1, we see

yi(x) = Z (_Q)nxnﬂ = JJZ (_ZT:)R = zexp(—2x). (414)
n=0 n=0 ’

Since the indicial exponent is repeated, the second linearly independent solution y2(x) of the ODE is

of the form

y2(z) = y1(z) In(x) + Z bzt (415)
n=0
where
b= o fen()] s (416)
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Therefore, the general solution to the ODE is of the form

y(x) = diy1(z) + daya(7), (417)

for some scalars di,ds € R. However, since

y1(z)

yh(z) = vy (x) In(z) + +o(l) asz —0, (418)

and

y1(0) = [(1 = 2z) exp(—22)],—o = 1, (419)

and y1(0) = 0, we see y5(0) is undefined. Therefore, initial condition then reveals do = 0 and

1=y(0)=diyi(0)=di = y(z) =y(z) = zexp(—22). (420)
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F18.3. Consider the Chebyshev equation

% [(1 - :1:2)1/231} +n2(1—2a?)"Y2y =0 forze(-1,1), (421)

with integers n > 0.
a) Find the general solution to (421).
b) Denote by T),(z) = cos(narccos(z)) the degree-n polynomial solution of (421). Show that the T,,(x)

satisfy the orthogonality relation

/1 T ()T (z)(1 — 22) "2 dz =0, for m # n. (422)
-1

Determine the expansion of the function g(x) = (1 — 22)%/? in terms of the T}, (x).

Solution:

a) Consider the change of variables x = cos where 0 < § < 7. In this case,

dy dydé 1 dy
@y _4aydv - 423
dz dfdx sinf df’ (423)
where we note
do dé 1
= cosf 1=—sinf - — — = . 424
T = COS = sing - — = e g (424)
Thus, for 6 € (0,7),
_d 2 1/2dy 2 2\—1/2
O_dg:_(l x%) g +nf(l—a%) 2y
_d -sin9 _ dy n’y
Cdz | sin 6 d6 sin 6 (425)
_d [ ] ny
Cdx | df sin 0
1 [d% 9
~ sind [(192+n y] '

Since 6 € (0,7), the term sin @ is nonzero, thereby implying the expression in brackets is zero. The

general solution is, thus,

y = ¢1 sin(nf) + cg cos(nf) = ¢1 sin(n arccos(z)) + co cos(n arccos(x)), (426)
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for some scalars c1,cy € R.

b) Using the same change of variables as before, for m # n,

= x x 12 4z
0= [ Tt -2 a
/0 cos(nf) cos(mb)de

cos((m + n)@) + cos((m —n)d) do (427)

l\.')\r—l
h

_ 1 [sin((m+n) + sin((m —n)0) 1"
2 m+n m-—n 0=0
=0,
where we note
d
r=cos) = dor=-—sinfdd = —df= ﬁ = (1 -2z (428)

Let us now consider the expansion of g(x). We seek to show identify scalars {c,}72 such that

= Z enTn(x). (429)
n=0

We proceed by working with the variable 6, considering the Sturm-Liouville problem

i +n%2=0, 2/(0)=2(x)=0. (430)

d6?
For each n, the general solution is of the form

z = oy sin(n#) + o cos(nb), (431)

and the boundary conditions imply oy = 0 and n is an integer. By Sturm-Liouville theory, the resulting

eigenfunctions {cos(n#)}> , form an eigenbasis and are orthogonal with respect to the scalar product

i f) = /0 " £1(0)2(0) do. (432)
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Therefore, there exists scalars {d, }22, such that sin § may be expressed on [0, 7] via
o
sinf = Z dy, cos(nb). (433)
n=0

By the orthogonality of the eigenfunctions, we have the standard result for the coefficients

_ (sin@,cos(nh)) o sin(6) cos(nd) do
dp = eos(nf) cos(nf]] 0 T co2(nd) 46 for all n > 0. (434)

However, for x € (—1,1) and the change of variables = cosf, we see 6 € (0,7), and so

g(x) =1 —cos?26 =|sinf| =sinf = Z dy,, cos(nf) = Z dp Ty (). (435)
n=0

n=0

This verifies (429), taking ¢, = d,,, and the proof is complete.
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F18.4. For a bounded domain €2 in R™ with smooth boundary, consider the parabolic PDE

up—Au = (1—u)y in 2 x (0,00),
u=+, on I x (0,00), (436)
u=g onQx {t=0},
where ¢ is a smooth function that vanishes on 9f2.

a) Show that if ¢(z), g(x) < 1, then u(z,t) <1 for all ¢t > 0.

b) Supposing'® instead that g does not vanish along 99 and that g(z) > 1 and £(x) > 1, show that
u(z,t) > 1 for all £ > 0.

Solution:

a) Fix T'> 0 and take Q7 := Q x (0,7] and I'r to be the parabolic boundary of Q7. Let ¢ > 0 and set
v :=u — eel. Since Qr is compact and v is continuous, v attains its supremum over Q7. By way of
contradiction, suppose this supremum is at least unity. By the continuity of v, it follows that there
exists a point in Qp at which v = 1. Let (z*,t*) € Qr be such that v(z*,t*) = 1, with ¢* the first

time at which this occurs. Note t* > 0 since
v(z,t) = g(z) —ce® <1—e<1 on Qx {t=0}. (437)
And, z* € ) since
v(z,t) =(x)_ce!’ <1—ee” <1—e<1 ondQx (0,00). (438)

Therefore, (2*,t*) € Qp—Tr = Qp. By the fact t* is the first time at which v = 0, we see v(z*, t*) > 0.

Since z* is a local maximizer of v(-,t*), it follows that Av(a*,t*) = 0. Whence, at (x*,t*),
0<vi—Av=u—Av—ce” =1 —u)y —ee!’ = <—€et*) —eel’ = " <0, (439)
+

where the third equality holds since at the indicated point 1 = v = u — ee’". This inequality implies

'8We believe the original prompt was in error here. For g could not be smooth and vanish at the boundary 99 while
simultaneously be greater than unity everywhere in 2. We have rewritten what we think it should have stated.
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0 < 0, a contradiction. Therefore,

supv < 1, (440)
Qr
and so
u<l1l+ee <1+eel inQp. (441)

Since € > 0 was arbitrarily chosen, we may let € — 0" to deduce

u<1 in Q. (442)

And, because this result holds for arbitrary T" > 0, we may let T — 0o to deduce u < 1 for all times,

as desired.

Let T > 0 be given and again set Qp := Q x (0,7] and I'7 to be the parabolic boundary. Since I'y is
compact and w is continuous, it follows from the hypotheses given that

infu > 1. (443)

Tr

Choose ¢ such that 0 < € < infr,. v — 1, and then define v := u — ee™". It then follows that

v=u—ce '>u—e>1 onTlp. (444)

Since v is continuous and Qr is compact, v attains its infimum over Q7. By way of contradiction,
suppose the infimum is less than or equal to unity. By (444), it follows that any minimizer of v over
Q7 is contained in Qp. By the continuity of v, it follows that there exists a point in Q7 at which
v = 1. Let (#,%) be such a point with ¢ the first time at which this occurs. Then v;(%,%) < 0 and,

because 7 is a local minimizer of v(-,%), we deduce Av(Z,t) > 0. Therefore, at the minimizer,

0> —Av=uy—Autee ' =(1—u)y +eet = <—ae’t~> tee t >0, (445)
- %
=0

a contradiction. Thus, the minimizer of v over Q) exceeds unity, and so

infu = infv +ee > (infv) +ee T >infv>1 in Q. (446)
Qr Qr Qr Qp

Because this holds for arbitrary 7' > 0, it follows that, for all (z,T) € Q x (0,00), u(z,T) > 1, as

desired. 0
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F18.5. Consider the following initial-boundary problem for u = u(x,t) in the domain {z > 0} x {t > 0}:

Ut — Uz +au =0 in {z > 0} x {t > 0},
u=f on{z >0} x {t=0}, (447)
u=g on{zx=0}x{t>0},
where f(x) and g¢(t) are continuous functions with compact support and a is a constant. Find an ex-
plicit solution of this problem.
Solution:

We proceed! by defining a new function and then performing an odd reflection. Set v(z,t) := u(w,t)e®.

Then
UVt — Vg =0 in {z >0} x {t > 0},

v=f on{z>0}x{t=0} (448)

v=ge on {zr=0}x{t>0}.
Then define w(x,t) = v(z,t) — f(x) — g(t). Because f : (0,00) - R and ¢ : (0,00) — R are com-

pactly supported, f(0) = ¢g(0) = 0. This implies

w(z,0) = v(z,0) = f(2)—g(0) = f(z)=f()=0=0 and w(0,?) = v(0,2) - f(0)—g(t) = g(t)-0—g(t) = 0.

(449)
Now define the odd reflection w(z,t) by
w(z,t) if > 0,
w(z,t) = —w(—x,t) ifz <0, (450)
0 if x =0.
Differentiating reveals
Wi(,t) — Wag(x,t) = wi(x,t) — Wep (2, t) = G(x,t) in {x >0} x {t > 0}, (451)
and
Wi (T, t) — Wag(x,t) = —wi(—2,t) + Wee(—x,t) = P(x,t) in {z <0} x {t > 0}, (452)

19See Problem 2.15 in Evans’ text on page 16 and also the solution to S14.1.
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where

_ at\/ " if
Se.t) im (ge™) + f"(z) if x>0, (453)
(ge®) — f'"(—z) ifx <O,

and we momentarily assume f and g are smooth. This assumption may be relaxed upon arriving at our

final expression for u(x,t). Compiling our results, we may write

Wy — Wee = ¢ in R x (0, 00),
w=0 onR x {t=0}, (454)
w=0 on {xr=0}x(0,00).

For each t € (0,00), observe, for fixed s € (0,1),
o tis) = [ Bla -t s)o(es) ot (455)

forms a solution to

Wi(+58) — Wez(58) =0 in R x (s,00),
w(;s) =0 on R x {t=s}, (456)

w(+;s) =¢(-,s) on {x =0} x (s,00),

where @ is the fundamental solution to the heat equation:

B(z,t) = \/% exp <—f;> . (457)

Duhamel’s principle asserts

w(x,t):/otw(x,t; 5) ds:/ot /_Z B(w — €,1 — 5)6(E, 5) deds (458)

Substituting in the definition of ¢, we see

t 00 0
ate.0) = [ [/0 B =&t —3) [1(6) ~ (o)) de + [ aa— et — ) [-1(-9) + (lo)e >](j§9)ds

An explicit solution (which we currently neglect to fully write down) is then given by integrating by parts
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to take the derivatives off of f and g and place them onto ®, which is smooth. Then, in {z > 0} x {¢t > 0},

u(@,t) = e "v(z,t) = e (w(@,t) + f(2) + g(t)) = e~ (W(z, 1) + f(2) + g(t)).- (460)

0
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F18.6. For a bounded domain 2 in R™ and for
ue A= {wel(Q): wyy =0, /wzl}, (461)
Q

consider the energy

E(u) ::/ V' 1+ |Dul? dz. (462)
Q
a) Show that F(u) has at most one minimizer among u € A.

b) Let 2 := {|z| < 1} and suppose that u* minimizes E(u) over A. Show that u* is a radial function.

Solution:
a) Let u,v € A. Assume u and v are distinct minimizers of E over A. It suffices to show u = v. Note

2(u+v) € A. Define f(a) == (1 + o®)1/2 and observe
fla)=a(l+a®)™?  — fa)=1+a>)2-a?1+®)32=1+%)732>0, (463)
which shows f is strictly convex and strictly increasing for positive arguments. Therefore,
1 1 1 1 1
/ (2|Du " Dv\) <f <2|Du " Q\Dvr) < L7(1Dul) + L F(1Dw), (164)

where the final inequality is strict whenever |Du| # |Dv|. Consequently,

E @(u + v)> _ /Qf <;|Du + Dv) dz < %E(u) + %E(v) — Bu). (465)

Because u and v are minimizers, the left hand side of (465) is bounded below by E(u). This implies

1 1
/Qf<2Du+Dv\> dx—z/gf(\Du!)Jrf(Dv!) dz, (466)
and so
= [ 5 1r0Du)+ 4ol - £ (31Du+ D) . (167)
>0

It follows from undergraduate analysis that the integrand is identically zero, from which (464) implies
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|Du| = |Dv| in €, and so
f <|Du+Dv) = f(|Du|) in €. (468)

However,

469)
1/2 (
1 +2COSH ]Du\2>

1 0
(),

where 6 € [0, 7] denotes the angle between Du and Dv and the third equality holds since |Du| = |Dv|
in Q. Thus,

7(1Dul) = f ( “;‘“\Dm) in 0, (470)

which, by the fact f is strictly increasing for positive arguments, can only be the case when cosf =1
everywhere in (), thereby implying Du and Dwv are parallel. Since Du and Dv are parallel and with
equal magnitude in 2, we see Du = Dwv in ). This shows u = v + ¢ in 2 for some constant ¢ € R.
However,

1:/udx:/v+cdx:1+/cdx:1+c|Q| = c¢=0. (471)
Q Q Q

Therefore, u = v in €2, and the proof is complete.

Let @ € R™ "™ be an orthogonal matrix. Define v(x) := v*(Qz). Using the tensor notation for deri-

vatives and the summation convention, we see
vi=uwiQu = |Dof* = v = (5Qji) (ujQri) = wiuiQ;iQfy = wiupdse = ujuf = [Du*|*. (472)

And,
/Q (z) do = /Q w*(Rz) dz = /Q w*(y) dy = 1, (473)

where we use change of variables y = Rz and note the orthogonality of R implies |R| = 1, and so

dy = dz, and RQ = 2 since (2 is rotationally invariant. We additionally see v(x) = u(Rz) = 0 on 02
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since z € ) implies Rz € 0L, by the symmetry of 2. Thus, v € A. Furthermore, (472) implies

E@) = /Q f(IDo]) dz = /Q (D)) dz = B(u?). (474)

By our result in a), the minimizer of E over A is unique. Therefore, v = u* and, as @ was an arbitrary

orthogonal matrix, we conclude u* is radial.
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REMARK: Now suppose u* minimizes E over A and v is a perturbation function, i.e., v € C'(Q) and

fy=d [y  DuteDv _ [  Du
OE(u*,v) = = [E(u+ev)]._,= [/Qf (|Du + ev)) D+ D] Dv dx} T /Qf (|Dul) Dul Do dz, (475)
which may be simplified as
Du
OE(u*,v :/ —————  Dv dx. 476
( ) o /1+|Dul? (476)
Define
J(u) = / u dz, (477)
Q
and so
* d * d *
dJ(u*,v) = — [J(u* +ev)]._g = — /u +ev dx = /vdx :/vdx. (478)
de de [Jo e=0 Q e=0 JQ
By Lagrange’s theorem of multipliers, there exists A € R such that, for all test functions v,
SE(u*,v) = AoJ(u*,v), (479)
which implies
Du Du
0:/-Dv—)\vda::/ —— — Az | - Dv dz. 480
o /14 |Dul? Q<\/1+]Du\2 ) (480)

Because this holds for an arbitrary test function v, we see

Du(z) = A\\/1+ |Dul?x in Q. (481)

This could be used to show w is radial. Also, this implies

/2
2 _ 2 2 2 _ |95\2 _ |CU|2 ! _ 1
|Dul? = (1+ |Dul?)|z]? = |Du]*= e = f(|Du]) = <1+1_£|2 Ve (482)
and so
1
E(u :/ — dux. (483
) B(o,1) /1 —[z]? )
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F18.

a)

7.

Consider the linear equation

ut + aug =0, (484)

where a > 0. Solve the initial-boundary value problem for this PDE in the domain {x > 0} x {t > 0}
with boundary conditions u(x,0) = 0, u(0,¢) = 1. Draw a characteristic diagram for this problem (a

graph of the solution in the zt plane).

Consider the nonlinear equation

ug + (u)y = 0, (485)

for viscous flow down an inclined plane. Solve the initial-boundary value problem for this PDE in
the domain {z > 0} x {t > 0} with boundary conditions u(z,0) = 0 and u(0,t) = 1. Here x = 0
corresponds to a gate that release a fluid with height u(0,¢). Draw a characteristics diagram for this

problem.

Consider the same problem as in b), but now with the boundary conditions u(z,0) = 1 and u(0,¢) = 0,
corresponding to a uniform flow with the gate closing at time ¢ = 0. Find a solution that is continuous
in the domain {x > 0} x {t > 0}. Draw a characteristics diagram for this problem. Is the solution

uniformly continuous? Explain your answer.

Solution:

2)

We proceed by using the method of characteristics. Define F(p,q, z,x,t) = q + ap. Taking ¢ = u,

z = u, and p = uy, we see F' = (0 and obtain the system of characteristic ODE:

&(s) = Fp =a, x(0) =z,
i(s) = F, =1, t(0)= to, (486)
i(s) = Fpp+ Fyg=ap+q =0, 2(0)= 2",

where 2 = 0 if the characteristic originates along the z axis and z° = 1 if the characteristic ori-

ginates along the ¢ axis. This implies ¢t =ty + s, z is constant along characteristics, and

x(s):azo—i—/ &(7) dT:a:o—i—/ a dr =z +as =z + a(t — o). (487)
0 0

117 Last Modified: 4/26/2019



ADE Qual Notes Heaton

This shows the characteristics are linear and with identical slope, proceeding to the right in time. For
a point (x,t) in the first quadrant, we take (xo, o) to be the boundary point along the first quadrant
which is connected to (z,¢) with the line segment connecting the two having slope matching the
characteristics. If z > at, then ty = 0 and the initial condition implies u(x,t) = 0. If z < at, then
xo = 0 and the boundary condition implies u(x,t) = 1. In summary, in {z > 0} x {¢ > 0} the solution

to the PDE is

1 if z < at,
u(z,t) = (488)

0 ifz> at.

The desired characteristic diagram is in Figure 15.

st

7 s(t) = at

Figure 15: Characteristic Diagram for F18.7a.

b) Again we proceed by the method of characteristics. Define F(p, q, z, x,t) = q + 32%p. Taking q = uy,

z = u, and p = u, yields F' = 0 and gives rise to the system of characteristic ODE:

i(s) = F, =322, x(0) = xo,
i(s)=F, =1, t(0)=t, (489)
2s)=Fyp+ F,q=32p+q=0, 2(0)=2",

where 2° is as in a). This implies t = to + s and z is constant along characteristics, from which
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we deduce

s s xo+ 3s if xg =0,
z(s) = xo + / &(r) dr = o + / 322(7) dr = 2 + 352" = (490)
0 0 ffy) if zg > 0.

Consequently, the characteristics crash and a shock occurs at (x,t) = (0,0). The Rankine-Hugoniot
condition implies that if the shock is parameterized by (#(t),t) then the velocity o = & of the shock

curve satisfies
. . 3_,,3 13 _
o= S = flwr) _wg—up 170 (491)

Up — Uy Up — Uy 1-0

where uy and wu, are the limiting functions values approaching the shock from the left and right,
respectively. With the fact £(0) = 0, this implies Z(¢) = t. Consequently, we deduce, in {z >
0} x {t > 0},
1 ifz<t
u(z,t) = (492)
0 ifx>t.

The characeristic diagram is given in Figure 16.

-t

> T

Figure 16: Characteristic Diagram for F18.7b.

c¢) In this case, because uy < u,, a rarefaction wave occurs. Note we have the same system of characteristic

ODE as in b). This implies t = to + s and z is constant along characteristics, from which we deduce,
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with the new initial/boundary conditions,

$ s o if zg =0,
x(s) =zo + / (7) dr =z + / 322(7') dr = zp + 352" = (493)
0 0 xo+3s if zg > 0.

This tells us the solution along the ¢ axis and for x > 3¢, but not in the remaining portion of the first
quadrant. We look for a solution of the form wu(z,t) = v(z/t). Plugging this into the PDE implies
(with v = v(z/t))

!/

1 1/2
0= us + 3ulu, =0 - —t% + 300’ - 1= % [31}2 - ﬂ = v (%) = <%) ) (494)

where the implication holds, assuming v" # 0, and the square root is positive since u = 1 along = = 3t.

Indeed, for our choice of v, this assumption holds. Therefore, we conclude, in {x > 0} x {t > 0},

Va3t if 0 <z <3t

u(z,t) = (495)
1 if x > 3t.

The characteristic diagram is provided in Figure 17.

st

Figure 17: Characteristic Diagram for F18.7c.

Lastly, note u is continuous in the domain {z > 0} x {¢ > 0}. By way of contradiction, suppose u is
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also uniformly continuous and let ¢ = 1/2. Then there exists § > 0 such that
1
H(."L‘l,tl) — (:Ez,tg)” <6 - |u(:171,t1) — u(:Ez,tQ) <e= § (496)

However, consider the point (x1,t1) = (6/2,0/6) at which v = 1 and (x9,t2) = (0,0/6) at which
u = 0. Then

o) 1
[[(z1,t1) — (z2,t2)|| = 5 < § = 1=[1-0]=u(z1,t1) —ulr2,t2)| < 3 (497)

a contradiction. Thus, u is not uniformly continuous.
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F18.8. The equation of motion of a vibrating beam is
— ey = Fluggse, (498)

where u is the displacement of the beam as a function of its position along its axis, the constant ¢,, = pA is
the linear mass density of the beam, FE is the elastic modulus, and [ is the moment of inertia. If the beam
is simply supported at its ends, it satisfies the boundary conditions u(0,t) = u(L,t) = 0 (no displacement

at its ends) and w4 (0,t) = ug,(L,t) = 0 (zero bending moments).

a) Compute the solution of this problem, given the initial displacement u(z,0) = f(z) and initial velocity

ug(x,0) = g(x).

b) Find the solution of the vibrating-string equation
Uyt = CCUgs (499)

with fixed boundary conditions u(0,t) = u(L,t) = 0 and initial conditions u(z,0) = f(z), ut(x,0) =
g(z). Compare how the spectrum of the normal modes scales with the length of the string versus the

length of the beam.

Solution:

a) We proceed by using separation of variables. Assume u(z,t) = f(2)¢(t). The provided PDE implies

e = Seal 500

where a := ¢, /EI > 0. Since the left and right hand sides are functions of independent variables,

there must exist © € R such that

_ f Ko
Then observe
L " L ! et L L 11\ 2 1" 1 e L
[ armaa= [Cappr o (159 = [0 e 1= 105, (502)
0 0 0 —_—
=0
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and so

L L L
2 _ K 1 __p 2
/0 fedxr= Oé/o ff7 dx a/o (f")” de. (503)

If f/ =0 in (0,L), then f is linear, from which the boundary conditions imply f is identically
zero. This results in obtaining the trivial solution u = 0. Assuming u is not the trivial solution, it
follows that f is nonzero and u < 0 so that f — |u/a|f™ = 0. Letting v := (—pu/a)'/*, each linearly
independent solution is of the form f = exp(w~yx), where w € {41, £i} is a fourth root of unity. Using
Euler’s formula for sines and cosines and using hyperbolic sine and cosine also (in place of exp(yz)

and exp(—yz)), we may write that f satisfies
fr(x) = 1 sin(yzx) + co cos(yz) + cgsinh(yz) + ¢4 cosh(yz), (504)

for some scalars ¢1,co,c3,c4 € R. The condition «(0,t) = 0 implies c¢o + ¢4 = 0. The condition
uz2(0,t) = 0 implies ¥?(—ca + ¢4) = 0. Thus, ¢ = ¢4 = 0. The conditions u(L,t) = 0 and

Ugz (L, t) = 0, respectively, imply
0 = ¢y sin(yL) 4 cgsinh(yL) and 0= ~?[—¢; sin(yL) 4 c3sinh(yL)]. (505)

This implies either that ¢; = ¢3 = 0 or that sin(yL) = 0 and ¢3 = 0. The first case cannot hold since

this would yield the trivial solution. Consequently, we see

f(x) = ¢y sin(yx), (506)

where v = km/L for some nonnegative integer k, which implies

km 1/4 e\ /4

Because this holds for an arbitrary k, we may expand a general function f on [0, L] via an odd periodic

extension of f onto [—L, L] with sine functions. That is,

f(z) = defk(x) = de sin <k:7[r/:v> ) (508)
k=0 k=0
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where each coefficient is given by

— foL f(z)sin(kmrz/L) da:.

(509
fOL sin(krz/L)? dx )
And, the associated ¢ satisfy
j;,k, =pe = ¢(t) = by g sin(v/—pxt) + bak cos(v/—puxt), (510)
k

for some scalars by i, by ), € R. Our assumption that u(x,0) = f(x) implies ¢, (0) = 1, and so by j, = 1.

And, from the condition u:(z,0) = g(x) we take

B = ¢3,(0) (511)

where

_ fOL g(z)sin(krz/L) dx
fOL sin(kmz/L)? dx

g(@) =Y Befr(z), Br: (512)
k=0

This can be used to determine b; ;. Having this, we may write ¢ (t). Compiling our results, we write

u(z,t) = dpfr(z)on(t). (513)
k=0
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2018 Spring
S18.1. Consider the following non-dimensionalized model for glycolysis:

i =—z+ay + 2%y,
(514)

j=b—ay—a’y,

where x > 0 is the concentration of ADP, y > 0 is the concentration of F6P, and a,b > 0 are kinetic
parameters. Determine the equilibrium points and their linear stability, and show that a periodic orbit
exists if and only if a and b satisfy an appropriate condition (which you should determine). Draw the phase
portrait in this case.

Solution:

First?® we find the nullclines. The first equation reveals & = 0 on the curve y = z/(a + 22) and the second
equation reveals ¢ = 0 on the curve y = b/(a + 22). These null clines are shown in the following figure.

Note the direction of the flow shown is given by the sign of & and ¥ in the different regions.

04

y=bf(a+x2)

x>0
/ \jr<0
>0
y>0

i} y=xf(a+x?')
%=0

y>0

Figure 7.3.4

Figure 18: Snippet from Strogatz’s text (p. 206)

We claim the region enclosed by (0, b/a), (b, b/a), straight with slope -1 to the to the null cline y = z/(a+x)?,

20This solution follows directly from Strogatz’s Nonlinear Dynamics and Chaos (pp. 205-208).
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and then straight down to the x-axis, back to the origin, and up to (0,b/a). Observe
i—(—))=—a+ay+a’y+(b-ay—2’y) =b—z = —p>iifz>b (515)

This implies the vector fields points inward on the diagonal line, because dy/dx < —1, and therefore the
vectors are steeper than the diagonal line. Thus the region is a trapping region, as claimed. Now, we must
find conditions under which the fixed point in this region is a repeller. Then we may consider the trapping
region that is punctured by removing this point since such a point drive all neighboring trajectories into
the trapping region. Since this region is free of fixed points, we may then apply the Poincaré-Bendixson

theorem.

The Jacobian J(z,y) for the system is

9i/0x Oi/d 20y — 1 + 22
T(z,y) = /0 0k[oy | _ [ 2vy “aTE (516)
dy/ox  Iy/dy —2xy  —(a+ 2?)

At a nonzero fixed point, adding our two equations yields
0:0—|—O:(—x—l—ay+x2y)+(b—ay—x2y):b—az = zx=b (517)

This, in turn, implies

b

= b b = 1

0 +ay+by = y P (518)

Thus, the single fixed point of the system is at (z*,y*) := (b,b/(a + b?)). Then
|J(z,y)| = —(2zy — 1) (a + 1:2) — (—2zy) (a+ :L'2) = (a+ z2) (2zy — 2y + 1) = a + 22, (519)

which implies |J(z*, y*)| = a + b*> > 0. Furthermore, the trace 7 of J(x*,y*) is

b* + (2a — 1)b? 2
o +(2a - 1) —i—(a—i—a)’ (520)
a+ b2
which implies
+ 24 b2

Ao TEVT et B (521)

2
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Consequently, the fixed point is unstable for 7 > 0 (i.e., a repeller) and stable for 7 < 0. We see 7 = 0
precisely when

b == (1-2a++v1-28a), (522)

N~

which defines a curve in (a,b) space yielding regions of parameters corresponding to a stable limit cycle
existing or not. The Poincaré-Bendixson theorem of nonlinear dynamics tells us if a trajectory is confined
to a closed, bounded region that contains no fixed points, then the trajectory must eventually approach a

closed orbit. Whence a periodic orbit exists precisely when a and b are chosen such that 7 > 0.

250
2.0}
15}
1.0}

0.5t

0.0t

00 05 10 15 20

Figure 19: Plot of the phase plane with ¢ = 0.2 and b = 0.6, which implies 7 < 0.
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S18.3. Consider the ordinary differential equation

23y +y=0. (523)

a) Show that the ODE has a regular singular point at xp = co and determine its indicial components.

b) The leading behavior of a particular solution to (523) is t(x) ~ = as © — oo. By considering the
largest terms in a singular series solution, determine the next largest term in the expansion of y(x)

for large positive x.

Solution:
a) To classify the point xyg = oo, we analytically map the point at infinity into the origin using the
inversion transformation x = 1/t. We must show 0 is a regular singular point of the transformed

ODE. Observe dx = —t—2d¢ so that

dy dy dt dy dy2 d Y 3dy
2 & 235 24
dr _dtde . a0 a2 Tae T (524)
This transforms the given ODE to
0= L &y opd] Py ody (525)
8| ae a| VT A Tt Y
Dividing by ¢ on each side yields
o= Ly 24y v &y, O 4 o) (526)
T Trar T e TP TRy

where p1(t) = 2/t and po(t) = 1/t. Note p; and py are not analytic in a neighborhood of 0; however,
(t—0)p1(t) = 1 and (¢t — 0)?po(t) = t are analytic in a neighborhood of 0. Thus 0 is a regular singular

point of (526). Therefore xy = oo is a regular singular point of (523).

Since ¢ = 0 is a regular singular point, Fuch’s theorem asserts there exists a Frobenius series solution

y, i.e., y is of the form
o0 o0

Y= Z thk—i-a = Z Ckm_(k+a), (527)

k=0 k=0
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where « is chosen such that ¢y # 0. This implies
dy d%
0=y+ 25 LT
o
= ch [tk+a + 2(k+a)tk+a—1 + (k‘ +a)(k+a _ l)tk—'roz—l]

oy (528)

—chtk+a+coa(a+1)ta 1+ch+1 (n+1+4+a)+n+1+a)(n+a)t"™
k=0 n=0

= cpa(a + 1)t~ 1—1—2 e+ (k414 a) (k424 a)epq ] tFHe,
k=0

where the equalities come from reindexing the series with n = k — 1. Equating coefficients reveals
ale+1) and O0=c¢p+ (k+1+a)(k+2+ a)cky1, forall k>0, (529)

where we note we assumed ¢y # 0. This implies the indicial components?' are a; = 0 and ap = —1.

b) Observe?? our hypothesis implies y(z) ~ z+6(z) as © — oo, where |§| < = as x — 0o. Consequently,

r4+6~y=—ay=-2%" = z~—-2%" asz— . (530)

This implies

"~ —27? = S~In(z)+cazrtc asz — oo. (531)

Because || < x as z — o0, it follows that ¢; = 0. Note constant functions are solutions to the ODE,
and so we may subtract such solutions from our particular solution and still obtain a solution, i.e.,
we may take co = 0. All that remains is to verify taking d(z) = In(z) forms a consistent dominant

balance. Indeed,

=lim —=lmz=00. = |ln(z)|<Kz asz — oo. (532)

From this, we conclude the next largest term is §(z) = In(z).

21'We presume the prompt meant with the phrase “indicial components” what Bender and Orzsag meant by “indicial
exponents”. See, e.g., §3.3 of their text.
22This question is strikingly similar to Problem 3.22b in Bender and Orszag’s text.
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REMARK: We wish to draw further insights regarding the previous problem. A solution to (523) given by
o0

v =Y ct”, (533)
k=0

where we take & = a1 = 0 in the recurrence relation in (529). However, note N = oy — ag = 1 and using

the recurrence relation in (529) with a = a3 reveals

0=0c1 = |(N+1+a)(N+2+a)cy = —cp, (534)
|\ —

=0 N=1

which cannot be the case for a Frobenius series since we assume ¢y # 0. Thus, there is only one solution

to the ODE in Frobenius form. Following Bender and Orszag’s text, we see the second solution is of the

form
> 0
_ k+a
Yo = det ’ = 0 y(z, )] p=a,
k=0
= it —y(t o) In(t) = D bttt (535)
k=0 k=0
=y () In(t) + D _grt*
k=0
where
oo N a
y(t,a) =Y ep(@)tht and by = 50 1k(@)]aza, - (536)
k=0
and
Z qktk_l = Z dktk+a2 — Z bktt—’_al . (537)
k=0 k=0 k=0

We may take cg = dg = 1. Thus, the general solution is of the form

y(t) = Bryi(t) + Baya(t), (538)
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for scalars 31, B2 € R. Assume y ~ 1/t as t — 0" and observe, as t — 07,

t™h~ oy~ Breo + et] + B2 [(co + ert) In(t) + (qot ™" + q1)]
= Bagot ™ + Baco In(t) + (Bico + Bict + BacitIn(t) + Bagr)
~ Bagot ™ + Baco In(t)

= [y (t_l + ln(t)) ,

(539)

where we may ignore the omitted terms (asymptotically) since our assumption implies 2 = 1. Con-

sequently, we see
y~t 4 In(t) ast—0" = y~ax+ ln(a:fl) =z —In(z) asz — oc. (540)

This proves the next largest term in the expansion of y(z) for large positive x is —In(z). In fact, upon

consulting (539), we see the succeeding largest term in the expansion will be a constant since

1
BacrtIn(t) = 1- —%Otln(t) = —5t(t) = ¢tln(t/?) = 0 ast — 0. (541)
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S18.4. We seek a solution u : 2 x [0,00) — R of the PDE

ug — Au+ul|Dul| =0 in Q x (0, 00),
u=f on dN x [0,00), (542)
u=g onQx {t=0},
where @ C RY is the interior of a connected compact set, and || - || is the usual Euclidean norm. As-
sume the boundary and initial conditions are smooth. Show that there is at most one C'12(€2 x R) solution
of this PDE.??
Solution:

Let v and v be C12(Q2 x (0, 00)) solutions of the given PDE, and set w := u — v. Fix a time 7" > 0. Then
take Qp := Q x (0,7] and let 'y be the parabolic boundary of Qr so that

wy — Aw = v||Dv|| — ul|Dul| in Qp,
(543)
w=0 onlr.

Now fix ¢ > 0 and define @ := w + ee’. Since Qp is compact, the continuous function w attains its
infimum over Q7. By way of contradiction, suppose the infimum of 4 is nonpositive. By the continuity of
W, it follows that there exists a first time ¢* and and a point z* € Q such that @(2*,t*) = 0. Note t* > 0
and z* € () since

W=w+ee' >w+ee =ce’ >e>0 onl7. (544)

Thus, (z*,t*) € Qp. Consequently, wi(z*,t*) > 0 and, because z* is a local minimizer of w(-,t*),

Aw(z*,t*) > 0 and, at (z*,t*),
0=Dw=Dw=Du—Dv =  Du= Dv. (545)
Combining these facts, we see, at (z*,t*),
0 > Wy — A = wy — Aw +ee!” = v||Dv|| — u||Dul| + eet” = —w||Dul| + et = (| Dul| + 1) eet” > 0, (546)

a contradiction. The final equality holds since, at the given point, 0 = @ = w + ee?”. The contradiction

2 We presume the authors meant to only include nonnegative times.

132 Last Modified: 4/26,/2019



ADE Qual Notes Heaton

proves @ > 0 in Q7. Therefore,

w> —ecet > —cel in Q. (547)

Since £ > 0 was arbitrary, we may let ¢ — 0% to deduce w > 0 in Q7. Because this holds for arbitrary

T > 0, we may then let T — oo to deduce
w>0 = wu>v inQx][0,00). (548)

We may repeat at analogous argument, swapping the roles of v and v to deduce v < v, from which it

follows that w = v. Whence any solution to the PDE is necessarily unique. ([l
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S18.5. Consider entropy solutions u(z,t) : R x (0,00) — R of the flux conservation equation
u+ f(u)z =0 (549)

with initial condition
z ifxe(0,1),
u(z,0) = (550)
0 otherwise,
and with flux function f(u) = u3/3.

a) Derive the Rankine-Hugenoit condition for the propagation of discontinuous solutions of this PDE.

b) Find the long time solution of the PDE. You may assume u > 0, so f(u) is convex, and also that at

long times, the solution can be broken into three parts:

ag(z/tP) i T
w(ot) = t(x/t?) if 0 <z < h(t), (551)

0 otherwise,

for some exponents o and 5 and positive functions g and h, all of which you should determine.

Solution:
a) First suppose u is a smooth solution to the PDE and v : R x (0,00) — R is a test function, i.e.,

smooth with compact support. Then integrating the PDE yields

0= /_O; /Ooo[ut—I-f(u)x]v dudt

— /_Z /OOO —uvy — f(u)v, doedt — /:; [uv],_, dz,

where we have used integration by parts with the compact support of v to see all the nonlisted

(552)

boundary terms vanish. The right hand side of (552) makes sense even when u is not smooth. Con-

sequently, we say u is an integral solution to the PDE when u € L*°(R x (0, 00)) satisfies

0= /_ Z /0 T v — f(u)ve dedt — / " il da, (553)

—00

for all test functions v.
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Now suppose u is an integral solution of the PDE, and let C be a curve of discontinuity in u. We
seek to derive a condition for the propagation of this discontinuity. Let V' C R x (0, 00) be a bounded
open subset that intersects with C' and with V; and V,. the portions of V' to the left and right of C,
respectively. We assume u is smooth to the left and right of C, but not along C. If v is a test function

with compact support in Vp, then we see

0= /_Z /000 —uvy — f(u)vy dedt — /_O; [uv],_, dx

_ / /V = (e dad (554)

://V: (e + f(u)e) v dadt.

By the arbitrariness of the test function v, it follows that
u + f(u)y =0 in V. (555)

Likewise, we deduce

u + f(u)y =0 in V. (556)

Now consider a test function v with compact support in V' that does not necessarily vanish along C.

0= /_Z /000 —uvy — f(u)v, dedt — /_Z [uv],_, dx

= //V —uvy — f(u)v, daedt + // —uvy — f(u)v, dedt.

However, integration by parts reveals

Then

(557)

/ /w —uvy — f(u)vy dzdt = / /w (ut + f(u)z) v dedt + /C [—f (ue)v* — wer?] v de, (558)

N~

=0

where the underbraced term equals zero by (555), v = (v!,1?) is the outward normal along 9V,
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pointing from V; into V,., and wy is the limiting value of u approaching C' from the left. Likewise,

/ / = (g dadt = / / (ot () dad /C [ fun) — o de,  (550)
0

where a minus since is used since the outward normal along 0V, is —v and w, is the limiting value of

u approaching C' from the right. Combining our results in (557), (558), and (559), we see

0= /C ((Flur) — Flug))v! + (ur — ug)r?) v de. (560)
Again by the arbitrariness of the test function v, this shows

0= (f(ur) = f(ue))v' + (ur —ue)v?® along C. (561)

Assuming C' is sufficiently smooth, we can let s(¢) be the parameterization of x along C so that

(z,t) = (s(t),t) along C. Then v = ———(—1, ), which implies

V1+s2
0= (f(ur) = fug))(=1) + (ur —ug)(s) along C, (562)
and so
$(ue — up) = f(ug) — f(ur) along C. (563)

The condition (563) is the Rankine-Hugenoit condition for the propagation of discontinuities.

We proceed via the method of characteristics. Let F(p,q, z,z,t) = ¢ 4+ pz%. Taking p = u,, ¢ = uy,

and z = u gives F' = 0 and rise to the ODE system

i(s) = F,=2% x(0)=2a",
i(s)=F,=1, t0)=0, (564)

i(s)=Fp+ Fyg=2*p+1¢=0, z(0)=q(a),
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where ¢(x) := u(z,0). This implies ¢t = s and z is constant along characteristics. Observe

0 0\2 0
2 + (%) if 2 € (0,1),
z =120+ t2%(0) = 2° + t¢*(2°) = (565)

2V otherwise.

Consequently, the characteristics are straight lines. For 2° ¢ (0,1) we see they are vertical lines, and
the characteristics immediately crash at 2% = 1. Let (s(¢),t) give the parameterization of the resulting

discontinuity. Then s(0) = 1 and applying the Rankine-Hugenoit condition reveals

_ flw) = flw) _ 51— 507

1
Up — Uy 1-0 3

(566)

t
Thus s(t) =1+ 3 By way of contradiction, suppose there is a time ¢t > 0 at which another shock

curve occurs. At such time, we have

0 o - t B 1—2Y
x (1+ta:)—x—s(t)—1+§ = t_i(xoﬁ—l/?f (567)
For all (z,t) € R x (0,1),

7 f0<w<1+3,
u(z,t) = (568)

0 otherwise
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S18.7. let Q € R? be a bounded open set with smooth boundary 9. Recall the notation g € C*(Q)

means there exists an open set O containing Q such that g € C1(0). Let f1,..., fs € C1(92) be such that

=0 in Q.

Y
; ox;

)

Suppose u € C%(Q2) and
Au + 2?21 fittg; —ud —u® =0 in Q,

u =0 on 0.

Show that u is identically zero in 2.
Solution:

Set ¢ := (f1, f2,..., fa) so that ¢ : @ — R? Then V-¢ =0 in Q and

Au+q-Du—u?—u®>=0 inQ,
u=0 on 0.

Using integration by parts and the fact V- ¢ = 0 in €2, we see

/Q(V-(qu))udx:/ﬂ(q-Du)ud:c:/ﬂ(uq)~Duda::—/Q(V-(uq))udx+/ u’q - v do.

o0N

Since u = 0 on 0f), the integral on the boundary vanishes, which implies

/Q(V-(qu))udx:—/g(v-(uq))udm . /Q(qu)-Dudx:O,

and so
()§/|Du|2 dx:—/uAudaH—/ uuda:—/u(u5—|—u3—q-Du) dz,
Q Q o Q

where the final equality holds by using the PDE and the fact © = 0 on 0f2. This implies

OS—/u(u5—|—u3—q-Du) dx:/—u6—u4—|—(qu)-Dudx§/(qu)-Dudsz.
Q Q Q

(569)

(570)

(571)

(572)

(573)

(574)

(575)

Therefore Du = 0 in §2, which implies u is constant in each connected subset of {2. Because u = 0 on 0f2,

it then follows that u = 0 in 2. This completes the proof.

O
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S18.8. Let ® € C3(R?) be such that ® and its first derivatives are bounded. We consider the Lagrangian
L:R?x R - R defined by
1
L(z,v) = iyv\z — ®(x). (576)

Given T € (0,00) and z,y € R?, we define the minimal action

. T . 1
C(z,y) = a:[o,%iRd {/0 L(o(7),6(7)) dr: 0 € C*([0,T)), 0(0) =z, o(T) = y} . (577)

a) Show that if & =0, then o¢(7) = (1 — 7/T)x + (7/T)y is the unique path whose action is C(z,y).
b) Show that if ® is concave, then C(x,y) has at most one minimizer.

Solution:

a) Fix z,y € R? and define the admissibility class
A={c:[0,T] > R:0€eC, 0(0) =z,0(T) =y} . (578)

We claim A is convex. Indeed, if u,v € A and if A € (0,1), then Au+ (1 — A)v € A since this function

is in C! and
M4+ 1=Xv)0)=dzx+(1-Nz=z and Iu+(1-Nv(T)= y+(1-Ny=y. (579)
Define the mapping J : A — R by
T
J(u) = /0 L(u(r),a(r)) dr. (580)

We must show o is the unique minimizer of J over 4. By our work in b) below, we know since
® = 0 is convex, J is strictly convex. This implies the only extremizer of J is its minimizer. So, it

suffices to show o is the unique extremizer of J over A. Suppose u is an extremizer of J over A and
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v:[0,7] = R is C* with v(0) = v(T) = 0. Then u + v € A for all £ € R. For € # 0 observe

J(u+ev) = J(u) _ 1/TL(u+€v,u+€fJ) — L(u,%) dr
0

€ €
I L .9
=— [ z|lu+ed|” —P(u+ev) — |0+ D(u) dr (581)
g Jo 2 2
T ® -0
0

Since ,v € C1([0,T]) and [0,T] is compact, we know |a], ||0] € L*([0,T]). For each t € [0,T],
let T'; be the line segment connecting u(t) and (u + ev)(t). Then by the fundamental theorem of line

integrals

1 - 1 1
L[ po-ai| <L [ Dol at= L cpllal DBl = ol D8]
Iy

e Ty
(582)

‘@(u—l—av) — ®(u)
e

where we note |I';| = ¢||v]|o and use the fact the first derivatives of ® are bounded to write D® €

L>®(R%). This shows for each ¢t € [0,7] and |¢| < 1

D(u+ev) — P(u) . . .
> - < lloollolloo + 915 + [0]loc[[ D®[los < oo, (583)

-0+ elo

which is integrable on [0,7]. This implies we may use the dominated convergence theorem to pull the

limit as ¢ — 07 inside the integral, i.e., the Gateaux derivative is

— T ) )
lim ) =IO e = 2D 2O
e—0+t € e—0* Jo £
T ) —)
:/ lim [u-v+e|v|2 _Quten) = 2w,
0 e—07t £

. (584)
_/ -0 —D®-vdr
0

:/OT[_u_Dcp].vdT.

The final equality holds by integration by parts, recalling v(0) = v(T) = 0. Because this result
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holds for arbitrary v, it follows that for any extremizer u of J over A
it =—D® in [0,T]. (585)

Assuming ® = 0, we see u(t) = c1t + co for scalars ¢, co € R Applying the boundary conditions to

solve for ¢; and co, we immediately deduce u = o is the unique minimizer of J over A.

We claim J : A — R is strictly convex. By way of contradiction, suppose there exists distinct
minimizers u and v of J over A. Then note 1(u + v) € A since A is convex and, by the strict

convexity of J,

J (“ ‘; ”) < %J(u) + %J(v) = J(u), (586)

which contradicts the fact v is a minimizer of J over A. This contradiction proves that if a minimizer

of J over A exists, then it is unique.

All that remains is to verify J is strictly convex. First note for (z,v) € R x R? and i € {1,2,...,n}
Ly, (z,v)=v; = Lyy(z,v)=1 = A,L=n>0, (587)

and so L is strictly convex in v. Since @ is concave in x, —® is convex in x. Because L is the sum of

a convex function and a strictly convex function, we deduce L is strictly convex. Consequently,

T
JAu+(1—-XNv) = / LAu+ (1= MNv, Aa+ (1 —A)o) dr
0
= /T A+ (1= No)> = @Au+ (1 — A\)w) dr
0 (588)
T
< /O Mo + (1= N)|o]2 = Ad(u) — (1 — N)®(v) dr

=AJ(u) + (1 —\)J(v).

The third line follows by the strict convexity of the integrands, making the integral in the third

line larger than that in the second. Therefore J is strictly convex, and we are done.
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2017 Fall

F17.1. Consider the differential equation
T+a"t+2x=0, (589)

where n is a nonnegative integer.
a) If n is even, show that the equilibrium (z, ) = (0,0) is asymptotically stable.
b) If n =1, what can you say about the stability of (z, %) = (0,0)?

Solution:

a) First set y = & to obtain the autonomous ODE system
=y, y=-—z"y—x. (590)

We then see (0,0) is an equilibrium point of the ODE system. Multiplying by y yields

vi= ey @y 1) = ey ek =

dej y?
2 2

p” + } =23 +yy = —a"y* <0, (591)
where the final inequality holds since n is even. Thus, the Lyapunov function V(z,y) := (2% + 32)/2
satisfies

V(z,y) = —z"y* <O0. (592)

Moreover,

x 9 1 0
DV = = DV = , (593)
Y 01

which is positive definite. Because DV (0,0) = 0 and D?V(0,0) is positive definite, V (z,y) > V(0,0)
in a neighborhood of (0,0). And, (592) reveals the only fixed point (z,y) of the ODE system for

which V(z,y) = 0 is (z,y) = (0,0). By Lasalle’s theorem, we conclude (0,0) is asymptotically stable.

b) Observe

=" = —zdr=--—"=
T Y 1+y U

y_ xy+1) ydy  u-—1 du — (1 B 1> du. (594)

u
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where we set u := y + 1 and note du = dy. This implies

2 2

O:%+u—ln(u)+0—1,:%+y—1n(y—|—1)+0 (595)

for some constant C' € R. From this, define the Lyapunov function

2

F(z,y) = % +y—In(y + 1), (596)

and set f(y) := In(1 + y). By Taylor’s theorem, for each y € (—1,1) there exists &, between 0 and y

such that
_ / f”(gy) 2 _ 242
) =10)+ 7 0)(y=0) + —= (=07 =0+1(y = 0) - =———5, (597)
2 (1+&)
which implies )
Ly
-1 1)=y— = - .
v+ 1) =y 1 = 5 (12 ) (599)
Therefore, for all (z,y) € R x (—1,1) such that (z,y) # (0,0) we see
2?2 1 Y 2
Fla,y) =2 4=
(x,y) 5 T3 <1+§y> >0, (599)
and F'(0,0) = 0. Moreover,
F(x )—:c:'v—i—(l—l)'—x +<y> —z(y+1)=0 (600)
v Y) = Y+ 1 y=2xy y+1 Y =u
Hence Lyapunov’s theorem asserts (0,0) is stable (n.b. (0,0) is not asymptotically stable).
(Il

143 Last Modified: 4/26,/2019



ADE Qual Notes Heaton

F17.2. A chemical diffuses freely in 1D, satisfying the following PDE:
Ct = Cpz + 00O, (601)

where ©(t) is the Heaviside function and § = 6(z). Construct a similarity solution of the partial differential
equation for ¢(z,t). You may assume c(x,0) = 0 for z # 0 and lim|,_,, c(z,t) = 0.

Solution:

We seek a solution?* of the form c(z,t) = t®v(xt~?), where o and 8 are to be determined. Throughout

this work, we take 7 = 2t~” and often omit writing the argument of v. Observe
¢ = at Lo(n) — P e/ (n) = 27! [av — B’ and  cpp = 0 [to‘_ﬁv'(n)] = o728y, (602)

Thus,
t ow — B = 27280 for all z # 0, (603)

which implies, equating powers of ¢, that « — 1 = « — 203, and so 8 = —1/2. The prompt states this PDE

represents chemical diffusion. So, we may define ¢ : [0,00) — R by

b(t) = /R c(w,1) da, (604)

where, on physical grounds, we know ¢(0) is well-defined and gives the initial amount of the chemical (note
¢(x,0) forms some multiple of the Dirac ¢). And, ¢(t) is well-defined for all times since a finite amount of

concentration is added per unit amount of time, as is illustrated by the fact

. 1 ift>0,
o= / ¢ dx = / Cpz + 00 dz = / 00 dz + [cz]50 oo = (605)
R R R -0 0 otherwise.
However,
. 1
o(t) = / t*(n) do = t*+1/2 / v(n) dn =t"12(1) = 1=¢= <a+2> t*26(1),  (606)
R R

which implies & = 1/2 and then also that ¢(1) = 1. Assuming ¢ is continuous, the facts ¢(1) = 1 and

24Credit is due here to insights from Dohyun Kim’s notes.

144 Last Modified: 4/26,/2019



ADE Qual Notes Heaton

¢ =1 for t > 0 imply ¢(0) = 0. Compiling our results, the PDE may be expressed via

5(2)O(t) = ¢t — cpp = t/2 [”g” - ””;(”)] — 12 (). (607)

Multiplying by ¢*/2 yields the ODE

v—nv

5 o =t1/25, for all (z,t) € R x (0, 00). (608)

We shall construct a solution to the above ODE by utilizing a Green’s function and the given conditions
on c¢. Namely, v(+oo) = 0. We see v; = 7 is a solution to the associated homogeneous ODE. Using re-
duction of order, a second linearly independent solution is given by v9 = nw, where w is to be determined.

Differentiating reveals
vh=nu'+w = v =nu" + 20, (609)

and so

1 2
022[nwn2w'nw}nw”2w':<772+2>w’17w” - 0:w”+(

7 +4
21

) w'. (610)

Upon inclusion of an integrating factor, we see

0= <w’ exp (/n 22;; 1 dz>>/ — <w'172 exp (T))l (611)

Whence there exists d € R such that

772 n 2
w'n? exp (4) =d = w= d/ 272 exp <—4) dz. (612)

Therefore, the general solution to the homogeneous ODE is of the form

n 2
y=din+ dgn/ 2z 2exp <—4> dz. (613)
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Then the function v is of the form

din+ donw if n <0,

dsn + dynqw if n >0,

where we note w — F/7/2 as * — +oo and the boundary conditions v(£o00) = 0 imply
Vi/2-di+d3=0 and —\/7/2-ds+ds=0.

The continuity of v implies

I = i :
m v(n) = lim ()

And, the final condition is given for determining the coefficients is given via

£

42 = ¢1/2 lim 0(z) dz

e—=0t+ J_¢
£ /
. vV —nv
= lim nvo_ v d
e—=0t+ J_¢ 2
et—1/2 /
. v —nu
= /2 lim no_ " d

e—=0t J _g4-1/2 2

=2 [</(07) +/(07)],

ie., v'(07) =1+ (0"). For the v satisfying these conditions, we conclude

ol t) = t'%v (xt_l/Q) .

Heaton

(614)

(615)

(616)

(617)

(618)
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F17.3. consider the initial value problem

/
vy
g+ Ly =0, 4(0) = y(0) = 0. (619)

Determine whether or not there exists a unique solution of this differential equation in a neighborhood of
the origin.

Solution:

We claim this ODE does not admit a unique solution in neighborhood of the origin. First observe the zero
function is a solution to the ODE. Through asymptotic analysis, we show below consistency of an ansatz
solution asymptotic to —2x3 as x — 0. This (non-rigorously) establishes existence of two solutions within

a neighborhood of the origin, i.e., the ODE does not admit a unique solution in a neighborhood of the origin.

Assume the ansatz y ~ Az® as x — 0, for scalars A # 0 and « to be determined. Plugging this into the

PDE yields

/
—A%p% ey 4 % ~ oo — 1) Az 2 4 aAZget @4 a5 0 0. (620)

Since y(0) = 0, we know « > 0. Consequently,
— A% < a(a—1)Az°% and — A%2%Y < @A®2**0 asax — 0. (621)

Thus

ala — 1Az 2 ~ —aA?2?° asz — 0. (622)

Equating powers of x, we see a — 2 = 2a — 5 implies o = 3. Equating the coefficients, we obtain
32-1)A=-342 — A=-2 (623)

since we assumed A # 0. Thus y ~ —223 as x — 0. 0
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F17.4. Solve for the entropy satisfying weak solution of Burgers’ equation
ur +uu, =0, z € R, t >0, (624)

with initial data

11—z if0<x<1,
u(z,0) = (625)

0 otherwise.

Solution:

Let g(x) := u(z,0) and f(u) = 3u®. Then the PDE becomes

w+ f(w)e =0 inRx (0,00), (626)

u=g¢ onR x{t=0},
which is the form of a conservation law. We proceed via the method of characteristics. Define

F(p,q,z,x,t) :== q+ zp. Taking p = u,, ¢ = us, and z = u, we see F' = 0 and obtain the ODE system

i(s) = F, =1, #(0)=0, (627)

This implies s =t and z is constant along characteristics. Hence

0 0 1—-t)z"+t ifo<a® <1,
z(t) =tg(z”) + o = (628)

29 otherwise.

The characteristics originating in [0, 1] x {¢ = 0} form line segments, ending at (1,1). For such characte-

ristics, it follows that t <z < 1 when t € [0, 1] and

a:—t_l—a:

r=01-t)"+t = z(t):g(azg):l—xozl—l_t—1_t.

(629)

Alternatively, for 0 < z < t, we have 0 < z/t < 1 and note that, if function u of the form wu(z,t) = v(z/t)
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solves the PDE, then?®
— o (ENE iy (BN (®
0=u+flu)e =—v (t)t2+f(v)v (t) t (t)

assuming v’ never vanishes. Whence

u(z,t) = (f)7! <%> = z, whenever 0 < z < t, (631)
where we note f’(u) = u is the identity function. Consequently, for all (x,¢) € R x (0,1)
zoifo<z<t,
(632)

u(z,t) =4 122 ift <a <1,

0 otherwise.

At (z,t) = (1,1) the characteristics cross, and so a shock occurs. Using the Rankine-Hugenoit condition,
we see the curve (s(t),t) describing the shock satisfies s(1) = 1 and

L) = 3f(w) L@/t -0 = (633)

5) = Up — Uy o (x/t)-0 2t

where u, and u, denote the function values to the left and right of the shock, respectively. Moreover, note

the entropy conditions are satisfied since

flu)=2>2 =5>0=f(u). (634)
t 2t
Using separation of variables and writing = = s(t), we deduce
d 1 dt 1
?x =57 = @)=ght)+C= (2 +Cy = x=Cit'? (635)

for some constants Cy and C; = exp(Cp). The fact s(1) = 1 then implies s(t) = ¢t'/2. Thus for (z,t) €

25The nifty idea for presenting this came from reading page 155 of Evan’s text. This approach for the rarefaction wave is

quite general, which will be useful for harder conservation law problems.
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R x (1,00) we obtain
zif0<a<tl/?
u(z,t) = (636)
0 otherwise.

Then (632) and (636) give the entropy satisfying weak solution u of the given PDE. O
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F17.5

a) Solve for the Green’s function G(-, z) : [0,1] — [0, 1] with

- (Z;C;(x; %) = 6(z — ), for @ e (0,1), (637)
with G(0;2) = G(1; &) = 0.
b) Define 1 1
a(w,v) = /0 wy(2)va(w) dz and (v, ) = /0 (@) f(z) dz, (638)

for some f € L?(0,1). Let v € H*(0,1) with u(0) = u(1) and

a(u,v) = (v, f) for allve HY(0,1), (639)
with v(0) = v(1) = 0. Similarly define u" € W* with u"(0) = u"(1) = 0 and

a(ul, o) = (", f) for all v" € WP, (640)

where

wh .= {vh € H'(0,1) : vy,...,vx € R such that v"(z) = ZNl viNi(a;)} . (641)

1=

Here h =1/(N + 1), x; = ih, and

% if x € (561;1, .’Ei),
Nz(x) = % if T € [.I‘Z',xi+1), (642)
0 otherwise.

Show?S that G(-,z;) € W" and use this to show that u/(z;) = u(x;).

26This is a variation of Exercise 1.19 on page 43 of Johnson’s Numerical Solution of Partial Differential Equations by the
Finite Element Method.
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Solution:

a) The general solution to —y” = 0 is a linear function. Thus G(x;Z) may be expressed via

ar+c ifr<az,
G(z;z) = (643)

dix+do ifz>12.

The boundary condition G(0;2) = 0 implies ca = 0. Similarly, the boundary condition G(1;2) = 0
implies dy = —d, and so

c1x if z <z,
Glx; 2) = (644)

di(z—1) ifx>z.

By the continuity of G, we deduce

di(z—1
az = lim G(z;2) = lim G(z;2)=di(z—-1) = = L (645)
Tz rz—aT x
Integrating our differential equation, the jump discontinuity reveals
PN A A @ -1 dl ~
1=G(27;2) =G 58)=dy—c1=dy [ 1 — — == = d =3z, (646)
T T

and so ¢; = & — 1. Therefore,

o) = (z—1x ifzx<z, (647)

(x—1)z ifz> 2.

b) We first show G(-,x;) € W". Tt suffices to show there exists scalars {vy,...,vyx} such that
G(z,z;) =Y v;Nj(x), (648)

for all x € [0,1]. We shall verify (648), taking v; := G(z;,2;) for all j € {1,2,...,N}. Since each
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N;(z) is the standard tent function, it follows directly that

N N N

> wiNj(we) =Y Glaj,x)Nj(we) = Y G(xj,2:)650 = G(ag, ), forall €€ {1,2,...,N}. (649)

j j=1 j=1
Thus, (648) holds at each z;. Now, if x € [0, 1], then the equality in (648) holds since both the left
and right hand sides are linear functions on [0, z1] that interpolate through (0,0) and (z1, G(x1, z;)),
and linear interpolations through two distinct points are unique. Similarly, (648) holds for x € [z, 1].

Now suppose = € [z1,2n] — {x1,...,2n}. Then there is an index ¢ such that = > xy and x € spt(Ny)

and x € spt(Ny41) and x ¢ spt(N;) for all other j ¢ {£,+ 1}. If £ > i, then this implies

ilvij(x) — 0 Ni(2) + v Nes: (2)
= Glag,a)) - =" + Glagp, @) - =
= e = V)i - (w41 — )+ (@es1 ~ Dai- (2 — 20)] (650)
= e = V)i (w4 h— ) + (e + h— Vi (2~ 20)]
— (¢~ )z
= G(z; ),

where we have used the fact z,y; = xy + h. This shows (648) holds in this case. Likewise, for

¢ < i, we see (648) again holds. This covers all cases, and so (648) holds for all = € [0, 1].

For notational compactness, set G;(x) := G(z; ;). Then for each function ¢ € Hg(0,1) we see

1
) :/0 & ()G (2 2:) da
1

1
_/ &(2)G" (x5 2;) do + [d)(x)G’(x;xi)L:O

/(;5 O(x —x;) do

= ¢(z),

(651)
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where we use integration by parts, the fact G satisfies (637), and the fact ¢ = 0 on 9(0,1). Since
G; € Wh c H'(0,1), this further implies

u(z;) — uh(xz) =a(u,G;) — a(uh, Gi)= (Gi, ) — (Gi, f) =0, fori=1,2,...,N, (652)

which completes the proof.
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F17.6. Consider the wave equation

ug — 2Au=0 in R3 x (0,0),
u=f onR3x{t=0}, (653)
ug =g on R3x {t =0},

where the initial data f and g are only nonzero in the region a < ||z| < b, with || - || the ¢; norm of
x. Given a point x € R?, find the time T' > 0 such that u(z,t) = 0 for ¢ € (0,7) a) when ||z|| > b and b)

when ||z < a.

Solution:

a) We illustrate the the support of the initial data as follows.

A L1

> 19

Figure 20: Tllustration of the support of the initial data for F17.6b (the slice viewed at z3 = 0).

Since the dimension of R? is odd and at least three, Huygen’s principle asserts, at a given point

r € R3, the data f and g only affect the solution v on the boundary dC(x) of the cone?’

C(z) :=={(y,t) € R® x (0,00) : |& — y| < ct}, (654)

2"See the PDE text by Evans on page 80.
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i.e., a “disturbance” propagates along a sharp wavefront. Consider the problem?
i *1” - ||2 t. |yl b (655)
min z||5 s.t. =b.
JoRS 2 Y 2 Yli1

The solution y* to the problem (655) is such that ||z — y*|| gives the minimum distance from z to a
point in the maximal support of the initial data. One may also view y* as the projection of x onto
the ¢; ball centered at the origin of radius b. Because we know the wave propagates at speed c, it

follows that the minimum time 7" at which a disturbance may arrive is

o
r= 2=Vl (656)

C

In similar fashion to a), consider the problem

1 2
min —||ly — x S.t. =a. 657
min 511y — zll2 Yl (657)

Then the solution g to (657) reveals the time T for a disturbance to arrive is

po e =gl (658)

C

28Upon discussing this problem with Teran, it was noted that the exam graders did not expect students to fully solve the
minimization problem (655). It apparently sufficed to illustrate the problem and prescribe an appropriate interpretation.
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REMARK: If someone has buckets of time to kill after having easily aced all the other problems on the
exam (sarcasm intended), the following outlines the approach for solving the optimization problem (655).

This primal problem has the associated Lagrangian L(y, ) given by
1 2
Ly, v) = Slly ="+ v (lyll — ). (659)
At a saddle point (y*,v*),
0OedL=y"—x+v- -0ylly*|1 and 0€I,L=|y*[1—0. (660)

This implies ||y*||1 = b, as expected. Also, the subgradient of the absolute value | - | is

1 if y; > 0,
Alyil = § [-1,1] ify; =0, (661)
-1 if y; < 0.

Then 0||y||1 is the component-wise application of the subgradient of the absolute value. Having x, we could
carry this further forward in an explicit fashion (the limitation being that the subgradient is set-valued

and not a single number, making the final result be expressed in several cases). A
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F17.7. For a bounded domain €2 in R™ with smooth boundary, consider a smooth solution of the parabolic

PDE
up—Au = (M —u)y in Q x (0,00),
ou
v
u=g onQx{t=0},

=0 on 99N x (0,00), (662)

where f; := max{f,0} and ¢ is a smooth function which vanishes on 9. Show that if g(x) < M,
then u(z,t) < M for all ¢ > 0.
Solution:

Fix a time T > 0. Then let € > 0 and set v := u — M — eet. Then

vi— Av = (—v—eel); —eet in Qx (0,7,

9 _ 0 on 90 x (0,7}, (663)
on

v<—¢ onQx{t=0}
Set Qr := Q x (0,7] and I't to be the parabolic boundary. Since Qp is compact and v is smooth, v

attains its supremum over Qr. By way of contradiction, suppose

supv > 0. (664)
Qp
By (663), it follows that the supremum occurs at a positive time since v < —e < 0 at time ¢ = 0. If the
max were to occur at a point on 9§ x (0,7T], then by the ellipticity of the Laplacian operator?® it would
follow from Hopf’s lemma that dv/0v > 0 at the maximizer, which would contradict (663). Therefore, the
maximum is obtained at a point (Z,t) € Qp = Qr — 'y, where we let £ be the first time at which this
maximum is obtained (which exists by the continuity of v). This implies v(Z,¢) > 0. Since T is a local

maximizer of v(-,t), it follows that 0 > Av(T, ). Therefore, at (T, 1),
0<v—Av=(—v—ce), —ecel =0—cel < —£ <0, (665)
a contradiction. This contradiction proves the assumption in (664) was false. Therefore,

v=u—-—M-ce! <0 = u<M+ee!<M+eel inQy. (666)

29T use this phrase since I honestly don’t know how we are supposed to apply Hopf’s lemma.
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Because this holds for arbitrary € > 0, we may let ¢ — 07 to deduce

u< M in Qp. (667)

And, since this result holds for arbitrary 7' > 0, we may let " — oo to deduce u(z,t) < M for all ¢ > 0,

as desired.
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F17.8. Let Q2 C R”™ be a smooth bounded domain. Suppose there exists a minimizer v of the functional
1 2
E(u)= = [ |Dul* dz (668)
2 Ja
among smooth functions w in Q with the constraints
w =0 on 01, / w? dz = 1. (669)
Q

a) Show for any smooth function w in € there exists a smooth function ¢ : R — R with ¢(0) = 0 such

that w(7) := 7w + ¢(7)u satisfies
/(u +w(r))? dz =1, (670)
Q

for sufficiently small 7 > 0. (Note the range of 7 depends on the choice of w.)
b) Show that ¢'(0) = — [, uw dz.

c) One can use a) and b) to perturb the energy to derive a boundary value problem that u satisfies.

Find the PDE problem, which involves the constant
Aim / \Dul? da. (671)
0

Solution:

a) Observe (670) holds precisely when

1= / u? 4 2uw(7) + w(r)? dz
Q
=1+ 2/ u[rw + ¢(7)u] + [rw + ¢(T)u)? dz
Q
(672)
=1+ / 2ruw + 2¢(7)u? dx + / 2w? + 27¢(T)uw + ¢(1)*u? da
Q Q

:¢(T)2—|—¢(T) [2+27/uwdx}+[1—|—27/uwdx—i—TQ/wz dx].
Q Q Q
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Using the quadratic formula, we see (672) holds precisely when

o(r) — 2427 [puw dz] + \/[2 + 27 [ uw dx]2 — 427 [quw dz + 72 [ w? dz] (673)
5 )

The choice of ¢ with the addition (rather than subtraction) is the only choice that yields the de-
sired ¢(7). Additionally, note

2
[2+27/uwdx] —4[27/uwdx+72/w2d:n}
Q Q Q
2
:4+8T/uwdx+472 [/uwd:r] —87/uwdx—472/w2 dx (674)
Q 0 Q Q

2
1+7’2</uwdm> —72/w2dx .
Q Q

Thus, by our earlier work, we see (670) holds for

=4

—2+27 [, uw dz| + 24/1 + 72 ww dz)? — 72 [, w? dz
2+ 27 Jouw da] +2/1+ 72 (fyuw dz)” = 72 |,
2

(fooe) = forse])™ o

=

o(1) =

:—l—T/uwdx+<1+72
Q

:—1—T/uwdx+\/1+72,u,.
Q

provided 7 > 0 is sufficiently small to ensure the argument inside the square root is nonnegative.

b) Through direct computation we see

#'(0) = [—/Quw dz + % (1+ T2M)_1/2 . 27’,[1,] = —/Quw dz. (676)

7=0
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c) We proceed by using Lagrange’s theorem for multipliers. Observe, for each test function v,

E —F
0E(u,v) = lim (u+ev) (w)
e—0t €
= lim — [/ |Du + eDv|? — |Dul* dz
. (677)
= lim Du-Dv+§]Dv|2 dz

e=01 Jo

:/Du-Dvdaz.
Q

Similarly, letting

J(u) = /Q W2 da, (678)

we see

0J(u,v) = lim J(u+ev) = J() = / uv dx. (679)
Q

e—0t £
Define the admissibility class A := {u € C?(Q) : u = 0 on 99, J(u) = 1}. Lagrange’s theorem for

multipliers asserts there exists A € R such that the minimizer u of E over A satisfies
SE(u,v) = AdJ(u,v), for all test functions v. (680)
Thus, for each test function v,

OZ/Du-Dv—)\uvdx:/( Au—)\uvdx—i—/ udo—/(—Au—/\u)vdx, (681)
Q Q Q
=0

from which it follows that

—Au = Au in €,
(682)
u=0 on Jf.

Furthermore,

/ |Dul? dz = —/ uAu dx +/ u— do = / M? dz = A, (683)
Q Q - Q
as desired.

O
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2017 Spring
S17.1. Let us consider the continuity equation p; + V- (pv) = 0 in R3 x (0, 00) — R with v(z) : R* — R3

and initial data po(x).

a) Represent p in terms of py using the method of characteristics, assuming that v is Lipschitz continuous.

Explain where the Lipschitz continuity assumption is used in the argument.

b) Suppose —1 < V -v in R3 and py = X|z|<1, Where x4 denotes the characteristic function of a set A.

Show that then Q := {x : p(x,1) > 0} has its volume greater than 4/3.

Solution:
a) Define F(p,q,z,x,t) == q+p-v+ 2(V-v). Then, using the method of characteristics, taking p = Dp,
z = p, and q¢ = p;, we obtain F' = 0 and the ODE system

(s) =F,=wv, 2(0) = 2V,
i(s) =F,=1, t(0) = 0, (684)
s) =F,-p+Fq=v-p+q=—2(V-0v), 2(0)=po(z?).

This implies t = s and

X :ZUO t'UﬂfT T.
(1) =20+ /0 (x(r)) d (635)

Since v is Lipschitz, elementary theory of differential equations tells us there exists a unique solution

to (685). Then .
p(2,1) = (1) = po(a?) exp <— /O V- v(@(r)) d7> , (686)

which is well-defined by the existence of the unique path z(¢) that passes through z and originates at

2% (n.b. this is where the Lipschitz continuity was used).

b) Let u be a solution to the PDE u; + Vu-v = 0 with initial data pg. Then the method of characteristics

reveals that if F'(p,q,z,x,t) = ¢+ p - v, then taking z = u, p = Du, and ¢ = u; implies F' = 0 and
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gives the ODE system

(s) =F,=wv, z(0) = 20,
i(s) =F,=1, £(0) = 0, (687)
is) =Fp-p+Fg=v-p+q=0, z(0)=po(z)

Notice u has the same characteristics as p. Moreover, p is positive along each characteristic that starts

in the support of pg since pg is nonnegative. Consequently, for each t € (0,00) the equality

{z :u(z,t) >0} ={z: p(z,t) > 0} (688)

holds. Since w is constant along its characteristics and pg is the characteristic function, it follows that

iz ulz, t) > 0} = w(t) == / u(z, ) da. (689)

R3
Then
w(0) = /R& po(x) dz = [{z : o] < 1}] = 4?” (690)

Differentiating in time reveals

w(t):/ up do = —Vu-vd:c:/ u(V-v) d$>—/ u dz = —w(t), (691)
R3 R3 R3 R3

where we have used integration by parts. We now prove a variation of Gronwall’s inequality. Observe
(691) implies

% [we'] = [ +w]e' >0, (692)

t

which shows we' is increasing. Thus,

w(t)e! > w(0)e’ =w(0) =  w(t)>w0)e = _——. (693)

Combining the above results with this fact, we see

(2:p(@ 1) >0} = {2 u(@, 1) >0} = w(1) > T < g (694)

noting w > 3 > e. This completes the proof.

O
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S17.2. Consider the following parabolic equation
0 = A ((|z]* +1) 0) + [DO| — 4n6 in R™ x (0, 00). (695)
a) Let 01(x,t) and 02(x,t) be two smooth, nonnegative solutions of the above equation which vanishes
at infinity, with ordered initial data 6, (z,0) < 63(z,0). Show that 6,(z,t) < 02(x,t) for all £ > 0.

b) Let 6 be a smooth, nonnegative, integrable solution of the above equation, where all its derivatives
and its products with |z|? vanish as |z| — co. Show that [6(-,t) dz exponentially decays to zero as

t — oo.

Solution:
a) Set w(x,t) := Oa(x,t) — O1(x,t). It suffices to show w > 0 in R™ x (0, 00), noting we are given that
w>0onR" x {t =0}. Now let T"> 0 and £ > 0. Then choose R > 0 sufficiently large that

61,0, <e in (R"— B(0,R)) x [0,T]. (696)

We presume such a choice is possible by the hypotheses in the prompt. Since #; and 65 are nonnegative,
this implies

w>—e in (R"— B(0,R)) x [0, 7). (697)

Letting Qp := B(0, R) x (0,7, we claim

infw > —e, (698)
Qp
which implies
inf w = min {infw, infw} > min{—¢, —e} > —¢, (699)
Qr Qp Iy

where I'7 is the parabolic boundary of Q7 and we have used (697) for the boundary portion assertion.

Together (697) and (699) imply

inf w =inf {infw, inf w} > inf{—e,—c}=— = inf w>—e. (700)
R" x[0,7] 9y | (R"—B(0,R))x[0.T] R x[0,T]
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Because the right hand inequality holds for arbitrary € > 0, we may let £ — 07 to deduce

inf w>0. (701)
R" [0,

Finally, because T' > 0 was also arbitrarily chosen, we may let T' — 0o to deduce
w>0 inR"x[0,00), (702)

as desired.

All that remains is to verify (698). By way of contradiction, suppose there exists a point (Z,t) € Qp
for which w(Z,t) = —e, with £ > 0 the first time at which this occurs (since w(%,0) > 0). This implies

wi(Z,t) < 0. And, since T is a local minimizer of w(-, ) we know Aw(Z,t) > 0 and
0 = Dw(z,t) = DOs(z,t) — DOy (T, t) =  DbOy(T,t) = Db,(T,1). (703)
Consequently, at (T, ),

0> we = A ([[Z]* + LJw) + | Db:| — D|6:1] — dnw
= A ([|z]> + 1|w) — 4nw
= wA(|z]> +1) + 2D [[z|* + 1] - Dw + (]7]* + 1) Aw — 4nw
= —2nw + 4% - Dw + (|Z]* + 1)Aw (704)
> —2nw
= 2ne

>0,
which implies 0 > 0, a contradiction. This completes the proof.

b) Define e : [0,00) — R by
e(t) ::/ 0(z,t) dz. (705)
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Since # is integrable, this function e is well-defined. Differentiating in time, we see

e = (915 dx
IR"/L

_ / A ((|[? + 1)) + |DO| — 4nf dz

= [ D1-D((|z]> +1)0) +|D0| — 4nf dz
Rn

=0
= / sgn(DO) - DO — 4nh dz
= / [V -sgn(DO)] 0 — 4nb dx
n T

= —4ne(t),

(706)

where sgn is the signum function and is applied component-wise on vector inputs and the boun-

dary terms vanish during the integration by parts steps since 6 by our hypothesis about 6 vanishing.

Note the “=0” statement on the fifth line is accurate up to a set of measure zero. This result implies

e(t) = e(0) exp(—4nt),

from which we immediately deduce e(t) — 0 exponentially as t — oo.

167
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REMARK: We offer the following as an alternative approach to asserting
/ D8] dx = 0. (708)

The third equality holds using integration by parts, where the boundary terms vanish by our hypotheses.
We next show the integral term in the final line of (706) equals zero. Employing the use of polar coordinates

(r, ¢) with 7 € R the radial distance and ¢ € R"~! giving the direction of each point from the origin, we see

B(ra.6) — O(r1. 9) = /F Do(r.0)-ds = [ Dot ¢)d, (709)

T1
where I' is the straight path from (r1,¢) to (r2,¢). The final equality holds since the fact 6 is radially
symmetric3 implies D6 points radially so that D@ - ds = —|D#|d¢ along I'. Since lim|;| 00 0 = 0, for each

e > 0 we see

r—00

0(e,) = lim 0(r,¢)—9(5,¢):/oo—]D9| ST 0(5,¢):/OO|D0| a.  (710)

Substituting in this result, the integral of § over the boundary of B(0,e) becomes

/ 0(r, ) dx—/ / DO(r, 6)| dr—/ D6 do (711)
0B(0,¢) 0B(0,e) Je R"»—B(0,e)
However,
0 < lim (r,¢) dz = lim C|0B(0,¢)| = lim Cna(n)e" ! =0, (712)
=01 JaB(0,e) e—=0t e—0t

where C' := ||0| < (9B(0,1)) and a(n) is the volume of the unit ball in R". Thus (711) and (712) together

imply

/ |DO| dz = lim 0(r,¢) dez = 0. (713)
n e—0t 0B(0,¢)

Consequently, (706) and (713) imply
é(t) = —4ne(t) =  e(t) =e(0)exp(—4nt), (714)

and we conclude e decays exponentially to zero as t — o0, as desired. A

30This should be true, but we do not verify the details here.
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S17.3. Let u solve the following boundary value problem

ug — Au=0 in {(z,t) € R3 x (0,00) : 71 > t/2},
(715)
ug = duy, on R3 x {m =1/2}.
Show that u = 0 in {|Jz| < R —t} N {x; > t/2} when u(z,0) = u(z,0) = 0 in {|z| < R} N {z1 > 0}.
Explain where the boundary condition {z7 = t/2} has been used.

Solution:

We proceed via an energy argument. Define the local wave energy e : [0, R) — R by

e(t) := 1/ up + |Dul? du, (716)
2 Jsw)

where S(t) := B(0,R—t)N{z € R3: 1 > t/2}. By our hypothesis, Du = 0 and u; = 0 on S(0) x {t = 0},
and so e(0) = 0. Differentiating in time yields

1
é(t) = / ugugy + Du - Duy do —I—/ = (uf + |Du|2) v-ndo
S(t) o5(

t) 2
= / ug(ug — Au) da:—i—/ ut% + E (uf + [Dul?) v - n do
S(t) as@w oOn 2 (717)
=0
ou 1 ,, 9
= up— + = (uy + |Dul”) v - n do,
/6S(t) "on Q(t Dul’)

where v(t) € R3 is the Eulerian velocity of the boundary S(¢) and n is the outward normal along the

boundary S(t). Now observe

8 (1) = (83(0, R—1)N{z, > t/2}> U (B(o, R—t)N{z = t/2}> — A(t) U B(1). (718)

=:A(t) =:B(t)
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Along A(t) we have v = —n and along B(t) we have v = —n /2. This implies

0 1 1
/B(t) ut£ +3 (uf + |Du*) v-n do = / Uy, + \ut]2 |Dul?) - —5 do
/ (16uZ, + |Dul?) do

= —/ |Dul? do.
B(t)

Also, by the Cauchy-Schwarz inequality

1

= [w|[Du - n| < Jugl| Du| < 5 (uf + [Duf?)

N |

where we note |n| = 1 and

—_

0<(a—b?=a*>-2ab+1V* — abgi(a2+b2), for all a,b € R.

Thus,

ou 1 ou 1
/A(t) Ut + B (uf + |Du\2) v-ndo= /(t) Utg- ~ 5 (uf + |Du|2) do< / 0 do =0.

A A(t)

Together (717), (718), (719), and (722) imply

£ == uy - D ‘ndo < — Dul? do <
€(t) 2/(95(t)Ut8U+2(ut+| ul*)v-n do < /B(t)| uf* do <0,

Heaton

(719)

(720)

(721)

(722)

(723)

i.e., e is nonincreasing, and so e(t) < e(0) = 0. Since the integrand in the definition of e(t) is nonnegative,

we then deduce e(t) = 0. Thus, uy = 0 and Du = 0 on S(¢) x {t} for each for each ¢t € [0, R).

That is,

up =0 and Du=0in K(R) := {(z,t) : 0 <t < R, x € S(t)}. This implies u is constant in K(R). Since
K(R) is connected and we are given that © = 0 on S(0) C K(R), it follows that v = 0 in K(R). This

completes the proof.

0
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S17.4. Let V¥ = span{qi,qo,...,qr} with ¢; #0 € H'(0,1) and
1 1 ifi=j,
/ iqj do = o5 =
0 0 ifi#j.

Define A = (a;;) € R¥** by

1
aij = / q;q; da
0

Heaton

(724)

(725)

with eigenvalue decomposition®! A = VTAV, where A = diag()\;) and V = (v;;) is orthogonal. Show that

G(V’“)L:{feLz(O,l):/lfqu:O quv’f},
0

where 7; := —w! — \jw; and w; := Zj ij4;-
Solution:

Define the inner products (-,-) and (-,-) by

/ fgdz and (f,g) / g dz.

Define the matrix M = (m;;) by my; := (14, ¢;). Now observe

mij = (ri, qj) Z vie [(qe, 45) (9, 45)] Z vie [ag; — Nideg) =Y vieae; — Nidjevij,
¢

where the second equality holds since

1 1 0
/0 (—q7 — Nigqe)g; dz = /0 a0d; — Nae)gy Az + =Ty = (e, 4;) — N (ae, 45) -

Using the definition of the matrix product and V', A, and A, we see

mij = (Z viga@) — )\i'Uz'j: (VA)H — (AV)” = (VA — AV)Z]
¢

311 believe a typo was made here since originally the prompt was given as A = VAVT.

(726)

(727)

(728)

(729)

(730)
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However, since V' is orthogonal,
A=VIAV — VA=VVIAV=AV — 0=VA-AV. (731)

Then (730) and (731) imply M = 0. Now let ¢ € V*. Then there exist scalars a,...,as such that

q = aiq1 + -+ + aqe. For each r;, the linearity of the scalar product yields

(riyq) = (ri,;1q1 + -+ + apqr)= a1 (ri, q1) + - (15, q) = 0+ - -+ + ;0= 0, (732)

where the third equality holds since M = 0. This shows r; € (Vk)l and completes the proof. U
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S17.5. Consider the PDE

—(z,t) = W(l’,t), in (0,1) x (0, 00),

u(z,0) = (s— 1)z on (0,1) x {t =0}, (733)
ut(xz,0) =0 on (0,1) x {t =0},

— =0 on 8(0, 1) X (0,00),

for a constant s € R.

a) Solve the PDE. Hint: solve in terms of the even extension u° : R — R of the initial data where

) - (s1), if 2 € [0,1), -
(s—1(2—2)), if#e[l,2),

with & = 2(x/2 — floor(z/2)) for z € R. The function floor(y) is the closest integer to y with
floor(y) < y.
b) Define
1
e(t) = / (2, t) + 12(x, ) da. (735)
0
Show that e(t) = (s — 1)

Solution:

a) (Return and complete.)

b) From the given PDE (733), we see

1 1
e(0) = / u?(z,0) + u2(z,0) dz = / 0+ (s—1)2?dx=(s—1)% (736)
0 0
Additionally,
1 1
é(t) = / 2uptiy + 2UgUyy do = / 2uy (ugy — Ugy) da + [quut](l) =0+0=0, (737)

where we have again utilized the PDE (733) and note the boundary terms vanish since u, = 0 on

8(0,1) x (0, 00).
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This shows that e(t) is constant in time. Together with the fact that e(0) = (s — 1)2, we conclude
e(t) = (s—1)2, forall t € (0,00). (738)

0
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S17.6. Explain whether the ordinary differential equation

/

2
5y + ('Z) a4y =0 (739)

has a unique smooth solution in a neighborhood of the origin when initial conditions y(0) = 1 and 3/(0) =0
are applied.

Solution:

We claim the given ODE does not admit a unique smooth solution in a neighborhood of the origin with
the given conditions. Suppose y is a smooth solution to the given ODE. Then the initial conditions imply
y(z) = 1+ cx? + §(x) for some scalar ¢ and §(x) = o(x?) as  — 0. We verify our claim by showing c
can consistently take on either of two possible values when deriving the local behavior of y near the origin.
We do not hope to find y exactly as that would be equivalent to solving the ODE. Instead we seek an

asymptotic estimate of y, and so, as x — 0, observe

'\’
5y// _ _4y2 o <x>

2 "\
41+ e +v) - (+)
x
(740)
~ —4(1 + cx?)? — 4c?
= —4(1 + 2cx® 4 Aat) — 42
~ —4(1+ ).
Since v = o(2?) as x — 0, we know
y'=2c+v" ~2c asz —0. (741)
Combining the previous two results reveals
10c ~ —4(1+¢?), asz — 0, (742)
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which occurs when

~10++1/102-4-4-4 1
4 4+10c+4=0 = c= oW =-5 ~2 (743)

2

This reveals either y ~1 —222 asxz — 0ory~1— %x as x — 0. These two possibilities reveal that the

ODE does not admit a unique smooth solution in a neighborhood of the origin. O
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S17.7. Evolutionary rock-paper-scissors are used to model interactions among bacteria. Consider three
species of bacteria, with relative abundances R (rock), P (paper), and S (scissors), respectively. You may
assume that P4+ R+ S = 1. A R-type bacteria tends to out compete S-type bacteria, but is itself out
competed by P-type bacteria. The growth rate of the R-population is therefore proprotional to the number

of interactions in each R-type bacteria has with S-types, minus the number of interactions of P-types, i.e.,

R=R(S - P). (744)

Similarly,
S=S(P-R) and P=P(R-S). (745)

a) Describe all of the possible behaviors of the system if R =0 at t = 0.

b) Show that , if all three populations are present in the system at ¢ = 0, then none of the types of

bacteria will go extinct.

Solution:
a) Since the expression for R is a multiple of R, it follows that R = 0 for all time ¢ € [0,00). Additionally,
S=S8(P—-0)=SP,

(746)
P=P0-S)=-SP.

from which we see the only fixed points occur when either S = 0 or P = 0. Together with the
fact 1 = R+ S+ P = S + P, we deduce the only equilibrium points are (R, S, P) = (0,1,0) and
(R,S,P)=(0,0,1).

We now deduce the possible behaviors. If S = 0 at time ¢t = 0, then (R, S, P) = (0,0,1) for all time.
If P =0 at time ¢t = 0, then (R, S, P) = (0,1,0) for all time. If S, P > 0 at time ¢ = 0, then S > 0 for
all time, such that

lim (R, S, P) = (0,1,0). (747)
t—00
Indeed, in this case S > 0 and S is bounded above, and the monotone convergence theorem implies

S converges. The only possible limit is the fixed point at (0, 1,0), and so the result (747) follows.
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b) Our hypothesis asserts R > 0, S > 0, and P > 0 at time ¢t = 0. We seek to show this same set of

inequalities holds for all time. It then suffices to show RSP > 0 for all time. Observe

% [RSP] = RSP + RSP + RSP

= RSP(S — P) + RSP(P — R) + RSP(R — S) 1)
— RSP[S—P+P—R+R—5|

= 0.

Therefore, the quantity RSP is constant in time and, thus, positive for all time. Hence none of

the types of bacteria will go extinct.
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S17.8. The space y > 0 is filled with non-Newtonian fluid, initially at rest. A plate at y = 0 is set into

motion at time ¢ = 0. The fluid velocity u(t,y) obeys the equation
u = —7y in (0,00) x (0, 00), (749)

with boundary conditions

u(t,0) =1 and wu(t,+o0) =0, (750)

and the initial condition u(0,y) = 0 for y > 0. The variable 7 obeys the constitutive equation
7= (u,)*. (751)

a) Try to derive a similarity solution, i.e., look for a solution of the form w(¢,y) = f(n), where n = y/i(t)
for some function ¢ that you should determine, by applying only the boundary condition u(t,0) = 1.
Show that this similarity solution can neither be compatible with the other boundary condition nor

with the initial condition.

b) To find a solution that is compatible with all boundary and initial conditions, we modify the consti-
tutive equation to
(uy)? if uy, <0,
r=¢"" ! (752)
0 if u, > 0.

Derive a similarity solution that satisfies all of the initial and boundary conditions.

Hint: Start by assuming that the solution breaks down into two parts: 0 < y < Y'(¢), in which 7 # 0 and
y > Y (t) in which 7 = 0. Derive continuity conditions that must be applied at y = Y (¢). You need to

solve for the function Y (¢) as well as for f(n).

Solution:

a) First suppose u(t,y) = f(n) and observe

w=flm = o)L =~ nfn). (753)
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Similarly,
0 0 ! 2 2f " 1 2, "
vy [(uy)g]_ dy [(f((;?)) ] - fé(ﬁ) ' fé(n) 5l (I (754)

Consequently, the similarity solution satisfies

5/ 2 !/ 2 1
o—ut+ry——5-nf’+53f’f”—£[;; —5’77] (755)

Assuming [’ # 0, we deduce
f'tn) _ 0%

, 5 (756)

Since the left and right hand sides are functions of different variables, there is o € IR such that

526 53
5 =0 = = 20t = &= (6at)'/? = pt'/3 (757)

where 3 = (6a)'/®. We may assume 3 = 1 so that o = 1/6. Then integrating the left hand side of
(756) yields
3
-
f=ggtante, (758)

for scalars c1, c2 € R. Applying the boundary condition u(¢,0) = 1 yields

0
L=u(t,0)=f(0)=ge+a0te = =L (759)

The other boundary condition does not hold since

3
%6 +cl77+1' = 0. (760)

[ut, +oo)| = lin [f(n)] = lim

To satisfy the boundary conditions, the required continuity conditions are that u(Y(¢),¢) = 0 and
uy (Y (t),t) = 0. This implies there is 19 > 0 such that f(n9) =0 and f’(n9) = 0. Consequently,

2

2
0=F(p)="2tc, = c=-01

1
12 12’ (761)
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and so
3 3 2/3
_ _ "o _ Mo _1l/3 _ 18
= = — l=——-+4+1 =1 = — . 2
0= f(m) = 55 +camo + sl = m=18 = o D (762)
Therefore,
3 2/3
n 18
fln) = 1o = (763)
and
Y 1/3,1/2
Compiling our results, we conclude
fln) ity <Y (),
u(z,t) = (765)

0 otherwise,

where n = yt~1/3, Y is given in (764), and f is given in (763).
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F16.1 Show that u(z) = —ﬁm

each smooth ¢ with compact support

Heaton

with # € R3 satisfies Au(x) = §(x) in the sense of distribution, i.e., for

/ (@) A(z) dz = 6(0). (766)
R3
Solution:
First we compute the partial derivatives of u at x # 0. For z # 0 and i € {1, 2,3} observe
1 1 ZT; ZT;
Opy = —— + ——5 + — = ——— 767
P FE R = I (767)
which implies
1 3 a1 1 [-322 1
a2 [ 0+ ) = e [ ) 7o)
Thus for z # 0
3
1 [-3]z> 3 1 3 3
12 et = g Bt ) = g ) = (769)
Now fix € > 0, choose any smooth ¢ with compact support, and observe
/ () Ap(z) dz = / (@) Ap(z) da + / w(@)Ab(z) dz = I + ., (770)
R3 R3—B(0,¢) B(0,¢)
L Je
where I, and J. are defined to be the underbraced quantities. Integrating by parts, we see
9¢
I. = —Du(x) - Dp(z) do — u(x)=— do
R3—B(0,e) 0B(0.¢) Ov
:/ Au(z)p(z) d +/ %¢ — u(:(:)a—q5 do
R3—B(0,¢) aB(0,c) OV ov
771
= / @QZ) d0+/ —u(x)a—qb do (77)
aB(0,c) OV 2B(0,) v
K- N
= Ke + Nm
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where K. and N, are the underbraced quantities, and where v is the outward normal along B(0,¢),
thereby making —v the outward normal along the boundary of R? — B(0,¢). Note the third line above
holds since Au = 0 in R3 — B(0,¢). Next observe

ou 1
N, S/ u(z) |=—| do< D¢|Oo/ u(z) do = D¢Oo/ — do, 772
NS [ @) |G| o iDell [ uw do=1Dol [ o (772)
and, since |0B(0,¢)| = 4ne?,
4re?
[Nl < [Dfllos - == D]l oce- (773)
e

We note || D¢||~ < 00 since ¢ is smooth and has compact support, thereby making ¢,,(0B(0,¢)) compact
for each i. Hence 0 < lim, o+ |Ne| < lim, g+ || D¢|loce = 0, which implies by the squeeze lemma that

hmsﬁo-}— NE = O

For each = € 0B(0, €) observe

3

ou v ox |x)? 1 1
e —Du-y— R = = . 774
ov () wv ; dred e Amet  4mwe? |0B(0,¢)| (774)
Consequently,
ou
lim K. = 1 —¢ do = 1i do = ¢(0). 775
€—1>r(§1+ c s—1>r(§l+ 9B(0,¢) 8V¢ ? 8_1>%1+ 0B(0,¢) v do ¢( ) ( )

Next employing the use of polar coordinates reveals

d € 1
] < / ulAd| dr< [ D?6]|u0 / T D% / / L dodr, (776)
B(0,¢) B o JaB(or)

(0,0) 4lz]

and the integrand simplifies to yield

62

&€
] < |D2¢||OO/O rdr= D%l — 0 as e 0. (777)
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Whence lim,_,¢+ J. = 0. Compiling our results, we conclude
/ w(@)Ab(@) dz = lim L+ J. = lim K. + N.+ J. = 6(0) + 0 + 0 = ¢(0), (778)
R3 e—0t e—07t

as desired. ]
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F16.2. Consider the following nonlinear drift-diffusion equation
0, = A(6%) + V- (z0) in R™ x (0,00). (779)

a) Let 0; and 63 be smooth nonnegative solutions of the given PDE with ordered initial data 6 (z,0) <
62(x,0). Show then that 0;(x,t) < 0a(x,t) for all t > 0.

||

b) Show that for any constant C' > 0 the function U(x) := max [(C - IT),O} is a weak stationary

solution of the above equation, i.e.,
/ (V(U?) +2U) - V(z) dz =0 (780)

for any compactly support and smooth function ¢ : R* — R.

Solution:
a) Set w := 0y — 61. It suffices to show w > 0 in R X (0, 00). By our hypothesis, w > 0 on R x {t = 0},

and
wy =A(w (b2 +61)) + V- (zw) = A(wg) + V - (wz). (781)

—_——
=:¢

Assume Ag € L*(RR x (0,00)) and choose M > [[A¢||oo(mr)x(0,00) T 7 + 1. Now let ¢ > 0 and set
v :=w+eexp(Mt). This implies v > & > 0 on R™ x {t = 0}. By way of contradiction, suppose there
exist a point in R™ x (0,00) at which v = 0. Let (Z,¢) € R™ x (0,00) be such a point with ¢ > 0 the

smallest time at which this occurs. Then v,(Z,t) < 0 and, since T is a local minimizer of v(-, ), we
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see Av(Z,t) > 0. Consequently, at (Z, %),

0 > v = wy + Me exp(Mt)
= A(weg) + V - (wT) + Me exp(Mt)
=wA¢+2Dw - Dp+ pAw + V - (wT) + Me exp(MT)
= wA¢ + ¢Av + nw + Dw - T + Me exp(M?)
> wA¢ + nw + Me exp(Mt) e
= cexp(Mt) (M — A¢p —n)

> €

>0,

which implies 0 > 0, a contradiction. Note the fourth and fifth lines hold since Dw = Dv = 0
at (Z,t) and since ¢ > 0, by hypothesis, and Aw = Av > 0. The sixth line holds since v = 0 and the
seventh line holds due to our choice of M and the fact the exponential term is at least unity. This

contradiction proves v > 0 in R" x (0,00). Letting e — 0%, we deduce

w(z,t) = lim w(z,t) +ecexp(Mt) = lim v(z,t) > lim 0=0, for all (z,¢) € R"™ x (0,00), (783)

e—0t e—0t e—0t

and the proof is complete.

b) Let r := 2v/C and note the support of U is precisely B(0,r). Thus, for each ¢ € C°(R" x (0, 0)),

/ (V(U2)+xU)-V¢dx:/ UQVU +z) - V¢ da

n

:/ U (VU +2) - Vé da
B(0,r)

(784)
= / U-0-Vo¢dx
B(0,r)
where, in B(0,7),
|z[? x
O
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F16.3. Consider the system of ODE for the pair (z(t),v(t)) of real-valued functions

T =,
(786)

1
v = —51’(:52 —1) -,

for ¢t > 0, with initial conditions z(0) = zo and v(0) = vo.
a) Find all stationary points and sketch the local trajectories.

b) Define a nonzero function E(a,b) such that E > 0 and E(z(t),v(t)) < 0 for all t > 0 when (z(t), v(t))
solves the ODE system.

Solution:

a) Since # = 0 if and only if v = 0, we see the equilibrium points are (0,0) and (£1,0). The Jacobian

matrix is
0t /dx 0%/0v 0 1
J(z,v) = = ) . (787)
ov/dx  0v/dv |
This implies
0 1
L
2

which has eigenvalues A that satisfy

1
0= A+1)-5 = 0=2\4+21-1 = \= T =—— (789)

and so (0,0) is a saddle. Also,

J(£1,0) = : (790)
-1 -1

which has eigenvalues A\ that satisfy

C-1£V12-4-1 —1+4V3
B 2 2

0=AA+1D+1=X+r+1 = A (791)

and so around (£1,0) are inward pointing spirals. A sketch is given in the figure below.
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Figure 21: Phase plane for F16.3.
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b) Consider an analogous system (z(t), w(t)) without the damping term, i.e.,

Then

(793)
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If |a| < 2 then
2 2 2

b 2
Emm)zaﬁi%«—n+120—z~—1+1=a (796)
This shows E(a,b) > 0. Lastly, observe

E(z,v) =v0+ g(mg —i=v <—g($2 —-1)— v) + %(aﬂ —1v=—v*<0. (797)

0

REMARK: Here we give an alternative solution to F16.3b. Note the ODE system models a damped

equation, with the undamped form being
B ~ K 1. ~92
=7, v=-52 (:c —1), (798)

and note the undamped (Z, ) system is Hamiltonian since

0x  Ov
%+%—0+0—0. (799)
Consequently, there exists a function H(&#,7) such that Hz = —v and Hy = . Integrating reveals
R 1. ~92 1 ~92 2 ~
H= | -0vdz= 53}(:17 —1) dx:§(1‘ —1)" + f(9), (800)

for some function f(9). Similarly, there exists g(Z) such that

H:/iwzg+ﬂ@ (801)

Combining these results we write
1 Y
H(z,0) == (2> -1)" + —. 2
(Z,0) S (z )T+ 5 (802)
Returning to the damped ODE system, set F(z,v) := H(z,v) and note E(x,v) > 0 since both terms in

(802) are squared. Moreover,

d |1, o v?
8

=3 —(x?2 —1)% + 2] = g(xQ — 1)z +vo = g(:r2 —1v+w [—g(xz —-1) - v] =02 <0. (803)

AN
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F16.4. Consider ¢ : R™ x (0,00) — R solving the Hamilton-Jacobi equation

o+ Vol =0, (804)

with initial data ¢(x,0) = max(]z|?> — 1,0). Show that ¢(z,t) = 0 when t = |z| — 1.

Solution:

Define g : R® — R by g(x) := max(|z|? — 1,0) and the Hamiltonian H : R® — R by H(p) = |p|. Then the
PDE may be rewritten as

¢+ H(D¢p) =0 in R" x (0, 00),

(805)
¢p=g onR"x {t=0}.
Then the associated Lagrangian L is given by the Fenchel transform
L(v) = v — H(p) = v —pl. 806
(v) = max p-v — H(p) = maxp-v —[p] (806)
If |u| > 1, then observe letting p = pv for a scalar p € R yields
Jim p-o—lpl = T plof? — plel = fel(lo] = 1) Jim = +oo. (807)
Alternatively, if |v| < 1, then
p-v—|pl < pllv] = |pl = Ipl(Jv] = 1) <0, (808)
with equality holding on the right hand side when p = 0. This implies
+oo if ] > 1,
L(v) = (809)
0 if |y <L
By the Hopf-Lax formula,
¢(e.t) = mint- L (=) +g(y) = ming(y) (810)
z,t) = min ¢ - — = min
1) = min ; 9(y) = min g(y).
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where A:={y € R": |z —y| <t}. Now, if t = |z| — 1 and y € A, then

ol =yl <le—yl<t=lz[-1 = P21 = PP-120 = gy =y-1 (811
Of course, min,>1 g(y) = minjy >, ly|> — 1 = 0. Whence for t = |z| — 1 we conclude

u(z,t) = |zg1;|n<tg(y) =0, (812)

as desired. O
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F16.5. Consider the smooth solution u of the Dirichlet problem

—V - (B(z)Vu(z)) =0 in Q, (813)

u=g¢g on 0],

where  is a smooth, bounded domain in R™ and the functions 5 : @ — (0,00) and g : 9Q — R are

smooth. Suppose there is a bijective map ¢ : 0 — Q satisfying

1

DO = )

(), (814)
where @ satisfies det(Q) = 1 and QTQ = I. Show that then u(z) := @(é(z)) is the smooth solution of

—Ad(z) =0 inQ,

(815)
(&) = g(¢~'(%)) on O
Solution:
For each function f: Q — R, let f: Q — R be defined by f(:ic) := f(¢(z)). For differentiable f,
foi(@) =Y fo, (8(2)(0))as(®) = fi=fidji nQ, (816)
j=1

where on the right hand side we have adopted the compact tensor notation and repeated index summation

convention. Now let ¢ € C2°(2). Integration by parts yields

0= /Q V- (BVu)g da = /Q Busgs dx — /Q Bitybjadndns d = /Q ;anj,iQquk de,  (817)

where the final equality holds by (814). Since @ is orthogonal, it follows that

1 1
0= / *ﬁj(sj"k(jk dx :/ *ﬁquj dr = / ?lj(jj d.f, (818)
ab aB O

where the final equality holds since the determinant of the Jacobian matrix is [D¢| = |Q/S8| = 1/5, again
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noting () is orthogonal. Integrating by parts once more, we see

0= / —aj;4 da. (819)
Q

~

Because (819) holds for arbitrarily chosen g, this holds for all ¢ € C2°(Q2), thereby revealing —A% = 0 in

Q. Lastly, let 2 € 9. Since ¢ is a smooth bijection, there exists z € 9 such that = ¢(x), and so

(@) = a(¢(x)) = u(z) = g(z) = g(¢~1(2)). (820)

This completes the proof. ]
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F16.6. Let D be a subset of R™. Show that the smallest C' for the Poincaré Inequality
/ u? dz < C'/ |Vau|? dz, for all u € H} (D), (821)
D D

can be obtained from an eigenvalue problem. State the eigenvalue problem and explain why.
Solution:

Consider®? the eigenvalue problem

—Au=Mu in D,

(822)

u=0 ondD,

which has the weak formulation for u € H := H}(D) given by
/ Du-Dv— A uv de =0, foralveH. (823)

D
The Laplacian operator L = —A is symmetric and elliptic since
n n
Lu=—) bijuae;, = Y 05&& =[¢% forall{ €R" (824)
ij=1 i,j=1

By the theory of elliptic operators,3 this implies L has a countable set of orthogonal eigenfunctions

{¢n}nen C H that forms a basis for L?(D) and each ¢,, € H has an associated eigenvalue \,,. Additionally,

An > 0 for each n € N and lim A, = +oo. This Hilbert space H is equipped with the scalar product (-, -)
n—o0

given by
(u,v) :== / Vu- Vo dz, (825)
D

with the norm denoted ||u||g := v/ (u, u).

Now let u € H C L?(D). Since {¢n}nen forms a basis for L?(D), there exists scalars {¢, }nen such that

U=y cntn. (826)

nelN

#2This is similar to F11.8.
33See §6.5 of the PDE text by Evans.
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We may assume the collection {¢y, }nen is orthonormal. For each m,n € N, this implies

D D

and so

HUH%Q(D):/ u? do= Z cncm/ Ondm dx = Z cncm

n,melN n,meN

2
Z s (828)
eN

TL

Again using the orthonormality of {¢, }nen, we see

HUH%I = (Z Cn¢n, Z Cmqu) = Z CnCm an,qu = Z CnCm nm = Z Cp- (829)

nelN meN n,meN n,meN neN

If u € H is nonzero and such that the inequality in (821) is an equality, then

c? C

lullFr = Cllull?p) = Z 7” ™ Z = *nunH, (830)
eN eN

noting {A\, }nen is an increasing sequence. Dividing by ||u||% and multiplying by A1, the above inequality

becomes A\; < C. Since the inequality in (830) becomes an equality precisely when C' = A\, we see the

choice of C' = \; is possible. We therefore deduce the smallest possible value for C' is C' = A;. This shows

the smallest value of C' has been obtained from the eigenvalue problem, as desired. ]
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F16.7. Consider the one dimensional reaction diffusion equation3*

U — Ugy = f(u) in R x (0,00), (831)

where f(0) = f(1) =0, f/(0) >0, and 0 < f(u) < f/(0)u for 0 < u < 1. We would like to show there is a

positive traveling wave solution with speed ¢, i.e., of the form
u(z,t) =U(x —ct) >0 (832)

satisfying

u(—o0) =1, wu(+o00) =0, (833)
for the range of speeds ¢ > 2./ f7(0). To show our claim, first observe U and V := U’ satisfy

U=V, V'=-cV-fU). (834)
We will analyze the (U, V') phase plane to find the traveling wave solution, which connects the steady states
(0,0) and (1,0) of the system.

a) By studying the ODE near (0,0), conclude no positive wave solution exists if ¢ < 24/f/(0). By

studying the ODE system near (1,0), show that there is at most one traveling wave solution.
b) For ¢ > 24/f(0), let X be one of the eigenvalues at (0,0). Show that V//U" < A on the line V = \U.

c¢) Using b) and other observations from the phase plane, show there is exactly one trajectory connecting

(1,0) to (0,0) in the (U, V) system when ¢ > 24/ f/(0).

Solution:
a) The Jacobian matrix J(U, V) for this system is given by
ou’'/ou  duU’ oV 0 1

J(U,V) = = : (835)
ov'/oU V'OV —f(U) —c

34This prompt is excessively wordy and is quite similar to the style of prompts given by Roper in 266A in Fall 2016.
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which has eigenvalues that satisfy

0= A+ 0)+ Flu) = X hdet fllu) — A= _CEV 622_ 40). (836)

Note (U,V) = (0,0) and (U,V) = (1,0) are fixed points of the ODE system since f(0) = f(1) = 0.
If ¢ < 24/f(0), then ¢ — 4/f(0) < 0, which implies J(0,0) has eigenvalues A with Re(\) = —c/2
and Tm(\) = 4++/4f/(0) — ¢2/2, which implies the origin forms a spiral. Regardless of its stability,
the origin forming a spiral would imply there exists points along each trajectory where U < 0, a con-

tradiction to the fact U is assume to be positive. Thus, no positive wave solution exists if ¢ < 24/ f7(0).

We now analyze the behavior near (U, V) = (1,0). Taylor’s theorem asserts for each u € (0, 1) there
exists &, € (0,u) such that
f"(&)

f(u) = f(0)+ f(0)u+ — (837)

Combined with the fact f(0) = 0 and 0 < f(u) < f/(0)u, we see f” < 0 in (0,1). Thus, as f is
concave down on (0,1) and decreasing as it approaches u = 1 where f(1) = 0, we deduce f'(1) < 0.
Consequently, (836) implies the eigenvalues of J(1,0) are real-valued, with one positive and one
negative. This shows (1,0) forms a saddle, for which there is a single stable manifold originating

along a trajectory from (0,0). (The single other stable manifold originates at infinity.)

b) For ¢ > 2./f'(0) and v = Au, observe

v —ev— f(w)
_ —c u — f(u)
Au
S ¥ O]
? u (838)
<—c- Xf/(o)
1 ,
=5 (=eA = (0)
=\

The first equality follows from the prompt. The second equality holds since we are analyzing al-

ong the line v = Au. The fourth equality follows from the fact 0 < f(u) < f’(0)u. The final equality
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then follows from the eigenvalue equation (836).

c¢) Note the eigenvalues of J(0,0) are nonpositive (for simplicity, we assume they are both negative). Let
us consider the region R enclosed by the line V =0, U = 1, and V = AU, with A an eigenvalue of
J(0,0). Along the curve V.= AU in {U > 0} x {V < 0} we have U’ = V < 0, and so our earlier result
reveals
j‘[;:‘(;:<>\<0 == ‘j‘lj >\ and V' >0. (839)
In plain words, this reveals trajectories along V = AU point up and to the left into R. Additionally,
along the line U = 1 in {U > 0} x {V < 0} we have U’ < 0 and V' < 0. Again, trajectories remain in
R. Along V=0wesee U' =0 and V' = —f(U) < 0 for U € (0,1). These results imply the unstable
trajectory leaving (1,0) enters into R and is contained inside R, with the only possible termination

at the fixed point (0,0). An illustration is provided below.

/\V |

e_
v
3

TN N T T Y I |
JIIL LI

Figure 22: Illustration for F16.7c with the region R shaded.
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F16.8. Let u be a solution of the wave equation

ug — 2Au=0 in R3 x (0,0),
u=¢ onR3x{t=0}, (840)
ug =1 on R3 x {t =0},
where the initial data is supported in the ball of radius R about the origin. Let zy be a point in R?
with |zg| > R.

a) Find the largest time 7; for which we can guarantee that u(xo,t) must be zero for all t € [0,T}).

b) Find the smallest time 75 for which we can guarantee that u(xo,t) must be zero for all ¢t > T5.

Solution:

a) First set v(z,t) := u(|c|z,t). Then

vy — Av =0 in R3 x (0, 00),
v=¢ onR3x{t=0}, (841)
vy =1 onR3x {t=0},

where ¢(x) := ¢(|c|x) and () := 1 (|c|z). Now set

[wo| — R
= (842)
]
and define the wave energy e : [0,7) — R by
1
e(t) = / W2 4 |Dof? da, (843)
2 Jsw

where S(t) := B(xo/|c|,r — t) and the arguments of v in the integrand are implicit. Then, by the

definition of R and choice of the constant r and function v, e(0) = 0. Differentiating in time yields
1
€= / vy + Dv - Doy doe + / (Utz + |Dv|2) - (=v) v do, (844)
S(t) 2 Jos()

where —v is the Eulerian velocity of the boundary 0S(t) and v is the outward normal along the
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boundary of S(t). Integrating by parts yields

1 ov
é= v (Vg — Av d:c+/ —= (v2 + |Dv|?) + vs=—do,
/s(t) g ~ ) as(t) 2 (v + [ Dof) Yov (845)

where the first integral evaluates to zero by (841). Noting that

ov 1, ., 9
Ut% < |ve]|Do| < B (vt + | Dv| ), (846)
we see
é= / 1 (vf + |Dv[?) + vt@da <0. (847)
aS(t) 2 ov -

This shows e is monotonically decreasing in time. Thus e(t) < e(0) = 0. However, since the integrand
of e is nonnegative, e(t) > 0 for all ¢ € [0,7]. Therefore e(t) = 0 for all ¢t € [0,r). This implies v is
constant in the cone {(x,t) : t € [0,r), x € S(t)}. The fact v(xo/|c|,0) = 0 then implies v = 0 inside
the cone. Therefore, at the tip of the cone, we see lim,_,,.- v(xg/|c|,t) = 0, and so the longest time T}

at which we can guarantee 0 = u(xo,t) = v(xo/|c|,t) for t € [0,T1) is T} = 7.

The result in a) showed that it would take at least time

_ ]a:0| —R

Ty
|

(848)

This is simply derived from the distance of xy to the closest possible point in the support of the
initial data divided by the wave’s propagation speed. Similarly, the smallest time 75 for which we can
guarantee u must be zero for all ¢ > T5 is the distance of xg to the farthest away point that can be in

the support of the initial data divided by the wave’s propagation speed, i.e.,

. |zo| + R

b
|c|

(849)

Note this follows since, by Huygen’s principle, the fact our PDE is in R? implies the solution u only
depends on the boundary information of the wavefront. So, once both wavefronts pass a point x,

u(z,t) will thenceforth be zero.
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2016 Spring
S16.1.

a) Show that the point (x,y) = (—1,0) is a stable fixed point for the system of ODE

i=4y, 5= -2x+1). (850)

b) Now consider the following modification of the system of ODE:

P=4r 4 (z+1) - (z+1) [(1’+1)2+y4]’

(851)
g=—2(x+1)+2y° —24° [(z + 1)? + y*] .
Show the modified system has a limit cycle.
Solution:
a) First note
ot 0y 0 3 0
—+—==—1\4 —[-2 1)]=0 852
and so the system in Hamiltonian. Therefore, there exists a function H(x,y) such that H, = —y and
H, = x. Integrating reveals
Hay) = [ & dy=y'+ f(o) (853)
for some function f(x). Similarly, there exists a function g(y) such that
Hay) = [ = do= @+ 1P + glo). (354)
Combining these results, we may assume
H(z,y) =y* + (z+1)%, (855)
Note H(z,y) > 0 for all (z,y) # (—1,0), H(—1,0) =0, and
H(z,y) = Hyi + Hyy = —yi + @y = 0. (856)
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In consideration of the Lyapunov function H(x,y), we conclude, by Lyapunov’s theorem, that (—1,0)

is a stable fixed point.

b) Consider the same function H(x,y) as in a). Differentiating in time reveals

H(z,y) = 2(x + 1)i + 4%y
=20z +1) (4’ +@+1) - (z+1) [(z+1)*+y])
+ 4y3 (—2(1‘ + 1) + 2y3 - 2y3 [(l‘ + 1)2 + y4]) (857)
=2 +1)* =22+ 1) [(x + 1) +y"] +8° —&° (@ +1)* + 4]
20z +1)% + 8y°] (1 - [(z + 1)* +4"])

=
=2[(z+1)*+4y°] [1 — H(z,y)] .

Now define S := {(x,y) : H(z,y) = 1}. Consider any trajectory originating from a point in (a,b) € S.

Since H(a,b) =1, we see
H(a,b) =2 [(a+1)? +4b5] [1 — H(a,b)] =2 [(a + 1)*> + 4b°] -0 = 0. (858)

This implies the H will remain constant in time, i.e., the trajectory will be contained in S. Now let
R:={(z,y): 3 < H(z,y) < 3}. Note R is closed since H is convex and the level sets of convex sets
are closed. Also, R is bounded since |H| — oo as ||(z,y)|| — oo. Additionally, R contains a trajectory
since S C R. Lastly, R does not contain any fixed point since (—1,0) ¢ R as H(—1,0) = 0 < %

Whence the Poincaré-Bendixson theorem asserts R contains a closed orbit, i.e., a limit cycle.
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S16.2. Consider the conservation law
g(u)t + f(u):v =0 inR x (Oa 00)7 (859)

where f: R — R and g : R — R.
a) Derive the Rankine-Hugoniot condition for shock speeds.

b) Use the result from a) to solve the following Riemann problem with g(u) = u?/2, f(u) = u3/3, and

with initial data

u(o.0) — 1 ifz e (0,1/3), (s60)

0 otherwise.

Solution:

a) (Return and complete.)

b) We proceed by using the method of characteristics. Let F(p,q,z,z,t) = z(q + zp). Taking p = uy,

q = ut, and z = u yields F' = 0 and gives rise to the ODE system for the characteristics:

i(s) = F,=1 t(0)=0, (861)
i) =Fypp+ Fyq = 2°p+ 20 =0, 2(0) = g(xo),
where we take g(a) := u(a,0). This implies ¢ = s and z is constant along characteristics. Thus,

t t xo+t if zg € (0,1/3),
x(t) =zo + / (1) dr =z + / 22(7) dr = z0 + tg*(xg) = (862)
0 0

To otherwise.
So, if 0 < zg = = —t < 1/3, then u(z,t) = g(zp) = 1. And, if z < 0 or z > 1/3, then u(z,t) =
g(xo) = 0. Lastly, we must consider the case when 0 < x < ¢. If w is of the form u(z,t) = v(x/t) in
this region, then

Ozg(u)t+f(u)x:vv’-—t%—l—v?v'-Ez— [v—f} : (863)

Thus taking v = x/t yields a solution of the desired form, and this is the unique option of this form

that would yield continuity of v at the boundaries z = 0 and = = t.
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We now observe the characteristics crash immediately at (1,0), and so a shock occurs. Let (s(t),t)

be a parameterization of this curve. Then s(0) = 0 and our RH condition from above yields

o ) - fw)  E—0 2
$(t) = = =—. 864
0= gw) =g(u) ~1-0" 3 5o
Consequently,
2t+1
s(t) = T+ in [0, 1], (865)
and so, in R x (0,1),
x/t if0<z<t,
u(r,t) =91 ift<z<(2t+1)/3, (866)

0 otherwise.

This limited time interval is because at time ¢ = 1 we also find another collision (see Figure 23 below)

at (s(1),1) = (1,1). Again using the RH condition reveals

 flug) = flu) (/1) =0 2
0= g(ug) — gluy) — L(z/t)2—0 3t (867)

Taking = = s(t), using separation of variables, and then using the condition s(1) = 1 reveals s(t) = t%/°

n [1,00). Whence in R x (1, 00)

x/t if0 << s(t) =13
u(z,t) = (868)

0 otherwise.
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> U

Figure 23: Plot of u(z,t). In the light gray region, u = z/t. In the dark gray region, v = 1, and u = 0
elsewhere.
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S16.3. Solve
Au=6(x —20)0(y —yo)d(z — z9) in[—1,1] x R x R. (869)

You may assume u — 0 as |y| — +o0 or |z| — +o00, and the boundary conditions on the walls x = 0 and

xr =1 are
0
w(0,y,2) = 22| =o. (870)
ox L.z
Seek a solution of the form
1 :
u(z,y,z) = )2 // e’(£y+mz)ﬁ(w,€,m) dédm, (871)

and find the function . You do not need to evaluate this integral for u.
Solution:
It suffices to identify @ since then u is given by (871). Using the properties of derivatives with the Fourier

transform, we see

A = (271T)2 / / M) (g0 — (m? + (2)a] dldm. (872)

This implies
Qg — (M + £%) = / / e Hma) 50 — 20)8(y — y0)d(z — 20) dydz = e {WOFM0) 50 _ g0). (873)
Note also
u(0,y,2) =0 = 4(0,f/,m)=0 and wu,(l,y,2) =0 = d.(1,¢,m)=0. (874)
Therefore, we seek a Green’s function 4 (x, ¢, m) such that

lige — @20 = e~ W0tm20)§(2 — 24) in [0,1] x R x R,
=0 on{r=0}xRxIR, (875)

U, =0 on{z=1} xR xR,

206 Last Modified: 4/26,/2019



ADE Qual Notes

where a := v/£2 + m2. The associated homogeneous ODE has a solution of the form ce*** and so

c1e®® + coe”  if x < xg,
w(x, l,m) =
c3e™ + cqge”  if x> xg.
The first boundary condition reveals
_ .0 0 _ _
0=cie’ + e’ =c1+c = cy = —cj.

Additionally,

0=« (0360‘ — 046_0‘) — ¢y = cge@.
By the continuity of @ in x, we see

0T | ea(2—x0)

c1 (eo‘xo — e_o‘xo) = lim 2= lim 4 =c3 (e‘“o + eo‘(2_x°)) - (¢q=—""-c¢C3.

_ arg) —Qx
z—Tg IHIBL ero —e 0

Lastly, considering an arbitrarily small neighborhood about zg reveals

e~ tyotmz0) — iy e~ om0 55 — 14) da
=07 Jyo—e
xot+e
= lim Gy — @20 dx

e=0F Jyo—e

= ﬁz(xar,é, m) — Ug(xy , £, m).

Thus,

efz(fngrmzo) = 3 (eaxo - ea(Zf:ro)) o Cla(ea:vo + eazo)

Heaton

(876)

(877)

(878)

(879)

(880)

(881)

Combining (879) and (881), one may readily solve for ¢; and ¢3 (upon application of some tedious algebra).

For such values ¢; and ¢y, we deduce

axr

_ efaa:)

c (e it v < o,

w(x,l,m) =
c3 (eo‘x + eo‘@_”o)) if z > xg,

and we are done.

(882)
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S16.4. Solve the Hamilton-Jacobi equation

¢t+|¢z|:07 I‘G]R,, t>0

with initial data

0 ifx <0,
P(x,0) =
1 ifx>0.

Solution:

Heaton

(883)

(884)

Define the Hamiltonian H : R — R by H(p) := |p| and set g(x) to be zero if x < 0 and 0 otherwise. Then

the PDE may be written as

¢+ + H(D¢p) =0 in R x (0,00),
$p=g onRx{t=0}
Taking the Fenchel transform gives the Lagrangian L to be

L(v) := sup pv — H(p) = suppv — |p|.
peER peER

If v > 1, then observe

Sm pv—H(p)=(v—1) lim p=-+oo,

and if v < —1, then

lim pv—H(p)=(v+1) lim p=+oo.
p—r—00

p—>—00

Now, if |v| <1, then

pv — H(p) = pv —sgn(p) -p=p (v —sgn(p)) <0,

(885)

(886)

(887)

(888)

(889)

with strict equality precisely when p = 0. Combining (886), (887), (888), and (889), we deduce

+oo if ] > 1,
L(v) =

0 if vl <1.
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From the Hopf-Lax formula, we then know

u(z,t) = min <t L <“’_y> + g(y)> . (891)

yeR t

By (890), the Lagrangian simplifies this to

u(z,t) = min g(y). (892)
|lz—y|<t

Note |z — y| < t implies y is bounded below by x — t. Thus there is y < 0 in the set of all feasible y (i.e.,
points such that |z — y| < t) precisely when z — ¢ < 0. Consequently, using this and the definition of g¢

reveals

0 ifx<t,
u= (893)

1 ifz>t.
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S16.5. A toy model of the propagation of an action potential along a neuron is given by the PDE

where f(u) may be assumed to be continuously differentiable. Propagating action potential solutions of
this PDE are given by traveling waves, i.e., solutions of the form wu(z,t) = u(z —ct), that tend to (different)

constant values: u — u; as ¢ — —oo and u — u} as z — +oo.
a) Explain why the limits as 2 — 4-0o must correspond to values ui at which f(uf) = 0 and f'(uf) < 0.

b) Suppose u; < u) and u(x — ct) is monotone increasing in n = x — ct. prove the wave moves leftward

(i.e., ¢ < 0) or rightward according to whether
uf
/ f(u) du Z 0. (895)
Uy

c) Now consider the specific function f(u) = —(u — up)(u — u1)(u — uz), where ug < u; < ug are all
constants. Guessing that du/dn = B(u — up)(u — ug) for some constant B, find the traveling wave

solution u(n) and its velocity c.

Solution:

a) Assume u(x,t) = v(z — ct) = v(n), where n := x — ct. Plugging this into the PDE reveals
0=t —Ups — f(u) =—c' =" — flv) = V'=-c'— f(v). (896)
This may be rewritten as the ODE system
vV =w, w =-—cw-— f(v), (897)

Note the fixed points of the ODE system occur at all points of the form (7, 0), where f(v) = 0. For

fixed ¢, since n — 400 as © — Fo0, it follows that in order for v to converge to a value u we must

have f(uf) = 0. The associated Jacobian matrix is given by

J(o,w) = ov'Jov O Jow _ 0 1 . (898)
’ o' /o dw' jow ~fv) —c
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c)

The eigenvalues to J(v,w) satisfy

A+ )4 F) — a=CEV CZ — 4/ (899)

For a fixed point (v,0), this shows that if f/(v) > 0 then (v,0) forms a stable node. However, this
cannot be the case if there is a trajectory leaving the fixed point (u;,0) and terminating at (u},0).

Consequently, we must have f'(uf) < 0.

Since u = u(n), we may use the change of variables with du = u/(n) dn to write

/ sy au= [ gt dn= [ - e an (900)

However, because v/ — 0 as n — £o00, we see

/ wu” dn = —/ u'u' dn + [(u’)Q]iooo = 2/ v'u” dn = 0. (901)
—00 —00 T —00

/u f Fu) du = —c /_ Z@/)Q d, (902)

and because v’ is not identically zero (as u; # uj), the integral on the right hand side is nonzero

Therefore,

and, thus, positive as the integrand is nonnegative. Whence

c= JM? = sgn(c) = sgn (—/ f(u) du) = —sgn </ f(u) du) . (903)

This shows the sign of ¢ is opposite that of the integral in (895), as desired.

First note our hypothesis implies

v = B [u'(u—u2) + (u—up)u'] = Bu' [2u — up — ug] = B*(u — up)(u — u2)(2u — ug — uz). (904)
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Then (896) implies

0=u"+cu + f(u)
= B%(u — o) (u — ug)(2u — ug — ug) + cB(u — up)(u — ug) — (u —ug)(u — ur)(u —ug)  (905)

= (u —up)(u — u2) [B*(2u — ug — u2) + ¢B — (u —u1)] .

Because this holds for each u, this implies

1
0=B*2u—uy—ug)+cB—(u—u) = (1-2B*)u=cB—B?*(ug+us)+u =— B:iﬁ’ (906)

where the final implication holds through equating powers of u. Because u’ goes to zero in the limits

as 1 — +00, we know u € [ug, ug]; otherwise, |u’| would be increasing as n — +00. Since u € (ug, uz)

and u is monotone increasing, the formula for v’ reveals B < 0, and so B = —1/ V2. Then
c ug + U2 ug + u2
7 + 5 +ug c=12 [ 5 + ul} (907)

All that remains is to solve for u in terms of 7, ¢, and B. Observe

du

Bdn = . 908
" w)—w) 0%
Using partial fraction expansions, we know there exists ay, a2 € R such that
! T ) + o ) (909)
= =aj(u—u as(u — ug).
(u—wp)(u—u2) w—uy u—ug ! 2 2 0
Plugging in u = ug and u = ug reveals
1 1
ay = and ag = . (910)
Up — u2 U2 — Ug
Thus,
/ du 1 / 1 1
= — du
(u—wuo)(u—wu2) uz—ug u—uy U— U
1
= 1 — -1 — 911
—— In(|u— uz]) = (| wo])} (911)

1 Uy — U
= In ,
U2 — Ug U — Uug
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and, integrating the left hand side of (908), there exists a3 € R such that

Ug — U Ug —u
In < : > = (uz —wo) [Bn+a3] = 2 = exp ((uz —uo) [Bn + as]) = ¢(n), (912)
U — Up U —ug
=:p(n)
which implies
wp—u=(u—uplp = u= 2TUP (913)

p+1

This completes the proof.
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S16.7. Consider the system of PDEs:?>

pt + pzu+ puy =0 in R x (0,00),
(914)

p(ug + ugu) = kdy[p°/p] in R x (0,00),
for u(z,t) and p(x,t), where p%(z) := p(x,0) and k > 0. Also consider ¢ : R x (0,00) — R defined
by

(X, t) == u(op(X,t),t) in R x (0,00),
(915)

$(X,t) =X on R x {t =0},

where u and p are solutions of the above.
a) Define R(X,t) := p(¢(X,t),t) and J(X,t) = ¢x(X,t). Show that R(X,t)J(X,t) = R(X,0).
b) Show that R(X,0)pu(X,t) = koxx(X,t) in R x (0, 00).

c¢) Use the results of a) and b) to solve the system with initial conditions u(x,0) = ¢sin(x) and p(z,0) =
1, where |¢|] < vk. You can express you answer in terms of the inverse (f~') of the function

f(X) :== X + ¢sin(X), which exists provided |¢| < 1.

Solution:
a) Observe

J(X,0) = éx(X,0) =0y [X] =1 = R(X,0)J(X,0) = R(X,0). (916)

This verifies the equality at time ¢ = 0. Differentiating in time, we see

O [RJ] = RJ + RJ= [pxé + pi] J + R[dxe] = [pxu+ p] dx + p[uadx]= dx [pxu + pr + pug] = 0.
(917)

This shows R.J is constant in time, from which the result follows.

b) Observe
P°(X) = R(X,0) = R(X,t) = J(X,t) = p(X,1)dx (X, 1) (918)

35 Although I applaud Teran’s amazing abilities as a mathematician, his notation can be quite hard to follow. Here we
diverge slightly from the prompt, but don’t make it too ‘easy’ to read so that it might mirror the notation of a future exam...
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and
k p°
¢tt = quﬁt + U = UpU + Up = *8w —| . (919)
pLp
Thus,
k 0 0
Pou == -0, m = ks (d] = kudas. (920)

(There is an error here.)

c)
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S16.8. Consider the parabolic PDE

ur — Au + |ug, | =0 in R™ x (0, 00),
¢ |ua, | (0, 00) (921)

u=g¢g onR"x {t=0},
where ¢ is a continuous function with compact support. Show that there is at most one solution of
the above problem that tends to zero as |z| — oc.
Solution:
Let w and v be two solutions to the given PDE that tend to zero as x| — oo. Set w = u —v. It
suffices to show w = 0 in R™ x (0,00). Fix ¢ > 0 and 7" > 0. Since u and v are continuous in time
and lim|, o0 [u(z,t)| = lim|gy|o [v(2,t)] = 0 for each t € (0,00), there exists a continuous function

€ :]0,00) — R such that
x| > ¢(t) = = |u(z,t)],|v(z,t)] < e/2. (922)
Set R := max|y 7§, which is well-defined due to the compactness of [0, 7] and continuity of {. Then
lz] > R = |u(z,t)|,|v(z,t)] <e/2, forallte|0,T], (923)

and so application of the triangle inequality yields

|lw(z, t)| < |u(x,t)] + |v(x,t)] <e, forall || >R andte[0,T]. (924)
This implies
sup lw| <e = sup w = max { sup w, 5}. (925)
(R"—B(0,R)) x[0,T] R”x[0,T] Ur
We claim
supw = supw < g, (926)
Ur Ir

where the inequality holds by (924) and the fact w =g — g =0 on B(0, R) x {t = 0}, and so

€> sup w= sup u—v—¢ct> sup u-—v. (927)
R™ x [0,7] R" x[0,T] R" x[0,T]
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Now letting ¢ — 07, we see

sup uw—v= lim ( sup u—v>§ lim ¢ =0.

R"X[0,T] e—=0t \ Rrx [0,T7] e—07t

This shows

sup u—v <0.
R™x[0,7]

Since this holds for arbitrary T > 0, we may let T' — oo to deduce

sup u—v <0.
R™x (0,00)

Through likewise argument with « and v in the definition of w, we find

sup v—u<0 = sup u—v > 0.

R™x (0,00) R™x (0,00)

Therefore v = v in R™ x (0, 00).

All that remains is to verify the equality in (926). Observe

wy — Aw = |vg, | — |ug, | —e in R™ x (0,00),

w=0 onR" x {t=0}.

Heaton

(928)

(929)

(930)

(931)

(932)

By way of contradiction, suppose w attains its max over Ur in its parabolic interior at a point (z,t) € Ur.

Then wy(z,t) > 0 and, since z is a local maximizer of w(-,t), we know Aw(z,t) < 0. Furthermore,

0=Dw=Du— Dv — Du = Dv — Up, =

Thus, at (z,t), we obtain the inequality

0 <wp — Aw = |vg,| — |ug,| —e = —£ <0,

a contradiction. Whence the equality in (926) must hold.

217

Last Modified

(933)

(934)

: 4/26,/2019



ADE Qual Notes Heaton

2015 Fall

F15.1. Consider the autonomous differential equation system

i=—x+y: g=y-—2 (935)
a) Identify the fixed points of this equation and show (either by linearizing the equation or some other

method) whether they are stable or unstable.

b) Sketch the trajectories for this differential equation in the (z,y) phase plane. You sketch should
include the eigenvectors of the fixed points identified in a) if they correspond to features that can
be seen in the phase plane. It should also include the asymptotic behavior of trajectories for large x

and/or y.

Solution:
a) First note # = 0 if either x =y =0 or z > 0 and y # 0. Similarly, y =0if y =2z =0or y > 0 and
x # 0. Thus the two fixed points of this system are (0,0) and (1,1). The Jacobian matrix J(z,y) for

this system is

di/0x 0i)o -1 2
Sy = | O /% _ . (936)
dy/ox  0y/dy -2z 1
This implies
-1 0
J(0,0) = : (937)
0 1

which has eigenvalues A = £1. Therefore (0,0) is a saddle point, which is unstable. Now observe

or  Jy
4+ 2 =_141=0 938
which implies the system is Hamiltonian, i.e., there exists H(z,y) such that H, = & and H, = —y.
Integrating reveals
Y 253
Hey) = [dy=" ~oy+ fo) and Hep)=- [gdo= " —ay+h@), (939
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for some functions f(y) and h(x). Combining these results, we deduce

3 3
+y 1

—xy+ —. 940

3 Ty 3 (940)

H(l‘,y) = &

Observe H(1,1) =(14+1)/3—-1+4+1/3 =0 and

(x2—y) ) (233 —1) ) ( 2 —1)
VH(z,y) = = V°H(z,y) = = V°H(1,1) = , (941)
y2 — X -1 2y -1 2

where V2H is the Hessian matrix. The eigenvalues of VZH(1, 1) satisfy

4++/42-4.1-3
0=A—-22-1=XN-4\+3 = I= 5 =1,3. (942)

This shows VZH(1,1) is positive definite, and so H(z,y) > H(1,1) = 0 in a neighborhood of (1,1)

(excluding (1,1)). Moreover,
H(x,y) = 2®i+y°y—dy—zj = #(a> —y)+9(y° —2) = (¥ —2)(2® —y) — (2> =) (y° —x) = 0. (943)

We have thus shown H(1,1) =0, H(z,y) > 0 in a neighborhood of (1, 1), and H(m, y) < 0. Therefore

Lyapunov’s theorem tells us (1,1) is stable.

b) The desired figure is below.

Figure 24: Phase Plane for F15.1.
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Lastly, we analyze the behavior for large  and ¥, which reveals

% y_ y—.’132 .’E2

)

T A o

which implies there exists C' € R such that large trajectories approximately are of the form
3+ 7 =C. (945)

Alternatively, this behavior could be deduced directly from the Hamiltonian in (940) by considering

level curves of H for large z and y.
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F15.2. The LWR models the density of cars p(x,t) on an infinite 1D road with flow in one direction via
the PDE
Oup+ 0, (p(1— p)) =0 in R x [0,0), (946)

where F' = p(1 — p) denotes the flux of cars past a point in the road. The formula for F' comes from the

assumption that u(z,t) := 1 — p is the mean speed of cars on the road.

a) Under the assumption that (946) admits a unique solution, show that any state with uniform traffic

p(z,0) = pg is stable, taking pg € (0,1). Specifically, show that if p(x,t) is a solution of (946), then

1p(-s1) = pollLew) < [lp(+;0) — poll Lo (w)-

b) Show that any step discontinuous function of the form

pe if x < wt,
p(x,t) == (947)

prif x> vt

where py, pr € (0,1) are both constants, satisfies the weak form of (946) (which you should derive)

so long as the velocity of the discontinuity v satisfies a condition, which you should also derive.

c) The weak solutions of this PDE are not unique. To impose uniqueness, it is often assumed that car

accelerations must be bounded. Namely, if x = x(¢) is the trajectory of a car on this road, then
o(t) = u(x(t), 1) (948)

and

i(t) < oo. (949)

Note cars can decelerate infinitely quickly so that & can be arbitrarily large and negative. Show that

under this assumption, solutions of the form in b) are allowed only if p, < p;.

Solution:
a) We proceed using the method of characteristics, assuming p is a solution with uniform initial data po.

Set F(p,q,z,x,t) = g+ p(1 — 2z). Taking p = p,, ¢ = pt, and z = p, we deduce F =0 in R x [0, 00)
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and obtain the ODE system

i(s) =F,=1-2z, z(0) = 29,
i(s)=F,=1 £(0) =0, (950)

2(s)=Fyq+ Fpp=1¢+ (1 —22) =0, 2z(0) = rhoo.

This implies ¢t = s and p is constant along characteristics. Moreover, this implies
z = (1—2po)t + 2°, (951)

i.e., the characteristics are parallel lines. Hence for (z,t) € R x (0,00) we deduce p(x,t) = pg, and

thus

[p(t) = pollLeew) = llpo = pollLe(w) = llp(+,0) = poll Lo (r)- (952)

Since this PDE is a conservation law, the velocity v of the discontinuity must satisfy the Rankine-

Hugenoit condition

_ f(pe) = f(pr)

pe—p (953)
T

where we take f(p) := p(1 — p). We derive this as follows. First assume u is a smooth solution of the
given PDE and let v be a test function, i.e., v : R x [0,00) — R is smooth with compact support.

Integration by parts reveals

0 —/ / (ug + f(u)y) dadt = / / uvy + f(u)vy dedz —/ wvl,_y dz, (954)

where the nonlisted boundary terms are zero since v has compact support. Observe the right hand
side makes sense even if u is only bounded. Consequently, we say u € L>*(R x (0,00)) is a weak

solution of the PDE (946) provided for all test functions v

= —/ / wo + f(u)vy dede —/ wv|,_y de. (955)
0 —o0 —c0

Now suppose p is as given in (947). Set C to be the curve of the discontinuity so that (x,t) = (vt,t)
along C, and set V := {(z,t) € R x (0,00) : < vt} and set V. := {(z,t) € R x (0,00) : & < vt}. For
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each test function v with compact support in V; we see

//w pvy + f(p)vy dadt = — //w loe + f(p)z] v dzdt = — //w [0+ 0] v dedt = 0. (956)

Similarly, for all test functions with compact support in V.

//T pvr + f(p)vy dadt = 0. (957)

For any test function v with compact support (not necessarily vanishing along the discontinuity), we

see

/OOO /_Z pvt + f(p)vz dzdt = //w pve + f(p)ve dodt + //V pvr + f(p)vy dadt

= / (pe® + flpo ) vds— [ (p” + f(pr)r')vds  (958)
Vv, vy

— / (ot — pr)v + [F (pe) — F(o)] ) v ds,
oV,

where v = (v!,1?) is the outward normal along 0V, making —v the outward normal along OV,

and the integrals over the interior of V; and V, vanish by (956) and (957). Note (958) shows p is
a weak solution of the PDE precisely the expression on the right hand side is zero. Since v was an

arbitrary test function, this occurs precisely when

0= (pe — pr)v* + [f(pe) = f(pr)] v along C. (959)

Along the discontinuity C' we have (x,t) = (vt,t), and so v = —t,vt). Substituting in for v

———(
(vt)2+t2
and dividing by ¢ yields

o= Hed = fler) (960)

pe — Pr

as claimed above. Consequently, we conclude p is a weak solution of the PDE provided (960) holds.

c¢) Suppose p is a solution of the form in b). Then

1—pp ifx <wt,
z(t) = u(z(t),t) = (961)
1—p, if z > vt.
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Consider any car trajectory for which there is a time t* € (0, 00) at which the trajectory crosses the

discontinuity, i.e., (z(t*),t*) € C. Then

() = lim SO ZEE =) e oo o= pr =0 (962)
e—0+ 2¢e e—0t  2¢ o if pp—py <0
- ¢ — Pr ’

where the final equality holds since py # p,. By our assumption in (949), we conclude py — p, < 0.
O
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F15.3. Consider the porous medium equation with drift
pi —A(p*) = V- (2zp) =0 in R? x [0,1], (963)

where the initial data po(x) > 0 is compactly supported and [ popdz = 1. Let us assume that p(-,t) stays

nonnegative and compactly supported for all times ¢ > 0. Using formal calculations, show the following.
a) [p(-,t) dz =1 for all ¢ > 0.

b) Show that the energy
1
E(t) := // —p® + plz* + Cp dx (964)
R2 2

decreases for all times t > 0, for any constant C.

c) Using a) and b), show that p converges as t — oo to the stationary profile
(max(0, A — Bla|?/2))"?, (965)

for appropriate A and B.

Solution:

a) We point out the notation in the prompt is likely incorrect, and we instead assume
pi — A(p?) = V- (2zp) =0 in R? x [0, 00). (966)

Now define the energy e : [0,00) — R via

e(t) = / /}R ol 1) da. (967)

Then, by hypothesis, e(0) = 1. For ¢t € (0,00) we see

é(t):%//ﬁzpdx://ﬁzpt dxz/]RzA(pg)—i—V-(Qa:p) dxz//}RzV~[3p2Dp—|—2xp] dz. (968)
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Since p is compactly support at time ¢, there is R; > 0 such that spt(p(-,t)) C R;. Consequently,

// 3p2Dp pr] dx
R2

// 3p2Dp pr] dx
B(0, 2Rt)

/ [3p2Dp 2zp| v do (969)
9B(0,2Ry)

/ 0do
9B(0,2Ry)
0,

where the third equality holds by Gauss’s law (a.k.a. the “divergence theorem”) and v denotes
the outward normal along 0B(0,2R;). This shows é(¢) = 0 for all t € (0, 00), from which we conclude
e(t) =1 for all t € (0,00).

b) Differentiating yields

E(t) = //R2 o <;p3 + p|:L‘|2) dz + Cé(t)
b
[t 6oveen 1]

— // (3,02D,0+ 2xp) - [3pDp + 22] da
R2

// p|3pDp + 2z)* dx
R2

The first equality holds by linearity of the integral and definition of e(t). The second holds by
differentiating and noting é(¢) = 0. The third holds by using the PDE to substitute for p;. The fourth
holds by integration by parts, where the boundary terms cancel since p has compact support. The
final inequality holds since p > 0 and [3pDp + 2x|*> > 0, making the integrand nonnegative. This

shows E(t) <0 for all t € (0,00), from which we conclude E(t) is monotonically decreasing.

c¢) Note the terms p3/2 and p|z|? in the integrand of F(t) are nonnegative. And, using a), we see F(t)
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is bounded below by C'. Since we showed in b) that E(t) is monotonically decreasing, it follows from

the monotone convergence theorem that lim;_,, E(t) exists. Together with the fact E < 0, we see

0= lim E(t) = —// p|3pDp 4 2z|* da. (971)
R2

t—o00

Let poo be the function to which p converges. We know p., is nonnegative since p(-,t) is nonnegative

for all ¢ € (0,00).35. Wherever po, # 0 in R?, we obtain
0=[3pcDpoo +22]° = 0=3psDpc+22 = 0=V (3p% +|2z)>+c), (972

for some constant A. Thus, where poo # 0,

2

\ c c |$|2 1/2
i e T A e v A T

Combining our results, we conclude

c ‘ZL’|2 1/2
Poo = <max (0, —3~ 3>> . (974)

From the problem statement, we conclude A = ¢/3 and B = 2/3, and c is chosen so that [ fR2 Poo dz =
1 since é(t) = 0 for all ¢t € (0, 00).

36This can proven by way of contradiction using elementary analysis.
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F15.5. Let U := {|z| < 1} € R". For a given T' > 0, consider a smooth solution to the PDE
up— Au=wu(u—1) in Up =U x (0,77, (975)

with boundary data 0 < w < 1 on the parabolic boundary of Ur, i.e., on U x {t = 0} and 9U x (0,T].
With these assumptions, prove that 0 < u < 1 in the entire domain Ur. You should show the proof of any
maximum principle you use.

Solution:

Let I'r be the parabolic boundary of Ur. Since 't is closed and wu is smooth, u attains its supremum
over I'r. Let p := maxr, u. Then our hypothesis implies 0 < p < 1. Now let ¢ € (0,1 — 1) and define

w(z,t) = u(z,t) +¢|z|?>. Then w < 1 on 'y since
maxw = maxu + elz)? <maxu+e=p+e<p+(1—p) =1 (976)
I'r I'r I'r

We now use a “first time” argument. By way of contradiction, suppose w = 1 somewhere in Up. Let
(z*,t*) € Ur be such a point that w(z*,¢t*) = 1 and ¢* is the first time at which this occurs. Then
wy(x*,t*) > 0 and Aw(z*,t*) < 0 because z* is a local maximizer of the function w(-,t*). Using our PDE

for u, this implies
0<w—Aw=u(u—1)—2ne = (w—¢lz|*) (w—clz|* — 1) — 2ne = —¢[z|*(1 — e|z|?) — 2ne < 0, (977)

a contradiction. Note 1 —¢|z|?> > 0 since ¢ < 1 and |z|> < 1in U, and note A|z|?> = 2ne. This contradiction

reveals w < 1 in Up. Consequently, u < u +e =w < 1 in Ur.

Now we show u > 0 in Ur using another “first time” argument. Let § > 0 and suppose there is (z/,t") € Ur
such that u(z’,t') = —0 with ¢’ the first time at which this occurs. Then u;(2’,t") < 0 and Au(z',t') > 0

since 2’ is a local minimizer of u(-,¢'). This implies
0>u —Au=ulu—1)=—-§(-6—-1)=06(1+0) >0, (978)

a contradiction. This proves u > —¢ in Up. Since § > 0 was arbitrarily chosen, we may let § — 07 to

deduce u > 0 in Up, and the proof is complete. ]
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F15.6. Let g : R® — R be Lipschitz, and let u be the unique weak solution of the Hamilton-Jacobi
equation

ug + |[Dul? =0 in R™ x (0, 00), (979)

u=g¢g onR"x {t=0}.

a) Show there exists C' > 0 such that for all ¢t > 0, |u(z,t) — g(z)| < Ct.

b) Suppose |g(z)| < M|z|™! with M a constant. Show that u(z,t) converges to zero as t — oo.

Solution:
a) The Hamiltonian for the given PDE is H(p) = |p|?>. Substituting this into our PDE yields that u is a

weak solution to
ur + H(Du) =0 in R" x (0, 00),

(980)
u=g onR"x {t=0}.
The associated Lagrangian is given by the Fenchel dual, i.e.,
L(v) = sup p-v—H(p) = sup p-v— |p|> (981)

peR peR™

Since the expression to be maximized is quadratic and concave down, the maximizer is the unique

critical point of the expression. Thus differentiating yields

v
OZDP[P‘U_IPF]:U_QP = PZQ» (982)
and so
(v vz |U|2
rw=(3) =[5 =7 (983)

The Hopf-Lax formula tells us
yeR"? t

u(z,t) = min <t L (H) + g(y)> in R" x (0, 00). (984)

To obtain our desired inequality, we use this formula and the fact g is Lipschitz. For all z,y € R"

l9(y) —g(z) < Lip(g)ly —=| == g(y) > g(x) — Lip(g)|y — =|. (985)
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This implies

)= min (02 (557 4 ale) = Linly — ol ) = (o) ~ ¢ max (1inte)- 52 - £ (F51)).

yER™ yER™ t

Letting £ = (z — y)/t, we see

max (Lip(g) Jemyl <x - y)) = max (Lip(g)\a - |§|2) = max Lip(g)a ‘f. (987)

yERN t t EeRM 4 €R
The critical point « satisfies

0 = Lip(g) — % = o =2Lip(g). (988)

Plugging this value for a back in yields

u(e,0)> g(a) 0 Linlg) = u(r,0) —g(x) >~ -Lin(o). (959)
Now observe
te,t) = i (-2 (Z5) +00) ) £ L0 + 9(0) = (o), (990)

where we take y = x to obtain the inequality. This shows, for all z,y € R",
u(z,t) — g(z) <0 < Lip(g) - t. (991)
Combining our results, we conclude

(-, t) = gll oo(mn) < Lip(g) - t. (992)
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b) Using our inequality with the Hopf-Lax formula reveals, for all (z,t) € R™ x (0, 00),

o (1 2(7) )
e (2] o0)

u(z, t)] =

eyl M
< min —
yeR” 4t ly| (993)
o el 2lallyl + o | M
< min + —
yeR? 4t |y|
|z +2zla+a® M
= min + —
a€R 4t o
_ |z[* | 20x|(2M)Y3(2M)*3 N M
= u 1273 15 M)
where we substitute a = |y| for notational convenience and take a = (2Mt)"/? in the final line.

Noting the powers of ¢ in the denominator of each term on the right hand side, we obtain

|z[* | 20|2M)Y3(2M)*3 M

i < li =0.
Jim oo 0 < i T+ 2+ B+ s = (99
Whence u — 0 point-wise as t — oo.
O
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F15.7. Consider the set K of functions u : [0,2] — R of the form

v(z), ifxze€l0,1),
u(z) = (@) <o (995)
w(z), ifzxe(1,2],

with v € C2[0,1) and w € C?(1,2], and with the property that v(0) = w(2) = 0 and w(1) — v(1) = a, for

a given constant a. Define the energy?”

1 2
E(u) == 2/0 (ug)? do + ;/1 (ug)? da + b, (996)

where % := 3 (w(1) + v(1)), and b is a given constant. Show that there exists h(z) that minimizes E over
K, and solve for h.

Solution:

Our admissibility class K is defined in the prompt. Of course, f(z) := 2

We claim F is convex. Indeed, if 4,7 € K and if A € (0,1), then

is convex since f”(z) =2 > 0.

E(Aﬂ—s—(l—/\ﬂ)):;/Olf(/\z}—l—(l—)\f;)) dx+;/12f()\a+(1—>\w)) dz + A+ (1 — Ma)b

= %/O Af(0) + (1 =A)f(0) dx+%/1 A(B) + (1 — N f(@) de + Nab+ (1 — Nap  (997)

= AE(Q) + (1 — ) E(a),

where we have used the convexity of f, the linearity of integration, and the fact A + (1 — \a) = \i +
(1 — XN)a. This shows any extremal of E over K is a minimizer. Therefore, it suffices to identify an
extremal of F over K since such an extremal is necessarily a minimizer. Let u € K, ¢ € (0,00), and

z€8:={¢pecC?0,2]: $(0) = ¢(2) =0}. Then u + ez € K since

(v+ez) € C?[0,1), (wHez) e C?(1,2], (v+e2)(0)=0, (w+ez)(2)=0. (998)

37Pm not sure if there was a typo or not, but I added a 1/2 factor in front of the second integral. If this wasn’t a typo, then

the same procedure can be used, but a slightly different minimizer will be obtained.
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Now observe

e 1 [?
E(u-+ez)= 2/ (v +¢e2')? dx + 2/ (w' +e2')? de + b (T +e2(1)) . (999)
0 1

Consequently,

E(u+ez)— E(u)

1 2
1 [1/ 2ev'2 + €)% dx + 1/ 2ew'? + €22 dx + ebz(1)
€12 0 2 1
1 2

= / V2 4 e(2)? dz + / w2 4 e(2)? da 4 bz(1)

0 1

) , (1000)
= / —v"z +e(2)? dz + / —w"z 4 ¢(2)? da + [v'z](l) + [w'zﬁ + bz(1)

0 1

2 1 2
:5/0 (Z>2d$+/0 —v zd:c+/1 —w"z dz + z(1) [v'(1) — w'(1) + b],

where the third equality holds via integration by parts and the final line holds since z(0) = 2(2) = 0.

Letting e — 07, we see the Gateaux derivative is given by

E(u+ez)— E(u)

E(u,z) = 111%1+ 8
e—
2 1 2
= lim e/ (2/)? dz +/ —"z dx +/ —w"z da + z(1) [v'(1) — w'(1) + b (1001)
e—=0T  Jo 0 1

1 2
= / —"z da +/ —w”"z dz + 2(1) [v'(1) — w'(1) + b] .
0 1

We shall use this expression for E(u, z) and the fact every extremizer of F over K satisfies dF(u,z) =0

for all z € S.

Suppose there exists an extremizer u of E over K. Then (1001) implies, by the arbitrariness of z,
v =01n (0,1), w” =0in(1,2), w'(1)=2'(1)+b. (1002)

Consequently,

car+cy ifze|0,1),
u(z) = (1003)

diz+dy ifz € (1,2].
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Then (1001) also implies d; = ¢; + b and the condition «(2) = 0 implies d2 = —2(c; + b). The condition
u(0) = 0 implies ¢ = 0. Thus

oz if x €10,1),
u(z) = (1004)

(c1+b)(x—2) ifze(1,2].

Then
a+b

a=w(l)—v(l)=(c1+b)(1-2)—c1-1=-2¢c1-b = c¢1=-— 5

(1005)

Whence

—a+b:13 if x €10,1),
u(z) = b_a2 (1006)
5 (x—2) ifze(l,2].

Note u defined by (1006) satisfies v € K. And, since dE(u, z) = 0 for u defined by (1001) and all z € S,

we deduce u is an extremizer of E over K. Because F is convex, it follows that « is a minmizer of F over
K. Thus we have established the existence of a minimizer u of E' over K and given an explicit expression

for u, and we are done. O
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F15.8. Let u(z,t) be the entropy solution of the Burgers’ equation
ug + f(u), =0in R x (0, 00), (1007)
with f(u) = u?/2 and initial data

(x+1)? ifze[-1,0],
u(z,0) =14 (z—1)2 ifzel0,1], (1008)

0 otherwise.

Find the time 7" > 0 when u becomes discontinuous for the first time.

Solution:

We proceed by using the method of characteristics. Set F(p,q,z,z,t) := q + zp. Then taking ¢ = uy,
P = U, and z = u yields F' = 0 and gives rise to the ODE system

B(s) = —Fy — F.p =0 —p*, p(0) = ¢/(),
q(s) = —Fy— F.q=0—pq, q(0) =",
i(s)=F,=2z z(0)=a", (1009)

t(s)=F,=1, t(0)=0,

i(s)=Fpp+ Faq=2p+q=0, z(0)=g(z"),
where we set g(z) := u(x,0). This implies s = ¢ and z is constant along characteristics. Additionally, using

separation of variables reveals

dp 2 -2 -1 1
- _ — dp = dt =t+C = 1010
for some scalar C' € R. Using the initial condition yields
@) =p0)= —— = C=_ G (G (1011)
N ~ g@) SRZIEORSY

Note ¢/(z°) = 0 for = ¢ (—1,1). If 2° € (—1,0), then ¢’(z°) = 2(2° + 1) > 0. So, p will not blow up for
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characteristics originating outside of (0,1). However, if 2° € (0,1), then

—2(1 —29%)

" =2"-1)<0 = lim p(t)= lim = —00, 1012

g (x7) ( ) t_>¢($0)7p( ) t—(20)~ —Qt(l — .CL‘O) +1 ( )

where ¢(2°) := 1/2(1 — 2%). Since p = u,, this implies u becomes discontinuous at time ¢(z?). We are
interested in the smallest time T" > 0 such that u becomes discontinuous. Since

1— 0\—2

¢ (2°) = (g) >0, (1013)

we see ¢ is increasing. Therefore, letting 2 — 07, we see ¢(z") — %, and so the smallest time at which

u becomes discontinuous is T = 1. (]

2
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2015 Spring

S15.1. Consider the damped conservation law

ut + f(u)y = —u in R x [0, 00), (1014)

u=1u" on R x {t =0},

where u°(z) has compact support. Define the notion of integral solution and derive the jump (Rankine-
Hugonoit) condition for a discontinuity (u~,u™") in an integral solution.
Solution:

Let u be a smooth solution to the given PDE and assume
v:R x (0,00) - R is smooth with compact support. (1015)

Then multiplying the PDE by v and integrating by parts yields

0= /R/O (ut + 0 f(w) + u)v dadt
N 0

:/ / —uvy — f(u)vg + uv dxdt+/ [uv];2, do + o dt (1016)
R Jo R
:/ / —uvy — f(u)vy +uv dedt —/ uov|t_0 dz.
R JO R N
This implies
0= / / —uvy — f(u)vy +uv daedt —/ uov|t70 dz, (1017)
R JO R n

which has meaning even if u is only bounded. Whence we say u € L*°(R x (0,00)) is an integral solution

of the PDE provided (1017) holds for each test function v satisfying (1015).
To derive the Rankine-Hugonoit condition, let V' C R x (0,00) be open and assume u is smooth on either

side of the curve C' of the discontinuity. Let V; and V, be the portions of V' to the left and right of C,

respectively. We assume u is an integral solution of the PDE and has uniformly continuous first derivatives
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in Vp and in V,.. For any test function v with compact support in V, we see

= /]R /ooo —uvy = fu)o +uv dwdt = — /}R /Ooo(ut + 0, f () + u)v dadt, (1018)

where the integration by parts is justified since u is C'* in V; and v vanishes near the boundary of V. Since

this result holds for all v with compact support in Vp, we deduce
u + O f(u) +u=0in V. (1019)

Likewise,

ug + O f(u) +u=0in V,. (1020)

Now consider v with compact support in V', but which does not necessarily vanish along the curve C.

Using (1017), we discover

Oz// —uvy — f(u)vg + uv dzdt
RJO

oo 00 (1021)
= // / —uvy — f(u)vy +wv dedt + // / —uvy — f(u)vg + uv dzdt.
v JO Vi J0
Since v has compact support in V,
0
// / —uvy — f(u)vy +wv dedt = — // + ujv dadt + / (u_v* + flu_ ) ds, (1022)
Ve JO C
where v = (v!,1?) is the outward normal along V;, and the subscript “-” denotes the limit from the left.
Similarly,
0= / —(uyv® + fugp)rt)v ds, (1023)
C

where the negative sign is added since —v forms the outward normal from V,. and the subscript “+” denotes

the limit from the right. Combining our results, we see
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O://w /Ooo —uvy — f(u)vgy +uv dxdt+//r /OOO —uvy — f(u)vy +uv dadt

= / (u_v* + flu_ )t ds — / (u_v* + flu_ ) ds (1024)
c C
= /c [(ue = up)v® + (f(uz) = f(up))v?] v ds.

This holds for all test functions v as above, and so

(u_ —u )+ (flu) — f(uy))vt =0 along C. (1025)

Lastly, suppose C is represented parametrically as C' = {(z,t) : © = s(¢)} for some smooth function

s :[0,00) — R. Differentiating yields ($,1), and so v = (-1, $)/||(—1, $)||. Thus (1025) implies

Flus) = flug) = 3 — uy) (1026)

in V, along the curve C. This result (1026) gives the Rankine-Hugonoit condition. O
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S15.2. Show that there is at most one solution to

Ugt — gy +ur =0 in R x [0, 00),
u=¢ onR x {t=0}, (1027)
ug =1 on R x {t =0},
where ¢ and 1) are smooth and there exists®® C > 0 such that |¢(z)| < C for all z € R.
Solution:

We claim solutions to the PDE are compactly support.?? Let u and v be two solutions to the PDE and

set w := u — v. Then w satisfies

Wy — C2U)xx + Wy = 0 111 R X [07 OO)’ (1028)

w=w; =0 on R x {t=0},

and so it suffices to verify w =0 in R x (0, 00). To this end, define the energy E : [0,00) — R via

1
E(t) = / w? + ccw? da. (1029)
2 Jr
Then the initial conditions in (1028) imply
1
E(0) = 2/ 02 +c%0? dz = 0. (1030)
R

38] think there was a typo in the original prompt.
39The solution to this problem becomes quite long if this is also to be verified... I'm not sure what the writers intended.
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Moreover, differentiating in time reveals

E(t) = / wpwy + Cwywy da
R
:/ wy (wiy — 3z[02wx]) dz
R
= / o (wtt — CZwm) dx — 2/ wed wy dx
R R
< —/ WWy dac—i-QC/ wicw, dx
R R
< —/ w? da:+C’/ w? + Fw? dx
R R

< CE(@).

(1031)

The second line holds via integration by parts, noting the boundary terms vanish since w has compact

support. The fourth line holds by our hypothesis regarding ¢’. The fifth line holds since
2 2, 2 L o9, 2
0<(a—b)*=a"+b"—2ab = abgg(a +b°), forall a,beR. (1032)

The final inequality holds since the first term on the fifth line is nonpositive. From Grownwall’s inequality,

it follows that
E(t) < exp ( / c dT> E(0) = exp(CHE(0) = 0. (1033)
0

And, because the integrand of E(t) contains only nonnegative terms, E(t) > 0. Combining our results, we

deduce E(t) =0 for all t € [0, 00). This implies w; = 0 in R x (0, 00), i.e., w(z,-) is constant. Therefore,
w(Z,t) = w(z,0) +/ w(Z,7) dT =0 +/ 0dr =0, forall (Z,t) € R x (0,00), (1034)
0 0

from which we conclude w =0 in R x (0, 00), as desired. O
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S15.5. Consider the PDE
ug — Au+u? =0 in R™ x [0,T]. (1035)

Suppose u and v are bounded solutions of the above problem with |ul, |[v| < M and |ul,|v]| — 0 as |z| — oo

and
|u(z,0) —v(z,0)] <e. (1036)
Show
|u(z,t) —v(x,t)] < eexp(2Mt) in R™ x (0,T]. (1037)
Solution:

By hypothesis, there exists R > 0 such that |ul,|v] < e/4 for |x| > R. Then define Q := B(0, R), set
Qr :=Qx(0,T], and set I'r to be the parabolic interior of Q7. Then define w := u—v — e exp(2Mt), note

w<e—e=0o0nQx {t =0}, and observe

w=u—v—cexp(2Mt) < = + - —eexp(2Mt) < —e= —% in (R™— B(0,R)) x [0,T]. (1038)

NG
M

£
4

These two observations reveal w < 0 in (R™ x [0,T]) — Q7. By way of contradiction, now suppose there
exists a point in 7 at which w = 0. Since w is continuous and negative at time ¢t = 0, there exists a first
time ¢ at which this occurs. So, let (%,%) € Qr be such that w(#,%) = 0. Then w;(Z,t) > 0 and, as 7 is a

local max of w(-,t), we see Aw(%,t) < 0. Thus, at (,1),

0<w; —Aw
=(u—v) — A(u—v) — 2Meexp(2Mt)
=v? —u? — 2Me exp(2M1)
=02 — [v+ eexp(2Mt)]*> — 2Me exp(2Mt)

(1039)
= —? exp(4Mt) 4 2[—v — M]e exp(2Mt)

VAN

—e? exp(4Mt) + 2[Jv| — M]e exp(2M1t)

< —% exp(4Mt)

A

0,
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a contradiction. Consequently, w < 0 in Qp. Together our results demonstrate w < 0 in R™ x [0,7],
ie.,

u—uv <eexp(2Mt) in R™ x [0,T]. (1040)

Reversing the roles of u and v in the definition of w and repeating an analogous argument reveals

v—u <eexp(2Mt) in R" x [0,T], (1041)

and the result follows from (1040) and (1041). O
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S15.8. a) Sketch the phase plane for the dynamical system
=z(1-y"), 5=yl -2%. (1042)

Include behavior of trajectories that start near the equilibrium points [it is sufficient to determine what
the type of each equilibrium point is; you do not need to calculate the eigenvectors], and of any trajectories

that connect equilibrium points, along with the asymptotic form of the trajectories for large x and y.

b) Suppose instead the dynamical system was slightly modified to read
i=x(1—y%), §=y*(1—-2?. (1043)

Prove the equilibrium point (z,y) = (1, —1) is stable.

Solution:

a) The equilibrium points are (0,0), (+1,+1), and (F1,+1). The Jacobian J(z,y) for the system is

0t /0x 0xz/0 1—y?2 -2z
J(z,y) = / /9 = Y Y . (1044)
0y/0x  0y/dy —2zy 1—a?
This implies
1 0
J(0,0) = , (1045)
0 1

which has the repeated eigenvalue 1. Thus, (0,0) forms a source. Additionally,

0 -2 0 2
J(£1,£1) = and J(F1,+1) = , (1046)

-2 0 2 0
and so for all the Jacobian matrices in (1046) the eigenvalues are A = 2. This shows (£+1,+1) and
(F1,+£1) form saddle points. Nullclines occur along y = 1, x = 0, = 1, and y = 0. With this, we

obtain the following plot.
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Figure 25: ODE Phase Plot for S15.8.

We note that along y = = we there is a trajectory from (0,0) to (1,1) and from (0,0) to (—1,—1).
Similarly, along y = —x there is a trajectory from (0,0) to (1,—1) and from (0,0) to (—1,1).

Now, for large z and y, we see

dy ¢ —ya?
Y_Y. yf”2=§ — ydy=zdr = 2-2=C, (1047)

dr & —xy

for some C' € R. This shows the asymptotic form of trajectories for large = and y is that of a

hyperbola.

We proceed by applying Lyapnov’s second method. We must show there exists a Lyapunov function
V(z,y) such that V(1,—1) = 0, V(x,y) > 0 in a neighborhood of (1, —1), and V < 0. Manipulating

our ODE reveals
dy g y*(1—a?) —2 1
dz & xz(1—y?) (y ) Y (x ac) “ ( )

and upon integration we find there exists & € R such that

72

0=y ' +y+In(z) 5

+a, (1049)
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for some o € R. Define the Lyapunov function V(z,y) via

1 .%'2 5
Vie,y) ==y —y—In(z) + 5 - 5. (1050)

Note V(1,—1) = 0 and

. 1 ) 1\ .
V = <y2—1>y+<x—x>x
1 1
== (1-y)y+-(*-1)z
2 - v)it (@71 (1051)
=1 -y*)(1-2%) + (z* - 1)1 - y?)
=0.
Thus, V < 0. Furthermore, rearrangement reveals
1 1 5
V=— (y2—1—1)+(x—ln(x))+f(x2—2x) - =
Y 2 2
1 1
:—g(y2+2y+l) +(x—1—ln(:c))+§(:c2—2x—l—l) (1052)
1 2 -1 2
:—@Z)+(x—1—1n(x))+ (@ 5 )’

For g € (0,00) and f(z) := In(x), Taylor’s theorem asserts there is £ between 1 and ¢ such that

fla) = f)f W) —=1) + f"(€)q - 1)° (1053)

which implies

1
7-1-1n(0) = (g~ 1) ~n(g) = (1) = F(©a -1 =0+ zla-1*>0.  (1054)
Consequently, the second term on the final line of (1052) is positive whenever x € (0,00) — {1}. The
first term is positive whenever y < 0. Thus, V(z,y) > 0 whenever z > 1 and y < 0, and , in particular,

in a neighborhood about (1, —1). Thus, we conclude from Lyapunov’s theorem that (1, —1) is stable.

O
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2014 Fall

F14.1. An ecosystem contains two species. At time ¢, there are x individuals of species 1 and y individuals

of species 2. The dynamics of the two populations are described by the Lotka-Volterra equations

=2 —2—ay, y=y—xy. (1055)

a) Describe in words what the terms in the equations might represent.

b) Sketch the possible trajectories of the ecosystem in the (z,y) plane. Your sketch should include any

equilibrium points, null-clines, and the behavior of trajectories if x and y are both large.

Solution:

2)

First we consider ©#. The 2x term could represent the reproductive growth, meaning that as the
population of species 1 grows more individuals of species 1 will be born. The 2? term could model
a restriction on growth due to limited resources as x increases. The xy term could represent a
competition between the two species. Similarly, for g, the y terms represents population growth and

the zy term corresponds to a reduction in population due to competition between the species.

We first analyze the ODE system. The equilibrium points are (0,0), (1,1), and (2,0). The Jacobian

for the system is given by

ot /0x 01/0 2 —2r — -
J(z,y) = HO0w 080y ) _ Y . (1056)
0y/ox 0y/dy —y 1—=x
This implies
20
J(0,0) = , (1057)
0 1

which has eigenvalues 2 and 1, thereby implying (0,0) is an unstable source. Then

J(1,1) = ! , (1058)
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which has eigenvalues A = (=14 3)/2 = —2,1. Thus, (1, 1) forms a saddle. Lastly,

Heaton

(1059)

which has eigenvalues A = 0, —1. This implies (2, 0) is a sink. The null-clines are z = 0 and y = 2 —x,

at which £ = 0, and y = 0 and x = 1, at which ¢ = 0. The trajectories are given in the figure below.
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Figure 26: Trajectories plot for F14.1.

Lastly, for z and y large, we see

dy g y—ay —zy Yy

—_ = ~

dr & 20—22—-2y —z(z+ty) x+y

Writing this in standard form yields

where P(y) = —y~!'. Multiplying by the integrating factor

1(y) = exp (/ P(y) dy) = exp (— In(y)) = é
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yields
d 1d 1
dy M “ydy Ty 0 TTvme)ECy (1059

for some scalar C' € R. This gives the form of trajectories when x and y are large.
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F14.2.

a) Find the eigenfunctions and eigenvalues for 1 < z < 2 of the homogeneous ODE

22y + 2y + My =0, where y(1) =y(2) = 0. (1064)

b) By expanding in these eigenfunctions or otherwise, solve the inhomogeneous ODE

22y + zy' 4+ 3y = xIn(z), where y(1) = y(2) = 0. (1065)

Solution:

a) This Cauchy-Euler equation admits solutions of the form z™. Plugging this in yields
0=2a"(m(m—1)+m+ ) =2"(m*+ 1) forallze(l,2), (1066)

which implies m = £+v/—\. Therefore, the general solution to the ODE is of the form
VA gV (1067)

Y =C1T

We now consider the three possible cases to determine the form of the eigenfunctions.

Case 1: Suppose A = 0. This would imply that y = « for some constant a. The boundary condition
then implies a = 0, making the eigenfunction y identically zero, which contradicts the fact that ei-

genfunctions are nonzero functions.

Case 2: Suppose A < 0. Let p:=+/—A. Then observe the first boundary condition implies

C1

0=y(l) = [clx“ + 021:_“] o =Ctc = P —1. (1068)
2
Similarly,
0=y(2) = [aa + e #] _, =2 +e2 = Lo (1069)
- e
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Combining these two results reveals

C2

a contradiction.

Case 3: Lastly, suppose A > 0. Set a := /A so that we may write

y =12 + cor = ¢y exp (In(z")) + co exp (In(z 7))
= ¢y exp (ialn(x)) + ¢y exp(—ialn(z)) (1071)

= dy sin(aIn(x)) 4 da cos(aIn(x)),

for some scalars di and ds, where we recall the relation e’ = cos(#) + isin(#). Then observe
0=y(1) = dysin(a(ln(1))) + d2 cos(aIn(1)) = d; sin(0) + da cos(0) = da. (1072)
Since eigenfunctions are not identically zero, it follows that d; # 0. The second condition then implies
0=y(2) =disin(aln(2)) = «aln(2)=kn, (1073)
for some k € Z. Combined with the fact & = v/A > 0, we see the eigenvalues are given by
M= (N ek ezt (1074)
k = 111(2) ) )

and the resulting eigenfunctions are given, up to a scalar constant, by

km
—_— 3 —_ .
Y = sin (1 ) ln(x)> , forall ke Z™. (1075)

b) We proceed by employing Sturm-Liouville theory. Letting p = x, ¢ = 0, and r = 1/x, the ODE may
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be rewritten as
(py") +qy=—Xyr in (0,1),
1-y(1)4+0-4/(1) =0, (1076)

1-y(2)+0-y(2) =0,

which is in Sturm-Liouville form. Therefore, the operator Ly := ((py') + qy)/r = z(xy’) is self-
adjoint with respect to the scalar product
2
(19)i= [ fagtair(a) da. (1077)

This implies the set of eigenfunctions {y;} is orthogonal since for m # n we have A\, # A, and

— A Yms Un) = (LYmsUn) = Ym> Lyn) = =M YmsUn) = 0= (A — An) (Um,Yn), (1078)

and 50 (Y, yn) = 0. Consequently, the set of eigenfunctions {y*} form an orthogonal basis for the
space L?(1,2) equipped with the scalar product (-,-). So, let v be a solution to the given ODE in 2b)

and set g(x) := xIn(x). Then there exists scalars {a;}7°; C R and {f}32,; C R such that

o0 oo
v=> opye and g=_ Bruk, (1079)
k=1 k=1
since ¢ and v are continuous and, thus, in L?(1,2). Observe

Grum) = (O Bt wn) =3 B (o tn) = B (o) = Bu= LY forall n €z
k=1 k=1

<yn7 yn>
(1080)
Expanding our series reveals
o0 o [e.e]
D Bryk=9g=(L+3)v=(L+3)> ary =Y ar(—A+3)ys (1081)
k=1 k=1 k=1
Since the {y*} forms an orthogonal set, we may then equate coefficients to deduce
o = L , forall k € Zt, (1082)
3— Ak

where we note the division is well-defined since our work in a) implies there are no eigenfunctions with
eigenvalue 3. Together, (1079), (1080), and (1082) yields the solution v to the given inhomogeneous

ODE.
O
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F14.3. Consider Burgers’ equation

Uy —+ Uy = 0 in R x (07 OO)? (1083)

u=cos(x) on R x {t=0}.
a) Derive an implicit form of the solution u(z,t) in terms of the initial data u(z,0).

b) What is max,er u(x,t)? You will need to use an implicit expression in terms of the initial data.

Solution:
a) We proceed by using the method of characteristics. Let F(p,q,z,x,t) = q + zp. Taking p = u,,
q = ut, and z = u yields F' = 0 and gives rise to the ODE system of characteristic ODE

&(s) = Fp =2z, x(0) =z,
i(s)=F,=1, t(0)=0, (1084)
2(s)=Fpyp+ Fyqg=2p+q=0, 2(0)=cos(zg).

This implies t = s and z is constant along characteristics. Thus,
t t
x(t) = o +/ z(7) dr = x0 —i—/ 2(1) dT = g + t cos(zo). (1085)
0 0

Consequently,
u(z,t) = z(t) = 2(0) = cos(xp), (1086)

where g is defined implicitly via (1085).

b) We claim that for each ¢ where u(-,t) is defined, max, u(z,t) = 1. This note is important since,
although not noted in any way in the prompt, |u,| blows up by time ¢t = 1. Note u(z,t) is bounded
above by unity for all time since the cosine function is bounded above by unity, i.e., cos(zg) < 1 for
all xg € R. For the characteristic (Z(¢),t) starting at the origin (zo,0) = (0,0), we see cos(zg) = 1.
Whence

1> maxu(x,t) > u(Z,t) = cos(xg) = cos(0) =1 =  maxu(z,t) =1, (1087)

x T

as desired. OJ
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F14.5. Given ¢ € H'(0,1) with ¢(0) = 0, define the energy

1
- /0 B(6x) do — To(1), O(F) = (F*—1)2 (1088)

a) Derive a differential equation (and associated boundary conditions) satisfied by the extrema of this

energy.

b) Are the extrema unique?

Solution:
a) First define the admissibility class A := {y € H(0,1) : y(0) = 0} and note A is a closed subset of
H'(0,1). We seek to identify a PDE satisfied by extrema of e : A — R. Let u € A be an extrema of

e. For all nonzero ¢ € R and v € A we see u +cv € A and

) dz — To(1). (1089)

(u—i—ev / wux%—svw — P(vg

We shall compute the first variation, but first justify its existence. Note 1 may be expanded and

written as a polynomial, i.e., there exists scalars cg, c1, ¢2, c3, ¢4 € R such that

4
a)=> o, (1090)
k=0

which implies

Y(uz +evz) — P(u

Cl ( Uy —1-61}33 — ufé)

Ck ([ (5%)1 — uk> (1091)
0

lzk;ck( ) (ev,)’.

||
e
B Mu;
o

:II

k=
For each nonzero ¢ € (—1,1), it follows that

@Z)(Ux + 5Ux -
g

k—¢, ¢
Uy V-

(1092)

- n k ’ ‘ k
= Ck i
k=1 (=1
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Note the right hand side is contained in L!(0,1) due to the fact u,, v, € L?(0,1) and the embedding
of LP spaces. Whence the left hand side is dominated by an integrable function, and the dominated

convergence theorem implies

e(u + ev) — e(u)

de(u,v) = lim

e—0 €
1
_ lim/ ¢(uz + 6’[13:) — @Z}(Uz) dr — Tv(l)
o © (1093)
1
_ / lim @Z)(um + 5Ux) B @Z}(’Uz) dr — Tv(l)
g €0 €
1
= / Y (ug)ve dz — Tw(1).
0
Integrating by parts reveals
1
de(u,v) = / =0y [V (ug)] v dz + [1//(ux)v](1) —To(1)
0 (1094)

1
_ /0 =0 [¢'(uz)] v dz + 0(1) [¢'(up (1)) = T] .

Since v was chosen arbitrarily and the fact u is an extrema implies de(u,v) = 0 for all v € A,

we deduce u satisfies
9u[Y'(uz)] =0 in (0,1),
V' (uy) =T on {x =1}, (1095)

u=0 on {z =0}

b) We claim the solutions are not necessarily unique. For example, suppose 7' = 0. Then observe u = 0
and u = z are distinct and both satisfy u(0) = 0 and

[ (uz)],_, = [4ua(uf —1)] _, =0="T, (1096)

and

0o [¥' (ug)] = 0z [4ug(u —1)] = 0,0 =10 in (0,1). (1097)

This shows the solutions to (1095) are not necessarily unique.
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2014 Spring

S14.6. The function y(t) satisfies the ODE

ij=—y(1-y)> (1098)

a) Determine the stability of any stationary points (justify your answers).
b) Sketch the solution orbits in the (y,y’) phase plane.

¢) Now suppose that damping is added to the system to yield

i+ lyly = —y(1—y)*. (1099)
Prove the point (y,y’) = (0,0) is asymptotically stable.

Solution:

a) Let 2 = ¢ so that the ODE may be rewritten as the system
g=o, @=—y(l—y)> (1100)

The equilibrium points are (z,y) = (0,0) and (z,y) = (0,1). Since

ot 0Oy 0 9

- —y(l — —[z] =0, 1101
et 5= 5 (v =9 + 5 ] (1101)
the system is Hamiltonian. This implies each equilibrium point is either a center or a saddle. The

Jacobian J(z,y) for the system is given by

0i/0x 0%/0 0 —14 4y — 3y>
Ty = | OO 020y _ IR (1102)
oy/ox  0y/dy 1 0
Thus,
0 1
J(0,0) = , (1103)
10
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which has eigenvalues A = +i. Therefore, (0,0) is a center, which is stable. Also,
0
J(0,1) = . (1104)

which has 0 as its repeated eigenvalue, and this does not reveal whether (0,1) is a stable or not.
However, that just to the above (z,y) = (0,1) we see & < 0 and just below (0,1) we see & < 0 also.
And, just to the left of (0,1) we see ¢ < 0 while to the right of (0,1) we see y > 0. So, (0,1) must be

an unstable saddle.

b) We sketch the solution in the figure below.

Figure 27: ODE plot for S14.6.

¢) We proceed by applying Lasalle’s theorem. To show (0, 0) is asymptotically stable, it suffices to define
a function V (z,y) for which V(0,0) = 0, V(x,y) < 0 everywhere, V(x,y) > 0 in a neighborhood of

(0,0), and (0,0) is the unique fixed point for which V(z,y) = 0. We first derive such a function V,

using the undamped version of the ODE system (&, 7). Observe®’

dy T ~ 2 <3\ 7~ ~ g~
G- Sa—p — (Curt-g)di=ad (1105)

40 Alternatively, we could take the approach of integrating to find the Hamiltonian, as done on other exams.
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Integrating reveals there exists o € R such that

0= -+ +—+a (1106)

P2 gt @
2 3 4 2

Define the Lyapunov function V(z,y) via

2 3 4 2
yo 2y Yy
v LYy 2 1107
wy) =L - L, 2 (107
Then V(0,0) = 0. Furthermore, for the damped ODE we see
g=x, @=—y(l-y)?*—lyl, (1108)
and so
V= (y—2y+y3)y’+mi:
=y(1 - y)*y + i
= y(1—y’z+z [—y(1 —y)* — [yla] (1109)
= —Jyl2?
<0.

Furthermore, as y — 0, the y? term in V(x,y) dominates, and so

1'2—|-2

V(z,y) ~ asy — 0, (1110)

revealing V' (z,y) > 0 in a neighborhood of (0,0). Lastly, note (1109) shows (0,0) is the only fixed

point of V for which V = 0. Thus, we conclude (0,0) is asymptotically stable.
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S14.7. Let u € C?(Q) with u(x) + Vu-n(z) = 0 for x € 9Q where n(z) is the outward normal for z € 9.

Consider r : C?(Q2) — R defined as the scalar r(u) such that
E(r(u)) < E(a), for all a € R,

where

E(a) = /Q(Au + au)? dz.

a) Show that
_ Jo IVul? dz + [, u? da.

r(w) Jou? dx

b) Show that if v minimizes r (over functions that satisfy v + Vv - n = 0) that

— Av =r(v)v.

Solution:

a) Define ¢(¢) := E(r(u) +¢). Then
#(e) = d% [/Q(Au F(r(u) + e)u)? dx}
::j/ 9 [

QO Oe

= Q/Q(Au—i— (r(u) +e)u)-u de

(Au+ (r(u) +e)u)?] da

= — u2 riu u2 i u-n)u do
_gé |Vul* + (r(u) +¢) c1+2/(v Ju d

[2}9]

:;/—wm%umm+fm%M—2/ u* do.
Q onN

By our hypothesis (1111), ¢'(0) = 0, which implies

(1111)

(1112)

(1113)

(1114)

(1115)

0:/ —|Vaul? + 7(u)u? dar—/ u? do = — [/ |Vul? dx—i—/ u? da] —|—r(u)/u2 dz, (1116)
Q o9 Q o9 Q

upon which rearranging yields the desired equality (1113), where we note r(u) is a constant with

respect to the integration and can, thus, be pulled outside the integral.
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b) First note r(u) is scale invariant, i.e., r(cu) = r(u) for all ¢ # 0. This follows from the linearity of the

integral and (1113). Consequently, the minimizer v of r is also a solution to
mmJ / |Vu|* da +/ u? do,

A={uecC*Q) :u+Vu-n=0, Glu) =1}, G(u) ::/ﬂu2 dz.

where

Lagrange’s theorem for multipliers asserts there exists A € R such that v satisfies
0J(v,w) = MG (v,w), forall we A.
Through direct computation, we see

d
& [J(u+ cw)].—g
d
= [/ |Vu + eVw|? d:c+/ (u + ew)? da]
o0N e=0

:/QVU-dex+/ 2uw do
Q o0

0J (u, w) =

:/—ZwAu dx+/ 2(u+ Vu-n)w do
Q i)

=0

:/ —2wAu dx.
Q

Similarly,

&me%:iJGw+5wm(fii[lku+m@2m%€0:L;MMdm

Compiling our results yields

= /(Av +Wwdr = —Av=)\v,
Q

(1117)

(1118)

(1119)

(1120)

(1121)

(1122)
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where the implication holds since the first equality holds for all w € A. However,

r(v)—/ Vo2 d:r—l—/ o? do
Q o0
:/—vAvdx—{—/ (v+ Vv -n)vdo
Q

o
~ (1123)
= / \v? da
Q
=\
Whence (1122) and (1123) imply (1114) holds, as desired.
U
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S14.8. Consider Burgers’ equation
ur + f(u)y =0 (1124)

2

for u(x,t) over the periodic domain (0,1) x (0,00), where f(u) = u?. Solve the periodic initial value

problem for u(z,t) with initial data

1 if0<z<a,
u(z,0) = (1125)

0 ifa<z<l,

for an arbitrary « € (0,1).
Solution:
We proceed by using the method of characteristics. Let F(p,q, z,x,t) = q+ f'(2)p = g+ 2zp. Taking p = u,,

q = ut, and z = u yields F' = 0 and gives rise to the system of characteristic ODE

i(s)=F,=1, t(0)=0, (1126)
i(s) =Fpp+ Fyq=2p+q=0, 2(0)=0.

This implies t = s and z is constant along characteristics. Thus,

t t xo+t, if zg € (0,a),
z(t) = xo + / (1) dr = a0+ / z(1) dT = o + g(x0)t = (1127)
0 0 Zo, if zp € (a, 1),

where we set g(z) := wu(z,0). This shows the characteristics crash immediately at (a,0). Now we must
consider two separate cases:
Case 1: a > 1/2. Applying the Rankine-Hugoniot (RH) condition yields that the shock curve, parame-
terized as (s(t),t), satisfies s(0) = o and

flug) = f(ur) _ 5-145-07 1

t
o _ _1 P 112
5(t) w 0 5 = s(t) =a+ 5 (1128)

A time t* = 2(1 — «) < 1, the shock curve hits (s(t*),t*) = (1,t*), at which we must again use the RH
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condition to determine the future behavior of the shock curve. In (0,1) x (0,¢*) we have

x/t if0<z<t,
u(a,t) =41 ift <z <s(b), (1129)

0 if s(t) <z <1,

where the value for 0 < x/t < 1 is determined by assuming w is of the form wu(z,t) = v(z/t) and plugging
this into our PDE to find

x xr v x x
Ozut—i-f’(u)uggzvl-—t—g—i-w’-;—;[v—ﬂ - v=7, (1130)
assuming v is nonzero.
For time ¢ > 1, the RH condition for the shock curve reveals
1 2., 1.2
— 5-(z/t)"+5-0
ﬂﬂ:ﬂw>fW”:2(W) 20 T (1131)
Up — Uy xz/t—0 2t
Using separation of variables with x = s(t) gives
ds dt
5
where C is such that s(t*) = 1.
(Return and complete. This is MESSY.) O
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2013 Fall

F13.1. Consider the ODE system

t=v, v=-——(x)—av, (1133)
for a given function ¥ (z) € C?(R).
a) Find all stationary points and analyze their type when ¢ (z) = %(:cQ —1)2
b) Sketch the phase plane for 1(z) = $(2? — 1)2.
c¢) Show that H(x,v) = % + 1(z) is nonincreasing in time.

Solution:
a) Since ¥/(z) = 2x(2? — 1), we see the stationary points are (z,v) = (£1,0) and (z,v) = (0,0). The

Jacobian for the system is given by

0x/0x 0%/0y 0 1
J(x,y) = = . (1134)
9y/0x 9y/dy —¢'(z) —a
Then observe
P (x) = i 2zt - 1) 22| = d 227 — 22] = 62* — 2 (1135)
dz |2 dz ’
From this, we see
0 1
J(0,0) = ) (1136)
2 —«
which has eigenvalues
o+ Va2
\— %M (1137)
and so (0,0) is a saddle point. In similar fashion,
0 1 0 1
J(£1,0) = = , (1138)
—(6-1-2) —a S R—
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which has eigenvalues satisfying the characteristic equation

—a++va?2-16

0=XA4+a)+4=X+X a+4 = A= 5

(1139)

We assume « corresponds to a damping term and can be taken to be positive. In this case, we see the
real portion of the eigenvalues of J(+1,0) is negative. Then (£1,0) can be characterized according
to the following cases. If o € (0,4), then the eigenvalues are complex-valued and (£1,0) correspond
to inward pointing stable spirals. If o = 4, then (£1,0) correspond to nodes. And, if a > 4, then
(£1,0) form sinks.

b) The phase plane for a = 1 is given below.

v
el ]
11 ]
0 X
-1t ]
-2l ]
-2 -1 0 1 2
Figure 28: Phase plane for F13.1.
c¢) Differentiating in time reveals
H=vo+¢(2)i =v(—¢(z) — av) + ¢/ (z)v = —aw? < 0. (1140)

This shows H < 0, and so we conclude H is nonincreasing, as desired.
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F13.2. Let f: R2 = R, g: Q — R for Q C R% Let E(u) be defined as

1
E(u) = / fug,uy) + gu dA + / u? do, (1141)
Q 2 Joa

for u € C*(Q).
a) Suppose f(v,w) = 1(v? +w?) and g € L*(Q). Show that the minimizer exists in H!(€2).

b) What differential equation with what boundary equations does the minimizer of E over u € C?({2)

satisfy? Assume f € C%(R?) and g € L?(Q).

Solution:

a) Letting z = (z,y), note the functional may be rewritten as

1 1
E(u) :/ ~|Dul® + gu dz + / u? do. (1142)
02 2 Joo

For notational convenience, set H := H'(Q) and let {-,-) and || - |z be the usual scalar product and

norm on H, respectively. We claim there exists a unique w € H such that
Bla,v] = 4(v), forallve H, (1143)
where we define the bilinear form B and the linear form ¢ via

Blu, v] ::/Du-Dv dz+/ Tuv do and /¢(v) ::—/gv dz, (1144)
Q o9 Q

with T' denoting the trace (which we shall omit writing). This implies, for all v € H and ¢ € R,

E(u+cv) = /

1 1
5|Dﬂ+5Dv]2 +g(@+ev) dz + 2/ (@ + ev)? do
Q

o9
.o _ e? 2, 1 ) — 2,2
= | =|Du|*+eDu- Dv+ —|Dv|* + gu+egv dz + - u” + 2euv + v do
Q2 2 2 Jan
X , (1145)
= E(T) + ¢ (B[, v] — {(v)] + £ [/ | Dvl? dz+/ v? da}
2 Ja 2 Joo

1 1
= E(u) + &2 [/ | Dvl? dz—l—/ v? do’}
2 Ja 2 Joo
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Consequently, for all v € H,

E(u — FE(u 1 1
6E(u,v) = lim (@ +ev) (@) = lim ¢ [/ |Dv|? dz + / v? da] =0. (1146)
2 Ja 2 Joo
Therefore, @ is a critical point of E. Furthermore, F is convex since, for all u,v € H and X € (0, 1),
1 1
B+ (1= ) = Zl]ADu+ (1 - N Dol 2y + SlAu+ (1= N0l Z2 00y + / gl u+ (1= A)v] dz
Q

1 1
<A [2”DUH%2(Q) + 5“““%2(69) + /qu dz}

1 1
=) |3ID0l ey + ol + [ v 03

= AE(u) + (1 — N\)E(v),
where we note norms are convex, compositions of convex functions are convex, and ¢(«) :(10%171%
convex since ¢ (a) = 2 > 0. Therefore, all critical points of E are minimizers of F, from which we
conclude w € H is a minimizer of F.
All that remains is to verify (1143), which we do by applying the Lax-Milgram theorem. It suffices
to show B[-,] is bounded and coercive and £(-) is bounded. Assuming € is bounded and 99 is C*,

the trace theorem implies there exists C' > 0, dependent only on 2, such that

| Blu, v]| < [[Du - Dv|[p1qy + |luv]| 1 (q)

< |[Dull 2 |1 Dv|| L2 (0) + [lull 200 [1v] L2 (00

(1148)
< ullzllollz + Cllull 2@ vl 2@
< @+ O)ullgv]l&,
where we have made repeated use of Holder’s inequality above. Observe £ is bounded since
1) < llgvllizre) < llgllz@llvllzz@) < lglliz2@llvlle,  forallve H. (1149)
Lastly, by way of contradiction, suppose B[, -] is not coercive, i.e., there does not exist a scalar 5 > 0
such that
Bllull3;, < Blu,u], for all u € H. (1150)
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This implies there exists a sequence of nonzero functions {u*} C H such that

1
lim Blu*,u*] < E||u’“||§,, for all k € N. (1151)

k—o0
Setting v* := u*/||u*| g yields |[v¥||g = 1, for all k € N, and
. k2 k2 . koo k
klggo | Dv HL2(Q) + || Tv HL2(89) = klgfoloB[U ;07 =0. (1152)

41

Assuming 99 is C' and Q is bounded, the Rellich-Kondrachov compactness theorem?®! asserts H

is compactly embedded in L?(2). Thus {v*} is precompact in L?(Q), i.e., there is a subsequence

{v™} C {v*} and v* € L?(Q) such that
lim [[v"™ —v*||f2(q) = 0. (1153)
k—o0

Let a be a multi-index with |a] =1 and ¢ € C°(€2). Then observe

/ V" 0% dx
Q

where the final equality holds by (1152) and the second inequality is an application of Holder’s

lim
k—oo

= lim ‘—/ PO%v"™ dx
o0 Q

k—

< klingo 9O V™ || L1 () < klglolo 91l L2y 1DV || £2(0) = 0,

(1154)

inequality. Similarly, (1153) implies

lim
k—o0

/Q(v* — ") da

< lim [[(0" = 0™l a(y < Jim [lo* — 0" 2oy |l z2gy = 0 (1155)
—00 k—oo
These two results reveal

/ v°0% de = lim [ (v =0 +0™)0% dz = lim [ (v —0"* )¢ da —I—/ V"™ 9% dr = 0. (1156)
Q k—oo J k—oo J Q

By the arbitrariness of a and ¢, this implies v* has a weak derivative Dv* and Dv* = 0 a.e. in ),

41Gee Theorem 1 on page 288 of the PDE text by Evans.
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i.e., v* is constant a.e. in 2. Again using the trace theorem, we see

L2 o0y = lim [l = o™ [ z2a0) + [[v™ [ L2a0)

< lim C|lv* — 0™ 12(q) + [V || L2(80
k—o0 @ o (1157)

=C0+0

=0,

where the third line follows from (1152) and (1153). Since v* is constant a.e., this reveals v* = 0 a.e.

in Q. Therefore,
1= i o = Jim o 3y + 100" a0y = Jimn o™ = 0¥ 30y + 1D gy = 0, (1158)

which implies 1 = 0, a contradiction. Whence the initial assumption was false, and the result follows.

b) Using a general f € C2, we compute the first variation of E,
d
6E(u7 U) = di8 [E(U + 82})]5:0

d 1
=1 [/Q f(Du+eDv) + g(u+ev) dz + 5 /89(u + ev)? da] . s

= [/ Vof(Du+eDv) - Dv + gv dz+/(u+sv)v da}
Q Q e=0

:/qu(Du)-Dv—i—gvdz—}—/ uwv do,
Q o0

where we let ¢ = (u, v) denote the input argument of f. Note this generalizes the form of B[u, v]—£(v)
in a) where there f(Du) = %|Du|? and Vqf(Du) = Du. If u € C*(Q) is a minimizer of F, then
dE(u,v) =0 for all v € H, which implies

0:/ Vqf(Du) - Dv + gv dz+/ uv do
2 o0 (1160)

—/(—VZ-[qu(Du)]—l—g)v dz+/ (Vof(Du)-n+mu)v do,
Q o0
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where n is the outward normal along 9€). By the arbitrariness of v, it follows that @ satisfies

-V, [Vof(Du)]+g=0 inQ, (1161)

Vof(Du)-n+u=0 on 0.
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F13.3. Consider the initial value problem

w+ f(w)e =0 inR x (0,00), (1162)
u=¢ onR x {t=0}.

Assume there exists # > 0 such that f”(u) > 0 for all u. Show that if ¢(z) = —=z, then |uy| — oo
in finite time.

Solution:

We proceed by using the method of characteristics. Define F(p,q,z,z,t) = ¢ + f'(2)p. Taking q = uy,
P = Uy, and z = u yields F' = 0 and gives rise to the ODE system

p(s) = —Fp — Fop=0— f"(2)p*, p(0) = -1,
i(s) = —F — F.q=0— f"(z)pg, q(0) = —f'(2(0))p(0),
i(s) = Fp, = f'(z), x(0) = o, (1163)

t(s)=F,=1, t(0)=0,

2s)=Fp+F,q=f(z2)p+q=0, z(0)=—x.

This implies t = s and z is constant along characteristics. Additionally,
B(s) = —f"(2(s))p*(s) < —0p*(s) <0, (1164)

which shows p(s) is nonincreasing. Combined with the fact p(0) = —1 < 0, we deduce p(s) < —1 < 0 for

all s. Moreover, using separation of variables reveals

~ t
/ é; / —f"(2()) dr < / —0 dr = 61, (1165)
p(0) p 0

which implies

VA . . S (1166)
p(t)  p(0) p(t) P p(t)
Thus,
0= lm 0< lm —< lim 1-60t=0, (1167)

t—(1/6)~ t—(1/0)~ |p ( )| T t=(1/0)-
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and so the squeeze lemma asserts 1/|p(t)] — 0 as ¢t — (1/6)~. However, this is the case if and only if |p(t)]

diverges by the time ¢t = 1/6. Consequently, we conclude |uz| = |p(t)| — oo in finite time. O
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F13.4. Consider the PDE*2

Ugt + CUgper +auy =0, in R x (0, 00),
u=¢ on R x {t =0}, (1168)
ur =1 on R x{t=0},
where a > 0 and ¢ and 1 have compact support.

a) For solutions with compact support, define an associated energy F(t) that is nonincreasing in time.
b) Use this to show that solutions to (1168) are unique.

Solution:

a) Define the energy by

1
E(t) == 3 /]Rut2 + cu?, da. (1169)

For solutions with compact support, this choice of energy E(t) is well-defined. Differentiating in time

reveals
E(t) = / Ut + gy tipgt AT
R

2
= / Ul — C UpgpUge AT
R

Ug (utt + CQUCE$$J}) dz (1170)

J,

/ —au? dx
R

0.

IN

The second and third lines hold via integration by parts, noting the boundary terms vanish since
u is assumed to have compact support. This shows E(t) < 0 for all t € [0,00). Whence E(t) is

nonincreasing.

b) Suppose u and v are solutions to the PDE (1168) with compact support. Then set w := u — v, which
implies

Wit — CWazre +awy =0 in R x (0, 00), a171)

w=w;=0 onR x {t=0}

42We have changed the PDE to have a “+” rather than a “” following u; as there appears to have been a typo in the
original prompt.
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Thus, it suffices to show w = 0 in R x (0, 00). Now consider the energy E(t) defined as in (1169), but
with w in place of u. By (1171), we know w; = wgz; = 0 on R x {t = 0}, and so E(0) = 0. And, by
our result in a), we know E(t) is nonincreasing. However, since the integrand in the definition of E(t)
is nonnegative, we deduce 0 < E(t) < E(0) =0, and so E(t) = 0 for all ¢ € [0, 00). Assuming ¢ # 0,

this implies wy = wgz, = 0 in R X (0,00). Thus, w is constant in time and linear in z, i.e., of the form

w(z,t) = a1z + ag, (1172)

for some constants aq, s € R. Because w(0,0) = 0, we know ae = 0. And, since ayxz = w(x,0) =0
for all x € R, a3 = 0 also. (One could also argue from the compact support of w, arising from the

compact support of u and v.) Therefore, w =0 in R x (0,00), as desired.
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F13.5. Let u(z,t) be the solution of the Cauchy problem for the heat equation

ug —ugy =0 in R x (0,7),

(1173)
u=0 onR x{t=0}.
Prove that if there exists scalars C' and a such that
lug| < Ce™”  and 10Pu| < Ce™  in R x (0,7), (1174)
where (3 is any multi-index with |§| < 2, then u = 0.
Solution:
(See Theorem 6 on page 57 in §2.3 of the PDE text by Evans.) g
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F13.6. Consider the Cauchy problem

ug —uy +u? =0 in R x (0,7),
(1175)
u=1 on R x {t =0},

where 1) is smooth with compact support. Prove the existence and uniqueness of a smooth solution
when T is small.

Solution:

We begin by analyzing our PDE via the method of characteristics. Define F(p,q,z,z,t) :== q — p + 22
Taking ¢ = us, p = u,, and z = u, we see F' = 0 and obtain the system of ODE

i(s) = F, =1, #(0)=0, (1176)
i(s)=Fpp+ Foq=—p+q=—22 2(0) =1(z0).

This implies t = s, x = x¢ — t, and

2(t) = 2(0) +/0 (1) dr = ¢(x + t) —/0 22(7) dr. (1177)

Let T € (0,00) be chosen sufficiently small to ensure

1
AT¥llo < 5, (1178)

where || - ||oc denotes the sup norm and ¢ € L>(RR) since 1) is smooth with compact support. Thus, (1177)

reveals u is a solution to the PDE if and only if u is a fixed point of the operator ¢ : V' — V defined by

o(u)(x,t) ==z +1t) — /0 w?(z — 7, 7) dr, (1179)

where we note our above results show the characteristics are linear, originating at (z,0) and proceeding in
the direction (&,) = (—1,1), and we set V := B(R x (0,7) — R) to be the space of bounded continuous
functions mapping R x [0,7") into R. Observe V is a complete metric space when equipped with the sup

norm || - {|co-

276 Last Modified: 4/26,/2019



ADE Qual Notes Heaton

We shall now obtain our result by applying the Banach fixed point theorem. Let W :={w € V : ||w||oc <
2|Y]|oo}- We claim W is closed, and so W C V is complete also. To apply the theorem, it suffices to
show the restriction of ¢ to W maps into W and that ¢ is a contraction. Indeed, by our choice of W, the
definition of ¢, and the inequality (1178),

1
lo(w)lloo < [¥lloo + Tlwll* < [¥lloe +4T Y115 < 1lloo+ 5 1¥lle0 < 2Wlle = @(w) € W. (1180)

Next, for all u,v € W and (z,t) € R x [0,T), we see

() (@, ) — () (@, )] = ‘—/0 W@ — 7, 7) — 02z — 7, 7) dr

T
< [ lu=oleluct vl dr
0
(1181)

= Tlu = vjoflu + vl

< AT |||l = vlloo

—_

< Sllu—vle.

Since the right hand side above forms an upper bound among all (z,t) € R x (0,7), it follows from

the definition of the supremum that

i) = 9(0)loe < 3 10— vlec (1152)

i.e., ¢ is a contraction on W. Whence ¢ has a unique fixed point in W. Since the fixed points of ¢ are

solutions to the PDE (1175), the result follows.

All that remains is to verify W is closed. Let {¢y, }nen be any convergent sequence in W with limit ¢. It

suffices to show ¢ is necessarily in W. Since ||on]loco < 2||¢)||0o, for all n € N, it follows from elementary

analysis and the continuity of the norm that
[lloc = lim [lonfloc < lim 2[¢hfloc =2[¢b]l.c = GEW, (1183)
n—oo n—oo

and the proof is complete. ]
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F13.8. Consider the Neumann problem in the half-plane

Au=0 inR x (0,00), (1184)

uy = f on R x {y =0}

a) Show that if f =0 and u(x,y) — 0 as (2% + y*) — oo, then u = 0.

b) Assume f has compact support and [ f(x) dz = 0. Prove there exists a solution to the PDE that

tends to zero when (22 + 3?) — oo.

Solution:

a) Let D :=R x (0,00) and z = (z,y). Then, multiplying the PDE by u, we see

O:/uAudz
D

——/ \Vu]de—i-/ u@da
D op On

——/D\Vu]Q dz+/ u(x,0)uy(z,0) dz

=0
= —/ |Vu|? dz.
D

This implies Vu = 0 in D, i.e., u is constant. Since u — 0 as |z| — oo, it then follows that

0.

(1185)

u

b) Since f has compact support, f is a Schwarz function and its Fourier transform exists. Thus, taking

the Fourier transform of the PDE, in the variable x, reveals

—4m?|€1?0 + Uy =0 in D
€[2 + iy, (1156)
Uy = f on 0D.
Thus,
a(&,y) = C1(§) exp (27[¢ly) + Ca(y) exp (—27[¢ly) in D, (1187)

for some functions C1(§) and C2(&). Since y > 0 and we are interested in solutions that tend to zero
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as y — +oo, we take C1(£) = 0. Then the boundary condition implies

£

exp (=27 [¢ly) - (1188)

We then take the inverse Fourier transform to find an expression describing u(x,y). Observe

ul(,y) = / T I b (Conlely + 2mine) de

—oo 2]
0 0o 7
= ‘};(55) exp (2m(—y +ix)€) d€ + /Oo —‘};(? exp (2m(y +ix)§) d¢
0 1 d
- e+ a
) 1 d .
+ /0 e 3y 4 P Ry + )0 de
R 0 R
_ | f(§) exp(27(y + ix)E) 1 ¢ d | f©
N [2#5 ' 2n(y + iz)€ . a m / d¢ [ 5] *p (2nly +iw)l) do
f(§) exp(2m(—y +ix)¢) *d | f© ,
+ |- oné o=y 1 i2) ] DT E—; /0 T3 [_M] exp (27(—y +iz)§) dx.
(1189)
The other condition on f implies f(0) = f/(0) = 0. With the fact that f — 0 as [£] — oo,
[ J;(? exp(2mi&(—y + ix)) = {l_i)%l_ —‘gfg exp(2mi(—y +iz)) = 0. (1190)

Similarly, the other boundary condition terms vanish. Letting «; and g be the remaining integrals

following the final equality in (1189), which are finite since the inverse Fourier transform exists, we

see
(05} a9
Y) = - ; 1191
u(z,y) 27 (y +ix) * 21 (—y + ix) ( )
which implies
lu(x,y)| < ol + Jaa] —0 asax?+y% — oo. (1192)
21/ 22 + 12

Therefore, the choice of w in (1191) is a solution to the PDE that satisfies the required condition, and

the result follows.
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2013 Spring

S13.2. Let v be a solution to

Ut — Ugy +cu =0 in R x (0,00),
u=¢ onR x {t=0}, (1193)
up =1 on R x{t=0}
Assume c(z,t), p(z), and 1(x) are smooth functions equal to zero for |x| > R. Prove that u(z,t) = 0 for
|z| > R+t
Solution:

Let o > 0, and then fix any 29 € R — B(0, R + to). It suffices®® to show u(xg,t9) = 0. Define the energy

e:[0,ty) —» R via

1

e(t) := / u? 4+ u? d, (1194)
2 Js)

where for each ¢ € [0,ty) we define S(t) := B(0, R+ (tp —t)). By our hypothesis, ¢ =1 = 0 in S(0), which

implies e(0) = 0. Differentiating in time further reveals

1
é(t) = / Uplhyt + Uty AT + / — (uf + ug) v-n do
S(t) as(1) 2

ou 1
= U (Ut — Ugy dx+/ Up— + = u2+ui v-ndo
/S(t) ¢ (e : e "on 2(t )

dS(¢) (1195)
ou 1
= —cu dx—i—/ u— — = (u? +u2) do,
/S(t) as@ On 2 (1 =+ uz)
=0
where v = —n is the Eulerian velocity of the boundary, n is the outward normal along the boundary

0S5(t), and the first integral on the final line vanishes since S(t) does not intersect with the support of c.

For all a,b € R we have

1
0<(a—b?=a*+b*—-2ab = ab< 5(a2+z)2). (1196)

“3From our experiences with grading on the ADE exam, we assume that the graders would not be happy if we merely applied
Duhamel’s principle with d’Alembbert’s formula to assert a formula for u, even though this seems perfectly reasonable to do.
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Combined with the Cauchy-Schwarz inequality, this implies

ou 1
g = ] [ - ] < fulJue| < 5 (uf + u3), (1197)
and so
ou 1 1 1
é(t) :/ up— — = (u? 4+ u> do'g/ —(u? +u?) — Z(u} +u?) do = 0. (1198)
as@y on 2 (1 + 1) asw2 L 2t

This implies e() is nonincreasing. Since the integrand in the definition of e(t) is nonnegative, we see that

0<e(t) <e(0)=0for all t € [0,t). Consequently, u; = uy = 0 in the cone

K(.Zo,to) = {(m,t) 1t e [O,to), WS B(.T[),t — to)}, (1199)

and so u is constant therein. Combined with the fact u = 0 on S(0) x {t = 0}, we see u = 0 everywhere
in K(zg,tp). In particular, this shows u(xo,t) = 0 for all ¢t € [0,%). By the continuity of the solution wu, it
follows that

u(xg,to) = lim u(xg,t) = lim 0 =0, (1200)

t—ty t—ty

as desired. OJ
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S13.4.

a) Let
Au—qu=0 in R", (1201)

where g(x) > 0 is bounded. suppose u(x) — 0 uniformly as |z| — oo. Prove that u = 0.

b) Find a nontrivial solution of

Au+u=0 in R3 (1202)

such that u(z) — 0 as |z| — oc.

Hint: Consider radial solutions.

Solution:
a) Let € > 0 be given. Then choose R > 0 sufficiently large that |u| < e for |z| > R, which is possibly
by our hypothesis. Now let § > 0 and define

wi=u+6(|z|° —2R?). (1203)

Since w is continuous and B(0, R) is compact, w attains its supremum over B(0, R). If this occurs at

an interior point = € B(0, R), then

0> Aw(T) = Au(T) + 2nd = q(T)u(T) + 2nd = q(T)w(T) + 2nd + q(z) (2R — [7[?), (1204)

>0

which implies

qT)w(@) < -2n0<0 = w(T) <0, (1205)

where the implication holds since ¢ is nonnegative. Alternatively, if the supremum is obtained at

T € 0B(0, R), then
w(Z) = u(@) + 6 (|Z]° — 2R?) < e+ 6 (R* — 2R?) = — 6R*. (1206)
In either case, we see
max u— 26R* < max u+ §(|z]> — 2R?) = max w < max{0,e — R}, (1207)
B(O,R) B(O,R) B(0,R)
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and so

max u < max{20R? ¢ + 6R*}. (1208)
B(0,R)

Since § was arbitrarily chosen, we may let 6 — 07 to deduce

max u < €. (1209)
B(O,R)

Consequently, with our initial choice of R, we see

supu < max{ sup u, sup u} < max{e,c}=c. (1210)
R R"—B(0,R) B(0,R)

Since £ was arbitrary, we may let ¢ — 0% to see u < 0 in R"”. By an analogous argument with
inifmums and a choice of w with the sign of the second term flipped, we deduce u > 0 in R", from

which the result follows.

Assume u is radial so that u(xz) = v(r), where r = |z|. For each index 1,

2 2
T; T 1z
Vz; = U/(T)T:ci = 1)/(7“) ) ?Z = Vi = U//(T) ) 7‘7; + U/(T) <T - T‘;’> ) (1211)
which implies
3 2 /
1 =z 20'(r)
Av =Y v"(r) 5+ V' (r) - (T — T;) ="(r) + . (1212)
=1
Therefore,
, 20
0=Au+u=v"+—+u, (1213)
r
and so
0=rv"+20+rv=(rv'—v) + 20 +rv=(rv' +v) +rv = (rv)" +rv=vw" +w, (1214)
where we take w := rv. Since the solution of the ODE for w is well-known to be of the form
w(r) = ¢ cos(r) + cosin(r), (1215)
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we see

_ cpcos(r) e SiH(T). (1216)

T T

Since we want v to be defined for all r € [0, 00), we take ¢; = 0 and ¢z = 1, noting sin(r)/r — 1 as

r — 0. Thus,

sinle) ¢ 4 £
u(z) =4 ™ (1217)

1 if z =0,

forms a nontrivial solution to the PDE a.e. in R? that vanishes as |z| — oo.
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S13.3a. Let D be a domain in R™ with smooth boundaries.** Let u be a H' solution of

—Au+u3=0 in D,
(1218)

u=0 ondD.

Prove u =0in D.
Solution:
Let € > 0 be given. Since u € H}(D) and H}(D) is the closure of all C2°(D) functions in H*(D), there
exists v € C°(D) N H'(D) such that
lu = vl g1 py <e. (1219)

Let us momentarily assume u € C°(D). Then we see

/;(f (1220)

44We omit S13.3b since it appears to have been in error. See Peter and Zane’s notes on this.
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S13.5. Consider the autonomous ODE
U=y, Yo=—y1+(1—yF—y3)e. (1221)

Show that any solution x(t) = (z1(¢),z2(t)) of the above system converges to (sin(t + c¢), cos(t + ¢)) as
t — oo for some constant c.

Solution:

The only fixed point of the system is at the origin. So, if z(0) is at the origin, then z(¢) remains at the
origin for all time. Now assume x(0) is not the origin. We proceed by making the change of variables to a

variant of polar coordinates to write
x = (x1,22) = (rsinf,rcosf). (1222)

Differentiating reveals

d . .
7[7a2]:2mz:2r.w
r

pp =2 (z1(=22) + 22 [—z1 + (1 — r*)22]) = 2(1 — r?)23, (1223)

and so
. 1—r2
r =

22 =71 —1r?) cos? 6. (1224)
,

Since r(0) > 0 and (1224) implies 7 > 0 for r € (0,1), we see r > 0 for all time. Then observe

rcosh =xy =& =7sinf+rfcosd = (1 —6)cosf =7sinb (1225)

Rearranging reveals

' 2
9:1—(1—T2)Sin9(3089:1—1 -

- sin 26. (1226)

Define ((t) := |r — 1|2 and note
¢ =2(r—1)7 =20 —1)r(l —r?)sin?0 = —2(1 — r)*(1 +r)rsin®0 = —2p(1 + r)rsin®0 < 0.  (1227)

And, ¢ > 0. The monotone convergence theorem then asserts ((t) converges to a limit ¢* = |1 — r*|2.
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Consequently, ¢ — 0, and so
0 = liminf ¢
t—00

= liminf —2¢(1 + r) sin® 0
t—00
(1228)
= —2.limsup ¢(1 + r) sin® @
t—o00
= —2¢*(1 +7*) - limsupsin® 4.

t—o0

By way of contradiction, suppose the limit on the final line above is nonzero. This would require there to
exist k € Z such that
lim 0 = km, (1229)

t—o00

which would then imply § — 0. However, if (1229) holds, then (1226) implies

2

lim § = lim 1 —
t—o00 t—o00

-sin20 =1 -0, (1230)

a contradiction. Therefore, the limit in the final line of (1228) must be positive, making the equation hold

precisely when

O=p*=[1-7? — =1 (1231)

Thus, as t — oo, we see r — 1 and § — 1, therey implying § — ¢ + t for some ¢ € R, from which the

result follows. U
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S13.6. Draw the phase space for the competing species system

t=x2—-x—-y), y=yB—2z—1y). (1232)

How likely is it that both species survive?
Solution:

First observe?® the equilibrium points are (0,0), (0,3), (2,0), and (%, %) such that

11 z 2
= , (1233)
2 1 U 3
i.e., (z,9) = (1,1). The Jacobian for the system is given by
0t/0x 0%/0 2—2x— —x
e /9 ) _ Y . (1234)
0y/0x  0y/dy -2y 3—2x—2y
This implies
2 0
J(0,0) = ) (1235)
0 3
which has eigenvalues A = 2,3, and so (0,0) forms an unstable node. Then note
-1 0
J(0,3) = , (1236)
-6 -3
which has eigenvalues A = —1, —3, and so (0, 3) corresponds to a sink. Similarly,
-2 =2
J(2,0) = , (1237)
0 -1

“>This problem is the example at the beginning of Section 6.4 (with the roles of x and y swapped) in Strogatz’s text
Nonlinear Dynamics and Chaos and it follows closely to Problems 6.4.1, 6.4.2, and 6.4.3.
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which has eigenvalues A = —2, —1, and so (2, 0) corresponds to a sink. Lastly,*6
2-F—3)—7 — —j - -1 -1
J(1,1) = = = , (1238)
~2j (3-28-7)-7 25 —j —2 -1

which has the eigenvalues A = —1 4 /2, and so (1,1) is a saddle point. Along the null-clines z = 0 and
y =2 —x we have £ = 0, and along the null-clines y = 0 and y = 3 — 2z we have y = 0. With these facts,

we obtain the following phase plane diagram.
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sob (W10 00
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Figure 29: ODE phase plane for S13.6.

Based on this diagram and the fact that (1,1) is a saddle point and the only equilibrium point as which

both species survive, the likelihood that both species survive is negligible. O

46We write this out in this odd way to shed long on situations where we may not know & and § explicitly, as occurs on some
of the more recent exams.
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S13.7. Let € be a connected, bounded domain in R™ with smooth boundary, and let f,g : R® — R be

smooth. Show there is at most one smooth solution of the PDE

ug — Au+ [Vu? =0 in Q x (0, 00),
u=g on 9 x (0,00), (1239)

u=f onQx {t=0}

Solution:
Let u and v be two solutions to the PDE. Define w := u —v. It suffices to show w = 0 in £ x [0, c0). Using

the definition of w, we see it satisfies

wy — Aw = |Dv|?> — |Dul? in Q x (0, ),
w=0 on dN x (0,00), (1240)
w=0 onQx {t=0}

Fix T > 0 and define Qp := Q x (0,7]. Let I'r be the parabolic boundary of Q. Then fix § > 0

and define @ = w + de’. This implies

Wy — AW = |Dv|?> — |Du|? + et in Qr,
(1241)

t

w = 0d0e" on I'r.

Now let ¢ > 0. Because Qp is compact and % is smooth, @ attains its infimum and supremum over

Q7. By way of contradiction, suppose

infd < —e. (1242)
Qr
Since
W=20de">6>0>—¢ onlyp, (1243)

it follows that any minimizer (%,%) of 1 over Qr is in Qp. Consequently, @;(Z,%) < 0 and, because T is a

local minimizer of w(-,t), we see Aw(Z,t) > 0 and

0 = Dw(z,t) = Du(z,t) — Dv(z,t) =  Du(z,t) = Du(Z,1). (1244)
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Thus, at (Z,?),
0> iy — Aw = | Dv|?> — | Dul? +6e’ = e’ > 0, (1245)
e e Y —
=0

which implies 0 > 0, a contradiction. Therefore, the assumption that (1242) holds was false, i.e.,
infw > —e (1246)
Qp

holds. Because this holds for arbitrary € > 0, we may let ¢ — 0 to deduce

w >0 in Qp. (1247)

This implies

w = — de > —det > —del  in Q. (1248)

Similarly, because (1248) holds for arbitrary § > 0, we may let 6 — 0T to find
w>0 in Qp. (1249)
Since (1249) holds for arbitrary 7' > 0, we may let 7" — oo to discover
w>0 inQx[0,00). (1250)

Because u and v were arbitrary, we may repeat an analogous argument with their roles swapped to deduce

w < 0in Q x [0,00). Whence w is identically zero and the result follows. O
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S13.8. Show that?’

-2 <t+\/3x+t2) if 4z + % > 0,

u(z,t) = (1251)
0 otherwise
is an entropy solution of the equation u; + uu, = 0.
Solution:
Let f(u) := %uQ so that the PDE may be expressed as the conservation law
ur + f(u)y = 0. (1252)

We proceed in the following manner. Let C' be the curve in R x (0,00) parameterized by (s(t),t) =
(—t2/4,t). We show u satisfies the PDE to the left and right of C. Then we must verify the Rankine-

Hugoniot (RH) condition holds along C' and that the entropy conditions

f'(ug) > $(t) > f'(u,) along C (1253)

hold.

To the left of C, i.e., where x < —t2/4, we have u = 0. In this region, it immediately follows that

ws + f(u)y = 0+ £(0) = 0. (1254)
To the right of C, we see
s = —% <1 + %(33; T2y, 2t> - —% (1 Ft(3x + t2)—1/2) , (1255)
and
ux:—§~%~(3x+t2)71/2~3:—(3$+t2)71/2, (1256)

47This is Evans Problem 3.17.
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which implies

—-1/2

(1 + t(3z + t2)’1/2) + (t + (3z + t2)1/2) (3z + %)

(t(Sx F)T2 1) (1257)

ut+f(u)$:_

WIN Wl N
Wi Wl N

(1 +t(3z + t2)—1/2) +

:07

as desired.

We now verify the RH condition holds. Since the limiting value of w from the right of C, denote wu,, is
Up = lim  wu(a,t
T e (—day+ (,¢)

= lim —g (t—i— (3$+t2)1/2>

a—(—t2/4)+

- _g <t+ (3 <—i> +t2>1/2> (1258)

and the limiting value of u from the left is uy, = 0, we see

flug) = flur) _ 5-uj—3-0° 1 t_ .
_ R 12
— = i = —5 = 3(1), (1259)

i.e., the RH condition holds. Lastly, the entropy conditions hold since

Flue) = ug =0 > —é — 80 > —t = ur = f(ur). (1260)

This completes the proof. ]
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2012 Fall

F12.1. Show the PDE
—Au=-1 for|z| <1, |yl <1,

u=0 for|z|]=1, (1261)
uy —uy =0 for |y| =1,
has at most one solution*® in |z| < 1, |y| < 1.
Solution:
Define  := (—1,1) x (1,1), I'; :== [-1,1] x {—1,1} and 'y := {—1,1} U (—1,1). Then 9Q =T; UI'; and
I''NTy = (. Let u and v be two solutions to the PDE. Define w := u—wv. It suffices to show w is identically
zero. Observe
Aw =0 in (),
w=0 on sy, (1262)
wy = w; on I'y.
We first show w attains its supremum along the boundary 9. Let § > 0 and set w = w + 5]2\2,
where z = (x,y). Because w is smooth and Q is compact, w attains it supremum over Q. By way of

contradiction, suppose the supremum is obtained at a point z* € . Then
0> Aw(z") = Aw(z*) + 2nd = 2nd > 0, (1263)

which implies 0 > 0, a contradiction. Thus,

sSup W = sup w. (1264)
a 0
Observe
supw < supw + 8|z|> = supw = sup @ = supw + d|z|> < supw + Iv/2. (1265)
a a a ) P P
Combined with the fact 002 C 2, we see
supw < supw < supw + 6V2. (1266)
00 a o0

48We presume a typo was made in the original prompt and have attempted to correct it.
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Because this holds for arbitrary § > 0, we may let § — 0% to deduce

Sup w = sup w. (1267)
90 a

Multiplying our PDE by w and integrating reveals

O:/wAw dz:—/ | Dw|? dz+/ wa—w do. (1268)
Q Q oo On

ow
/ wanda—/rlwwyda

:/ ww, do
I

Then

d [w?

= — | —=| do

jﬁi dar[ 22} ) (1269)

d [w(z,1) w(x,—1)

= /_1d£L‘ |: 9 + 9 dx

~w(l,1)? 4w (1,-1)  w(=1,1)*+ (—1,-1)2

N 2 2

=0,

where the final equality holds since w = 0 on I'y. The fact w = 0 on I'e also implies

ow
— do.=0 1270
/ Yon 7 ( )
Thus, compiling our results reveals
ow ow
Dw|* dz = — do= —d — do=0.
/| w|® dz /mw@n o /wan J+/F2w8n o (1271)

Hence Dw = 0 in Q. Together with the fact  is connected, this implies w is constant in 2. And,

because w = 0 on I'y, it follows that w = 0 in . This completes the proof. O
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F12.2. Consider the equation
pr —A(p?) = V- (2zp) =0 in R? x [0, c0), (1272)
where the initial data po(z) > 0 is compactly supported and [py = 1. Let us assume p(-,t) stays
nonnegative and compactly supported for all times ¢ > 0. Using formal calculations, show the following.
a) [p(-,t) dz =1 for all ¢ > 0.

b) The energy
/p2 + plz|? + Cp da (1273)

decreases in time for any C.

c¢) Using a) and b), show that p converges to (Co — |x|?/2) for an appropriate Cp.

Solution:

a) Define e : R — R by
e(t) ::/ p(z,t) dz. (1274)
R2

We are given that e(0) = 0. Then observe for t € (0, 00)

é(t) = (i/RQ p(x,t) dz

pt dx
2

A(p*) +V - (2zp) dx

2

(2pAp +2|Dpl*) + V - (2zp) dz (1275)

2

e e

(=2|Dp|? + 2|Dp|?) + (2np + 22 - Dp) da

2

0+ (2np — 2np) dx

2

Il
o
-

The second equality holds by hypothesis, the fourth through integration by parts and the fact p
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b)

has compact support, and the fifth through integration by parts on the last term.

Define f : R — R by

f@) = /]R2 p(z, 1) + p(x,t)|z]* + Cp(x, t) do = /]R2 p? + plz? dz + Ce(t). (1276)

Then
f(t) = /}R O (p* + plz|?) dx + Cé(t)

—/ pi (2p+ |2?) da
IRQ
_ /}R (A(p?) +V - (229)) (20 + |2?) do

= [ V- (2pVp+22p)) (2p + |z*) dz (1277)
]RQ

_ / 2p(Vp+1)- (2Vp+20) da
]RQ

[ Dy
R2

<0.

The third line holds by the PDE p solves and the fifth line from integration by parts and the fact p

has compact support. Since f (t) <0, we conclude f is nonincreasing in time.

Note f(t) > 0 for all t € (0,00) since we assume p > 0. Since f is monotonically decreasing and is
bounded below as t increases, it follows from the monotone convergence theorem that lim;_,. f(¢)

exists. Consequently,

T . _ . 2
O—tlgrolof(t)— 4t1££10/R2 p|Dp + z|* dx. (1278)

This implies either p approaches the zero function or |Dp+ x| approaches the zero function. However,
the fact e(t) = 1 for all ¢ € [0, 00) implies p cannot go to zero everywhere. Let p> denote the limit of
p. Whence, wherever p> # 0,

=

lim [Dp+2|=0 = Dp*=1lmDp=—-—2 = p¥=Ilimp=C—-"+
t—o0 t—o0 t—o0

(1279)

Because we assume p is nonnegative (which follows from the nonnegativity of p for all times), it follows
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that

2
P> = (C — ‘93|> , (1280)
2 /4
where C' is yet to be determined. Observe

=

1:/ poodx:/ C—-—dzx
R2 B(0,v2C) 2

\/@ 27 7,,2
2/ / <C — ) rdedr
0 0 2

Vv2e
—7r/ 201 — 13 dr
0

(1281)
A V2C
=7 |:CT2 - ]
4]0
AC?
=7 |20% - =
7T|: C 1 }
= nC”.
This implies C' = 1/4/m and
1 |33|2>
o = < _ Ry (1282)
i 2 ),
O
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F12.3. Consider the ODE
" + f(u) + 2 =0 (1283)

for u € C*(R), f € C®(R), and A > 0. Prove no periodic solutions exist other than a stationary
equilibrium solution.
Solution:

We first rewrite the ODE as a system via

W=y, §=—fu)- Ay, (1284)

where the argument is taken to be time ¢. For notational convenience, let z := (u,y). Dulac’s Criterion
asserts no closed orbits exist provided there exists a real-valued function g(z) such that V - (¢g2) is single-

signed everywhere. Then observe, for each smooth function ¢ : R — R,
V-(92)=Dg-2+g(V-%2)=Dg-2—Ag. (1285)
If g is a constant function, e.g., g(z) = 1, then we see
V-(92)=Dg-2—Xg=0—-X<0. (1286)

Dulac’s Criterion thus asserts no closed orbits exist. This implies the only periodic solutions are fixed
points, which are of the form (%@,0), where f(@) = 0. At such a point, we see u = 0, and so the only

periodic solutions to the original ODE are constant solutions satisfying f(u) = 0. g

REMARK: This problem is something that may be derived from Section 7.2 of Strogatz’s Nonlinear Dy-
namics and Chaos. There the author also comments that candidates for g that usually work are g = 1,

g=1/(z%"), g =€, and g = e™. A
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F12.4. We say that u is a weak solution of the wave equation

U — Uz =0 in R X (0, 00),
u=f onR x{t=0}, (1287)
ug =g on R x {t =0},

if for all v € C§° (R x [0, 00)), u satisfies

/OOO /Ru[vtt — Vg) dzdt + /Rf(:r:)vt(:r,o) dx — /Rg(x)v(x,o) dz = 0. (1288)

Let f(z) be a piecewise continuous function with a jump at = xo. Show that u(x,t) = f(x +1) is a weak
solution of the wave equation.

Solution:

We assume g is the weak derivative of f. Then note

/ / UVt dzdt = / / f(l’ + t)Utt dtdz
0 —0o0 —oo J0
= / / f(z + t)vy dtdx + / / flx+ t)vy dadt (1289)
—o0 JO xo 0
—o0 0 To—x fts) 0

Integrating by parts reveals

/0 T b+ o dt = f(ag or(ws o — @) — F(@)ur(, 0) — /0 U @ u A, (1200)
and
/: fe ot de = ngxolo flaz+ t)vt} — ()i, 0 — ) — /: RERDETE (1291)
=0
and
/0 T o+ oy dt = [Jim (o + un(ert)] — ()i, 0) - /0 " g+ Do dt, (1202)
=0
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where we have utilized the compact support of v when evaluating the limits. Combining our results,

/000 /_Z uvy dzdt = /_T; [f(xo)vt(x,xo — ) — f(z)ve(x,0) — /OIO_'I gz +t)v, dt] dx
‘+/%[—ﬂwﬁwwﬁm—w%—/w ﬂw+ﬂw&}dx

—o0 To—T

+/O° [—f(x)vt(x,O) - /Ooog(x—i—t)vtt dt} dz

= [fzg) — flag)] /oovt(x,xo —z) dz — /_Z f(z)ve(z,0) dz — /_Z /Ooog(x—i—t)vt dtdz.

(1293)
In similar fashion to above, observe
00 00 00 zo—t 00
/ / UV dodt = / (/ f(x+ t)vg, do+ flx 4 t)vgy dx) dt
0 —00 0 —00 To—t
[e’s) xofto
= / [f(xg)vx(xo —t,t) — / g(x + t)u, dx} dt

0 — (1294)

o [Tt =t [ gt dsa
= [f(-%‘a) - f(xg)] /Ooovm(l"o —t,t) dt — /OOO/_Zg(x—l—t)vz dxdt,

where

/xot f(@ + ) vy do = f(zg )va(zo — t, 1) — Lli}r_noo flz 4+ t)vg(x, t)} B /azot g(x +t)v, dz,  (1295)

—00

=0

and

/oo f(z+t)vgy dz = | lim f(x+ t)vx(x,t)} —fad)vg(zo — t,t) — /Oo g(x + t)v, dx. (1296)

o—t T—00 Lo—t

=0
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Due to the compact support of v, repeated integration by parts and a change of variables x = xy —t reveals

o

/;{;0 vi(w, w0 — ) dv = [vv(z, 20 — )70 _/ 2vgs(®, 20 — ) d

—00 —00
=0

= / (o — t)vg(zo — ¢, t) dt
0

0

_ / Vel — t.8) dt — [t v (w0 — £, D2,
0 )

=0

= / vy (o — t, 1) dt.
0

Therefore, (1293), (1294), and (1297) together imply

/ / u(vgp — Vyy) dadt = / f(x)ve(x,0) de —/ / (z+t)(vy — vy) dadt. (1298)

Since

/ / :E—I—tvtdtda:—/ / g(z + t)v, daedt

- / [f (2 + t)vt]x——oooo / f(x +t)vg do| dt

= / / f(z + t)vy, dedt

T /OO Lli)lgof(:c T t)vx(x,t)} —f(@)va(2,0) — /0009(93 + v, dt | dz

—00

= /_Z fz+ t)vg(z, 0)0 dx + /OOO /_: g(x + t)v, dzdt
= — /_Z g(x +t)v(z,0) do + [f(z + t)v(i, 0)] oo +/OOO /Oo g(z + t)v, dzdt,

—00

=0
(1299)
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we see

/Ooo /Z gz +t)(vy — vy) dadt = /O; g(x +t)v(x,0) dz. (1300)

Together (1298) and (1300) yield the desired result. O
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F12.8. Give the entropy satisfying weak solution to Burgers’ equation

ut +uuy, =0 in R x (0,00),

(1301)
u=wug on R x {t=0},
on the periodic domain [0, 4] with initial data
2 ifz e (0,2),
up(x) = (1302)
0 ifze(24).

Show the slope of the solution is 1/t almost everywhere for ¢ > 2.
Solution:
We proceed by using the method of characteristics. Let F(p,q,z,z,t) = q + zp. Taking p = uz, ¢ = uy,

and z = u yields F' = 0 and gives rise to the system of characteristic ODE

&(s) = Fp =2, x(0) = o,
i(s)=F,=1, t(0)=0, (1303)
i(s) = Fpp+ Fyqg=2p+q=0, 2(0)=uo(zo).
This implies t = s and z is constant along characteristics. Thus,
xo+2t if 29 € (0,2),

z(t) = xg —i—/o (1) dr = xg +/0 z(1) dr =29 +t2(0) = N e @) (1304)

The characteristics collide immediately as (2,0). Applying the Rankine-Huogoniot (RH) condition along

the shock curve, parameterized by (Z(t),t), reveals

s flug) — flu) 322102
x(t)_ Ug — Uy _2 2—3

=1, (1305)

where f(u) := “72 is determined from our PDE, writing it as a conservation law u; + f(u), = 0. Combined

with the fact Z(0) = 2, we deduce
Z(t)=t+2, foralltel0,2], (1306)
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with the restriction on the domain since Z(2) = 4, beyond which requires further analysis. We claim, in
(0,4) x (0,2),
x/t if 0 <z <2t
u(z,t) =42  if2 <z <it), (1307)
0 if 2(t) < z < 4,
where the rarefaction wave g(x/t) = z/t satisfies our PDE since

/

1
ozut+uux:g’-—%+gg’-2:%[g—ﬂ —0, for0<uz<?2t. (1308)

Note (1307) implies |u,| < 1/t a.e. in (0,4) x (0,2). So, let (z,t) € (0,4) x (0,2) and z > 0 such that

(x+2) € (0,4). Then the mean value theorem asserts there exists &, € (0, z) such that

u(z + z,t) — u(x, t)
z—0

1
t

=ug(&;,t) < =  u(z+z,t) —u(x,t) < ;, (1309)

with the above equations holding a.e., and so u satisfies the entropy condition for ¢ € (0,2). Whence the
choice of u in (1307) gives the unique entropy satisfying weak solution. For ¢ > 2, the shock curve satisfies

s(2) =2 and

r—4
t
4

.t = =
5®) Up — Uy — == t

18

z\2 1 2
f(ug) — f(ur) %(?) _2<_ > _r=-2 (1310)

Using z = s(¢) and the initial condition yields the shock curve s(t) for ¢ > 2. Note the periodicity of u
implies these results are repeated periodically. For these latter times ¢ > 2, for each curve si(t) satisfying
the appropriate RH condition (analogous to above) with s;(2) = 4(k + 1) and k € Z, immediately to the
left of the curve we have u(z,t) = (x —4k)/t and to the right of the curve we have u(z,t) = (x —4(k+1))/t.
And, like above, such choice of u satisfies the entropy condition. Consequently, differentiating (except along

the shock curves, which are of measure zero) u yields u, = 1/t a.e. in R x (2,00), as desired. O

305 Last Modified: 4/26/2019



ADE Qual Notes Heaton

2012 Spring

S12.2.

a) Consider the Cauchy problem for the wave equation

Uy — Uz = f in R x (0, 00),
w (1311)
u=u =0 onR x {t =0},
where f(x,t) is smooth and f(z,t) = 0 for ¢t < 0. Find an explicit solution of this Cauchy pro-

blem.

b) (Return and complete.)

Solution:

a) We proceed by applying Duhamel’s principle. For each s € [0,00), let @(x,¢; s) be the solution to

Uy — Uge =0 in R X (s,00),
Gy = f(-,s) on R x {t=s}, (1312)
i=0 onR x {t=s}.

Then D’Alembert’s formula yields

z+(t—s)
u(x,t;s) = / f(z,s) dz. (1313)
z—(t—s)
and Duhamel’s principle states
t
u(x,t) :/ u(z,t;s) ds. (1314)
0
Therefore,
t rx+(t—s)
u(x,t) :/ / f(z,s) dzds. (1315)
0 Jz—(t—s)
O
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S12.4. Consider the Hemholtz equation in R?
Au(z) + k*u(z) =0, k> 0. (1316)

a) Check that E(x) = e**1#l /47|z| is a fundamental solution.

b) Prove the Green’s formula

)= [ (G Ea—) — G o) ds) (1317)

where 79 € R? is arbitrary, R > |zg|, B(0, R) is the ball of radius R centered at 0, and v is the

outward normal to B(0, R).

c¢) Use b) to prove that if (A + k?)u = 0 in R3 and if u(z) = O(1/r) and if u, — iku = o(1/r), where

r = |z|, then u(z) = 0.

Solution:

a) Let f € C?(R?) and L be the operator defined by L := A + k?. We must show if u is defined by

UW%:Imeﬁw—yﬂm, (1318)

then

Lu=—f in R3. (1319)

(Show integral can be brought inside.) Since E blows up at the origin, we must proceed delicately in

our integration there. Fix € > 0. Then observe

Lu(z) = / E@)Lf(z —y) dy + / E(@)Lf(x—y) dy =TI + J., (1320)
B(0,e) R3-B(0,¢)

I. Je
where I. and J. are the underbraced quantities. Since

ILf(x—y)| = |Acf(x—y) + K flz—y)|

<|ID*fll oo (Bae)) + KN fll L (Bae) for all y € B(0,¢)

(1321)
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Consequently, Lf € L>(B(z,¢)). This implies

L < ILF ] 5o / E(y)| dy

B(0,e)

=||L xe/ dz
ILfl B(,e) =

51 9
=LflB@e [ =7 dr
o T

€2

= ||LfHB(x,e)5,

(1322)

where we have employed the use of spherical coordinates. Thus, by the squeeze lemma, we see

lim,_,g+ I; = 0. Using integration by parts,

J. / Ey) [Ayf(z— ) + K f(z— )] dy
R3—B(0,e)

/ ~DB) Dyfle =)+ REG)S—) dy+ [ B () doy)
R3—-B(0,¢)

op0) v (1323)

However, for y # 0, we claim (A, + k?)E(y) = 0. Thus integrating by parts once more reveals

Lfiétmwﬁ@ﬂ%ﬂE@ﬁ@—yﬁm+¢;&dE@%h@—y%—&}wﬂw—wddw

[ B - G Wi -y doly (132)
0B(0,¢) v v
= L. — M.,

where L. and M. are the integrals for the first and second terms in the second line. By (77), we

know

OE  etklel /g 2 x  eiklzl /9 ik etke /1 ik
9= LA PR B - — ) along A(R® — B(0,¢)), (1325
v~ ir (|x|2 |x|3)x @]~ ar <m|2 |a:|) e ( ) along O(R" ~ 5(0.€)). (1325)
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noting v = —xz/|z|. So,
OF
lim M. = i — —y)d
e ) N () f(z—y) do(y)
—tim ([ g ik faey)dy
e—0t \JaB(0,e) 9B(0,¢) (1326)
= f(z) — k0 - f(x)
= f(x).
Additionally,
Ll < D] dy = 1S Lorar=py) :
WD e [ = DA [ = 1Dt £
Lo (B(z)) oB(0.) 4[] Lo (B(z.€)) 0 T Leo(B(ze) "
(1327)
Again by the squeeze lemma, we see lim,_,g+ L. = 0. Compiling our results, we see
Lu(z) = lim I.+J.= lim I. + L. — M. =0+0— f(x), (1328)
e—0t e—0t
as desired.
All that remains is to verify our claim.
0y, E(z) = ik 1 zie®el for all i € {1,2,...,n} (1329)
i - \dnr|z|2 Arx|z|3) o
Differentiating once more reveals
2ikx; 3x; , ik 1 tkx; \
Opn. B _(_ v v ; ik|x| N 1 v ik|x|
(o) = (05 + o) e+ (e~ aees) (1 57
(1330)

_ (K ikl
- (W) ‘
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S12.6. Consider Burgers’ equation

u+ (u?/2) =0 in R x (0,00), (1331)

u=wug on R x {t=0}.

a) Derive the classical/strong solution with initial data ug(x) = x?. This will only be defined for some

x and ¢, which you should specify.
b) Show where the magnitude of the derivative of the strong solution becomes infinite.

c) Consider the entropy satisfying weak solution arising from the piecewise smooth initial data

1/4 ifx<—1/20rz>1/2,
up(z) = (1332)

2 if-1/2<z<1/2.

Specify when and where the first entropy satisfying shock will appear. Write the ODE that describes
the trajectory of the shock (you do not need to solve the ODE).

Solution:
a) We proceed by using the method of characteristics. Let F(p,q,z,x,t) = q + zp. Taking p = uy,
q = ut, and z = u yields F' = 0 and gives rise to the ODE system

&(s) = Fp =z, x(0) = o,
i(s)=F,=1, t(0)=0, (1333)
i(s)=Fpp+ Fyq=2p+q=0, 2(0)=muo(vo).

This implies t = s and z is constant along characteristics. Thus,
¢ ¢
z(t) = x0 + / &(r) dr =z + / 2(7) AT = o + tug(zg) = zo + ta. (1334)
0 0

Using the quadratic formula yields

=11+ 4wt

1335
5 (1335)

o
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We take the expression with the “4” since

lm —4mM— | + = *+ux, 1336
t—l>r(§1+ 2 t—1>%1+ 2 v ( )

—1+VI+4at T+ 4xt)712 4
t -

and we require z — zg as t — 01. Note also zg = zg(x,t) is well-defined in R X (0,00) when

x > —1/4t. Whence the strong solution u is given by

=1+ 1+ 4xt

2
5 ) , for (z,t) € R x (0,00) with x > —1/4¢t.  (1337)

i) = 2(0) = uofe) =

b) Differentiating u reveals

%@@_2< % )(%2 (1 + 4at) At === (1338)

Consequently, we see |u,| — +00 as x approaches —1/4t from the right.

c¢) By our system of characteristic ODE in (1333), with the initial data swapped, we see

t xo+§, if:cg<—%0rxo>%,
x(t) = xo +/ (1) dT = 20 + tug(xo) = (1339)
0

o —I—t:n%, if —% <z < %

This shows the characteristics are linear in ¢. Just to the left of (1/2,0) we see the characteristics

have slope #(t) = 3 < 1/4 while just to the right the characteristics have slop () = 1/4. So,

the characteristics do not cross there. Similarly, the characteristics do not crash at (—1/2,0). All

that remains is to investigate the characteristics originating in the interval (—1/2,1/2). Let a,b €

(—=1/2,1/2) and suppose characteristics originating at these points collide at (Z,t). Then

- - ~ —-b 1 a? ab
2= —baf? — f-= 2 = — = fF=a- = . 1340
atte =T + b2 — a? a+b r=a a+b a+b ( )

Letting b — a we see

ST ab a 4 I—1 1 1
= lim =— an = lim — =——
T ey 2 ® bsa a+b 24

(1341)
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which implies

t=—— = 1+43t=0. (1342)

The previous two results show that only characteristics originating in (—1/2,0) will crash (since
otherwise £ < 0) and that characteristics originating in (—1/2,0) will crash along the curve 144t = 0.
Since z(t) is increasing in time along characteristics, to find the first time at which the characteristics
crash, it suffices to find the most negative starting point such characteristics. The limiting point is at
(20,0) = (—1/2,0), and so

t 1

1+4tx =0 and x—f:x0:—2

1
1 = t=1 and T=-7 (1343)

Therefore, the shock curve first occurs at (—1/4,1). The shock curve, parameterized as (s(t),t),

satisfies s(1) = —1/4 and the Rankine-Hugoniot condition

u _up
i(t) =0 = 2—2 1344
$(t)=o Dy (1344)

where uy and u, are the limiting values of v approaching the shock curve from the left and right, i.e.,

ue = and wu, = 5 (1345)

1 (—1+\/1+4xt)2

Note this is, indeed, the entropy satisfying solution since uy > u, and f”(u) = 2 > 0, which implies

the entropy condition f’(uy) > o > f’(u,) holds.
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2011 Fall

F11.1. Let a,b € R? and consider a smooth function U : (R? — {a,b}) — R, which satisfies

lim sup |U(q)| = 1. (1346)

lg|—o0

Let us consider a system of ODEs for (p(t),q(t)) € R? x (R? — {a, b}):

p(t) = VU(q(t)),

(1347)
q(t) = p(t),
with initial data p(0) € R? and ¢(0) € R? — {a, b}.
a) Show that if T € (0,00) and if p(¢) and ¢(t) are defined on [0,7"), then
sup [p()],la(t)] < 0. (1348)

tel0,T)

b) Let [0,7) be the maximal interval of existence for p(t) and ¢(t) with 7' < co. Show that the limit of
q(t) exists as t — T and, moreover,

lim ¢(t) = a or b. (1349)
t—=T

Solution:

a) Set f(z) := 2%/2. Then observe

= /0 p(7) - p(r) dr (1350)

where the final equality holds by the fundamental theorem of line integrals. This implies

p(t)] = (Ip(0)2 + 2 [U(g(t)) — U(q(0))]) "> (1351)
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We claim U is bounded by some M > 0, and so
sup [p(t)| = sup (|p(0)]* +2[U(q(t)) — U(q(0))])
tel0,T) te[0,T)

1/2
< sup (jp(0)]> +2M)"
t€[0,T) (1352)

(Ip(0)|* +201)"/?

< 0.

Now let us verify that U is bounded. Let § > 0. By our hypothesis, there exists r > 0 such
that
|U(q)] <1446, whenever |g| > r. (1353)

Since U is smooth... I just realized U might not be bounded due to the hole... It could be like

U=1/|q...

b) (Incomplete.)
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F11.2. Let v : R® — R" be a C! vector field. Let 6 : R™ x [0,00) — R be a smooth function solving the
PDE
0, = A (6°) + V- (v0), (1354)

where 0(x,0) is bounded from above and below.
a) Show that 0 stays bounded, both from above and below, for all times ¢ > 0 if V- v = 0 for all times.

b) Now suppose |V -v| < M for all z € R™. If §(z,0) < 1, show that 0(z,t) < M for all ¢ > 0.

Solution:
a) Let B be an upper bound for |6(-,0)| so that |#(z,0)] < B for allz € R. Fix R >0and T > 0
and set Qp := B(0,R) x (0,7]. Let I'r be the parabolic boundary of Qp. Fix ¢ > 0 and define
u =60 — B —ce'. Because Qp is compact and u is smooth, the supremum of u over Qr is obtained.

By way of contradiction, suppose this supremum is nonnegative. Combined with the fact

u(z*,0) = 0(z*,0) — B—e < —e <0, (1355)
—_————
<0

the continuity of u implies there exists (z*,t*) € Qp such that u(z*,t*) = 0. Let t* be the first time at
which this occurs, and note t* > 0 by (1355). This implies, because t* is the first time, u;(x*,t*) > 0
and, since z* is a local maximizer of u(-,t*), Au(z*,t*) < 0. At the local maximizer we also have

Du = DO = 0. Whence, at (z*,t*),

0 < Ut = 9,5 — €6t
= A(0*) + V- (v0) —eet
= 20A0 + 2|DO|? +v - DO — eet

=2(B+eet) Au+2-0% +v-0—ee (1356)
NS

>0 <0

< —cet

<0,

a contradiction. Note the derivatives are well-defined everywhere in Qr — (B(0, R) x {t = 0}) since
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our original PDE is defined over R™ x (0,00). Our contradiction shows

supu<0 = 6O<B+e'<B+ cel in Q. (1357)
Qr

Since this holds for arbitrary & > 0, we may let ¢ — 0% to deduce
0 < B in Qp. (1358)

Because this result holds for arbitrary 7" > 0 and R > 0, we may let T' — oo to write

0 < B in B(0,R) x [0, 00), (1359)

and then let R — oo to write

9 < B in R" x [0, 00), (1360)

from which we deduce 6 is bounded above. An analogous argument can be applied by instead using
the definition u := —0 — B — e’ to deduce —0 < B in R™ x [0,00). Together, these results prove 6

remains bounded by B over R” for all time.

b) This problem is similar to that of a). Fix R > 0 and 7" > 0 and ¢ > 0 and define v := § — eM? — 2M?,
Set Qr := B(0, R) x (0, T]. Because Qr is compact and v is smooth, v attains its supremum over Q.

By way of contradiction, suppose this supremum is nonnegative. Combined with the fact
v(z,0) = 0(z,0) — M0 — M0 <1 1 —e = —£ <0, (1361)

the continuity of v implies there exists (#,%) € Qp such that v(Z,f) = 0, and £ > 0 by (1361). Let ¢

be the first time at which this occurs so that v,(z,t) > 0. And, since  is a local maximizer of v(-, 1),
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we see Dv(Z,t) = DO(z,t) =0 and Av(z,t) = Av(z,t) < 0. Consequently, at (z,1),

0 S UV = 915 — M@Mt — 2M€€2Mt
= 20A0 +2|DA|)? +v - DO + (V -v)§ — MMt — 2Mee?M!

Mt oMt 2 Mt 2Mt Mt 2Mt
=2(e" +ee®™) A +2-0°+v-0+ (V-v) (e +ee*™) — M — 2Mee
>0 <0 (1362)

<M (eMt + EeZMt) — MeMt — oMMt
= —Mee?Mt

<0,

a contradiction. Therefore,
supv <0 = 0 <My in Q. (1363)
Qr
Because this holds for arbitrary € > 0, we may send ¢ — 0% to deduce
6 < eMoin Qp. (1364)
As done in a), we may then send T' — oo followed by sending R — oo to deduce

9 < eMtoin R™ x [0, 00), (1365)

as desired.
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F11.5. Consider the initial value problem

ur+ f(u)y, =0 in R x (0,00),

(1366)
u=¢ on R x {t=0}.
Assume f is smooth and uniformly convex, i.e., f” > 6 > 0 for some 6 > 0.
a) Show that if ¢(z) = —z, then there is a point at which |u,| — oo in finite time.
b) Consider the Riemann initial data
u”  if z <0,
¢(x) = (1367)
ut if x> 0.

Compute the entropy solution and show that the entropy condition is satisfied. Consider both cases:

u” >ut and v < ut.

Solution:
a) We proceed by using the method of characteristics. Let F(p,q,z,z,t) = q + f'(2)p. Taking p = u,,

q = uy, and z = u yields F' = 0 and gives rise to the system of characteristic ODE

p(s) = —F, — Fxp = —f"(2)p*, p(0) = —1,
q(s) = —F — F.q = —f"(2)pg, q(0) = —f"(2(0))p(0),
z(s) = F, = f'(z), x(0) = o, (1368)

t(s)=F,=1, t(0)=0,

| 2(s) = Fpp+ Foq = f'(2)p+q =0, 2(0)=—uo.
This implies t = s and z is constant along characteristics. Additionally, p = —f"(2)p? < —6p? < 0,

and so p(t) < p(0) = —1 for all times ¢ € (0,00). Using separation of variables reveals

p(t)dﬁ_t . P S T
/p@) z- /O ) AT = 1= = —f"(=wo)t.  (1369)
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Rearranging reveals, for sufficiently small ¢,

1 1 1
- _ < — > . 1
M= S Tiom POy (1370)
Therefore,
1
li ) > I _— = 1371
i @)=t g =+ (1371)

from which we conclude |u,| = [p| — 400 by the time ¢t = 1/6.

We may proceed using (1368), with the exception that z(0) = ¢(z") for different initial data. Inte-

grating reveals

2(t) = 20+ /O #(r) dr = 70 +/0 F(2(r) dr = a0 + £ (6(°)). (1372)

We now split the result into two cases:

Case 1: u~ >u™.

Since f is strictly convex, f'(u~) > f’(us). Consequently, (1372) implies the characteristics crash
immediately at the origin. Thus, the shock curve, parameterized by (s(t),t) satisfies s(0) = 0 and the
Rankine-Hugoniot (RH) condition

sy = L) =S (1373)

where o is set to be the underbraced quantity. Thus s(t) = ot and

u” if z < s(t) = ot,

ut if x> s(t) = ot.

We must also verify the entropy condition is satisfied. The fact that u= > w™ implies u(-,t) is

nonincreasing for each ¢, and so

u(z + z,t) —u(z,t) <0< ;, for all (z,t) € R x (0,00), z € (0,00), (1375)
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and so the entropy condition holds. Since entropy solutions are unique (up to a set of measure zero)

when f is smooth and convex, we conclude (1374) gives the unique entropy solution.

Case 2: u~ < u™.

We claim
u” ifz<tf'(u),
u(z,t) =< g(z/t) if fl(u”) <z/t < f'(uh), (1376)
ut if &> ¢tf'(ut),

where g := (f")~!, which is well-defined since f’ is strictly increasing. Of course, in the regions where
u is constant, the PDE is satisfied. In the remaining region, observe that if u(z,t) = v(z/t) for some

function v, then
o:m+fmmr:d_£+fwyw%:%{ﬂ@—f} — U:UTJGv:gCQ,QWﬂ

assuming v’ never vanishes, which is indeed the case for v = g since the fact f” > 6 > 0 implies

1y 1 1
U=d=«ﬁ1)=uwz?;>0 (1378)
Hence g(x/t) solves the conservation law. Note also
x _ _ x x x
S=fw) = w =9G) and = =f'(u") = u+=9@). (1379)

Together with the continuity of g, this implies u, as defined in (1376), is continuous. All that remains

is to verify the entropy condition. Following (1378), we see

(1380)

i.e., ¢ is positive and bounded above. Fix any (z,t) € (0,00). Note u is differentiable a.e. (i.e.,

in R — {tf'(u”),tf'(u™)}). Thus, by the mean value theorem, for each z > 0 with (z + 2) €
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R — {tf'(u™),tf'(u™)}, there exists &, € (0,2) such that

u(z + z,t) — u(x,t)

- = g (Es, ). (1381)
Since
o, 8) = 0 if o <tf'(u)oraz>tf(ut), (1382)
g(x/t)- 3 if fiu7) <z/t < f(uh),

we therefore deduce

u(z + 2,t) —u(z,t 1 11 1 =z
( zzO ( )gux(fz,t)gg'<§:)-t§9-t = u(m+z,t)—u(x,t)§5-g. (1383)
This shows that for a.e. ,z € R and ¢,z > 0,
1 z
u(z + z,t) —u(x,t) < 77 (1384)
from which we conclude u satisfies the entropy condition. This completes the proof.
O

REMARK: In the solution above, one could potentially replace the entropy condition verification in Case 1

with the following variation:
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By the mean value theorem, there exists @ € (u™,u ™) such that

f(a) = ) i) _ (1385)

u~ —ut

By the strict convexity of f, it then follows that

fllw™) < fl(a) =0 < f'(uh), (1386)

and so the entropy condition holds.
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F11.6. Consider the initial value problem

gt + 2ugr — 3ug, =0 in R X (0, 00),
u=¢ onR x {t=0}, (1387)

ug =1 on R x{t=0}.

a) Use energy methods to prove the value of the solution u at the point (zg,tp) depends at most on the

values of the initial data in the interval (zo — 3tg, xo + to).

b) Use energy methods to prove uniqueness of solutions if the initial data has compact support.

Solution:

a) First note this PDE can be “factored” as
(Or +302)(0r — 0z)u=0 in R x (0,00). (1388)

Let (zg,tg) € R x (0,00) and assume u = u; = 0 on (zg — 3tg, zo + to) X {t = 0}. We shall prove
this implies u(xg,ty) = 0, from which it follows that, at most, u depends on the initial data in the
specified interval. The “factored” form of the PDE reveals there will be waves traveling to the left

with speed three and to the right with speed unity. Consequently, let us define the energy

1
e(t) :== / u? + 3u? dz, (1389)
2 Jsw)

where, for each t € [0,t),
S(t) = (x[) — 3(t0 - t),wo + (t[) — t)) (1390)

By our assumption on the initial data,

1
e(0) = = Y%+ 3¢% dx = 0. (1391)
250
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Differentiating in time reveals

1
é(t) = / Uplg + SUgplgy do + / — (uf + 3ui) v-ndo
S(t) as(t) 2

0 1
= / ut (U — Buge) do + / 3ut—u + = (u? + 3ut)v -n do (1392)
S(t) as@) On 2

0 1
= / —2upugy do + / 3ut—u + f(u? + 3ui)v -n do,
S(1) as@ On 2

where v is the Eulerian velocity of the boundary and n is the outward normal along 95(t). Note

/ — Uty do = / Qg dx —/ uin do = — Uty do = / —uin do.  (1393)
S(t) S(t) a5 (t) S(t) 8 (1)

Therefore,

1
é(t) = / —uln + SUt% + ~(u? +3u)v-n do
aS(t) on 2

1
= [—u? + Bupug + *(ut? + 3u§) . (—1)}
2 a?:xo-i-(to—t)

1
+ [u? — upug + E(uf + 3u?) - (—3)] - (1394)
rx=x9—3(t—to

—l(ut +3um)2}

|
I=x0+(t0 725) 2

3
= [—(ut + ux)Q]
2 x=x0+3(t07t)
0

This implies e(¢) is nonincreasing. Since the integrand in (1389) is nonnegative, it follows that
e(t) > 0, and so 0 < e(t) < e(0) = 0. Thus e(0) = 0 for all ¢ € [0,ty), which implies u; = u, = 0 in
S(t) for each t € [0,tp), i.e., u is constant therein. Combined with the fact v = 0 on S(0) x {¢t = 0},

we deduce u = 0 in in S(¢) for each ¢ € [0,%p). In particular, with the continuity of u, this reveals

u(zo, to) = lim u(zp,t) = lim 0 =0, (1395)

t—ty t—ty

as desired. The result then follows.

b) Given that ¢ and v are compactly supported, we claim u is compactly supported for all times. Let
t € (0,00). Let r > 0 be sufficiently large that spt(u(-,0)) € B(0,r). Now let x € R— B(0,7+3t+1).
Then, by the choice of r, it follows that v = 0 in (z—3t, z+t) C B(x,3t). By our work in a), u(x,t) = 0.
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Since = was arbitrarily chosen in R — B(0,r + 3t + 1), it follows that spt(u(-,t)) C B(0,r + 3t + 1),

i.e., u(-,t) is compactly supported. Thus, our claim follows.

Now let v and v be two solutions to the given PDE and set w := u — v. Then

Wy + 2wy — 3wy, =0 in R X (0,00),
w=0 onRx{t=0}, (1396)
wg=0 on R x {t =0}.

So, it suffices to show w = 0 in R X (0, 00). Define the energy

1
B(t) := 2/ wi + 3w? du, (1397)
R

and note this is well-defined for all time due to the compact support of w (which follows from the

compact support of u and v). Then (1396) implies F(0) = 0. And, differentiating in time reveals

E(t) = / wiwyt + 3Wzwey do
R

= / wi(wy — 3wg,) dx
R

= / wy - (—2wyy) dz
R

= —2/ WiWq dx
R

= 2/ Wyrwy dx
R

= —FE(t).

(1398)

The first equality holds by using integrating by parts, noting the boundary terms vanish. The fifth
equality holds again via integration by parts, and the final equality holds since E (t) equals the quan-
tity on the fifth line. This implies () = 0, and so E(t) = E(0) = 0 for all ¢ € (0, 00). Consequently,
wy = wy = 0 in R x (0,00), which reveals w is constant. Because w = 0 on R x {t = 0}, we then

conclude w =0 in R x (0, 00).
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2011 Spring

S11.1. The equation of motion for a “nonlinear spring” is §j = —ky — ay>, where k > 0 is the constant in
Hooke’s Law. Rewrite this equation as an equivalent first order system, and analyze the phase plane for
it. Indicate the differences between a hard (a > 0) and a soft (a < 0) spring. Also explain what differences
you would see if a damping term were added to the equation.

Solution:

Observe this second-order ODE may be rewritten as

T —ky — ay?
= yoa , (1399)
Y T
where we set x := 7. This system is Hamiltonian since
Opd + 0y = Ou(—ky — ay®) + 9y(x) = 0. (1400)

This implies every equilibrium point is either a center or a saddle. If @ > 0, then the only equilibrium
point is (0,0). If @ < 0, then (0,0) and (++/—k/a,0) are the equilibrium points. The Jacobian matrix for
the ODE system is

0t/0x 0x/0 0 —k— 3ay?
J(z,y) = ©/0x 0%y = Y (1401)
dy/0x  0y/dy 1 0
Consequently,
0 —k
J(0,0) = , (1402)
1 0

which has eigenvalues A = +iv/k, and so (0,0) is a center. In the case that a < 0, we see

K 0 2k
J+£/-20] = : (1403)
1 0

which has eigenvalues A = £v/2k, and so (£4/—k/a,0) form saddle points.

Now suppose a damping term is added so that §j = —ky — ay® + by for some scalar b € R. Then the
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associated ODE system becomes

T —ky — ay® + bx
_ o . (1404)
U x
The equilibrium points are the same as in the undamped case. However, the Jacobian becomes
b —k — 3ay?
J(x,y) = . (1405)
1 0
So, the eigenvalues of J(0,0) satisfy
b+ Vb — 4k
0=AA=b)+k=X-b\+k — A= g0 (1406)

If b2 — 4k > 0, then (0,0) is an improper node (stable if b < 0 and unstable if b > 0). If b?> — 4k < 0, then
(0,0) is a spiral (stable if b < 0 and unstable if b > 0). Additionally,

k b 2k
J|l £/ ——,0| = ) (1407)
a 10
which has eigenvalues
b+ Vb% + 8k
A= %, (1408)
and so (:l: —k/a, 0) form saddle points, as before. O
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S11.3 Let D be a bounded domain in R¢ with smooth boundary I', and assume that a(z) is a continuous
function on D. Show that solutions to u; = Au—a(x)u vanishing on " with u(x,0) > 0 will be nonnegative
for all £ > 0.

Solution:

Let u be a solution to the given PDE so that

u—Au+au=0 in D x (0,00),
u=0 on dD x (0,00), (1409)

>0 on D x{t=0}.

We must show u > 0 in D x (0,00). Since a € C(D) and D is closed and bounded, D is compact and
a(D) is compact. Thus a is bounded in D by some B > 0. Choose A > B and let w(z,t) := u(x,t)e .
Then note the facts e=* > 0 and u satisfies (1409) together imply w = 0 on dD x (0,00) and w > 0 on
D x {t = 0}. Furthermore,

wy — Aw = (up — M — Au)e ™ = (—a — Nw in D x (0, 00). (1410)

We proceed using a “first time” argument. Let € > 0 and, by way of contradiction, suppose there is a
point in D x (0,00) at which w = —e. Let (z9,%9) € D x (0,00) be such a point with ¢y > 0 the smallest
time at which this condition w = —e occurs. This implies wy(zo,t9) < 0. The function w(-,tp) has a local

minimum at zy and so Aw(xg,tg) > 0. Consequently,

0 > wy(zo, to) — Aw(zo, to) = (—a(zg) — ) w(zo, to) > 0, (1411)
\—G_J\W_/
< =—c

a contradiction. Note —a(zg) — A < 0 since A > supy |a|. This contradiction shows w > —& in D x (0, 00).
Letting ¢ — 0%, we deduce w > 0 in D x (0,00). Since w(z,t) = e Mu(x,t) and e~ > 0, we conclude

u>0in D x (0,00) also. O
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S11.4. Consider the Cauchy problem in the plane

Ugy +uzuy =1 in R x R, (1412)

u=f onR x{y=0}
where f € C%(R). When will this be characteristic at (x,0)? Assuming that it is not characteris-
tic at (x0,0), find a solution defined in a neighborhood of that point. The soultion will be expressed
in terms of f and the function r(z,y) defined near (wo,0) by y = (f'(r))?(z — r — y). Show also that
y = (f'(r)*(x — r — y) has a unique local solution with r(zg,0) = .
Solution:
We proceed using the method of characteristics. Set F(p,q, z,z,y) = p> +pg — 1. Taking p = u,, ¢ = Uy,
and z = u yields F' = 0 and gives rise to the ODE system

p(s) = —Fp — Fop =0, p(0) = f'(z0),

q(s) = —F, — F.q=0, q(0)=

(s) =F, =2p+gq, x(0)=xo, (1413)
y(s) =Fy=p, y(0)=0,

i(s) = Fpp+ Fuq =p2p+q) +pg =2, 2(0) = f(zo).

We see this is characteristic’® when f/(zo) = 0 as ¢(0) is undefined in this case. Now suppose f’(z¢) # 0.

This implies

p(s) = fa) and q() = o /e, (1414)
and so
2(s) -z —/82 () + q(7) d7—5< L )) (1415)
R ! -~ \f'(zo0) V)
Similarly,
y(s) — 0= / p(7) dr = sf' (o). (1416)
0
Combining the previous two results reveals
x—x0—y=1x—z0—5f (20) = ,8 = fl(x0)*(x— 20 —y) = sf(x0) = y. (1417)
f'(@o)

49T don’t actually know what this means. But, this is my best guess made by inferring from the context...
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We claim there exists a neighborhood N C R? of (x¢,0) and a function 7 : N — R such that

r(x9,0) =x9 and y= f’(r)Q(x —r—y), forall (z,y)€ N.

Heaton

(1418)

This shows that, in a neighborhood of (z,0), the function r(z,y) gives the starting point of the characte-

ristic passing through (x,y). From our ODE system and previous results,

= ) T = 4S8 Z\s) =% M = € 2y
Z(S) - Z(O) - /0 2dr =2 = ( ) (O) + f/(w()) f( 0) + f’(mo)
Thus,
— tr(a oy

All that remains is to verify the existence of the claimed function r(x,y). Define G(z,y,r) via

Gla,y,r) =y~ f(r)?@@—r—y)

and so
Gr(z,y,7) =0 —=2f(r) " (r) (& — 7 —y) + f'(r)*.
Then
G (w0, 0,20) = 0 — f'(x0)(xo — w9 — 0) =0
and

Gr(20,0,20) = 0 — 2f'(w0) f" (20) (w0 — w0 — 0) + f'(20)* = f'(20)* # 0.

(1419)

(1420)

(1421)

(1422)

(1423)

(1424)

Therefore, the implicit function theorem asserts there exists a function r(z,y) defined in a neighborhood

N of (z0,0) such that G(z,y,r(x,y)) =0 for all (x,y) € N and r(xp,0) = xg. With the definition of G in

(1421), we see (1418) holds, and the proof is complete.

0
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2010 Fall
F10.2.
a) Solve
U 1 4 U
= , (1425)
v 4 1 T

with the initial data (u(zx,0),v(x,0)) = (f(z), g(x)).

b) Find all boundary conditions of the form au(0,t) + bv(0,¢) = 0 which make the initial value problem
in a) well-posed in z > 0, t > 0.

Solution:

a) Let y = (u,v) and A be the matrix in the differential equation so that y; = Au,. Since A is real and

symmetric, it is diagonalizable. Observe

0=det(A—Ad)=(1-X)2-16=(A—5)(A+3). (1426)
Thus the eigenvalues are Ay = —3 and Ay = 5. Then observe
4 1
0= (A — /\11d)1)1 = V1 — v = s (1427)
4 4 -1
and
—4 4 1
0= (A — AQId)’Ug = V2 - Vo = (1428)
4 —4 1
Thus,
-1
1 1 5 0 1 1
A= =PDP ", (1429)
1 -1 0 -3 1 -1
=P =:D
and
1 11|10 1 1] 1 0 1 0(1/2 1/2 1
(P[Id) = ~ ~ = 1d|P7Y).
1 -1/0 1 0 1(1/2 —-1/2 0 1(1/2 -1/2
(1430)
331
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So, our PDe may be rewritten as
y = Ay, = PDP Yy, = P ly,=DP ly,. (1431)
Taking w = P~ 'y, we see

wi)r — o(wi)e =0,
wy = Dw, = (1)e = 5twn) (1432)

(wg)t + 3(w2)$ =0.

Define F(p,q,z,z,t) = q — 5p. Taking ¢ = (w1)s, p = (w1)s, and z = w, yields FF = 0. And the

method of characteristics gives rise to the ODE system

i(s)=F,=1, t(0)=0, (1433)
2(s) =Fpp+ Fyq=—=5p+q=0, 2(0)=wi(x0,0).

This implies ¢t = s, z is constant along characteristics, and

T —x9= /ta':(r) dr=-5t = 1z¢9=uz+5t. (1434)
0
Thus,
wi(z,t) = 2(t) = 2(0) = wyi(x0,0) = wy(z + 5t,0). (1435)
Likewise,
wa(z,t) = wa(x — 3t,0). (1436)
Since
Lif(x x
PSR (LR Y (FICO B ELCORIC0 I D
I 9(x) 3(f(2) = g(x))
we deduce

w(x,t) = 3 . (1438)
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From this, we conclude
1
y(x,t) = Pw(z,t) = B . (1439)

b) By our work in a), the PDE in (1425) is well-posed if and only if the PDE in (1432) is well-posed.

And, from (1438) and our boundary condition,

0 = au(0,t) + bv(0,t)
=:l[a(f@ﬁ)+1ﬂ5ﬂ-+f(—3ﬂ‘—9(—30)*-b(f6ﬁ)+1ﬂ50-—f(—3ﬂ-+g(—3ﬂﬂ
% (1440)
:5K@+bﬂf@®+g@ﬂ)+(a—@(ﬂ—&)—9F3®H
= 2 [+ D) (0,1) + (a — Dua(0,1)].
This implies
ws(0,1) = - h Zwl(O, H=-2 - z geicD) 39(5”). (1441)

From our work in a), we know the characteristics of ws are of the form x — 3t = C. Since wy is also

constant along characteristics, it follows that

wo(w, 1) = —QZLH)b) (f <—§(z - St)) +g <—g(x - 3t)>> for t > 3a. (1442)

Additionally, by (1438),

wo(x,t) = = (f(x — 3t) — g(x — 3t)) for t < 3. (1443)

| =

Well-posedness of our PDE therefore comes down to checking that the boundary conditions along the
t and z axes align. Namely, the PDE is well-posed provided

a+b L T _ f(0) —g(0)
oy 10)+9(0)) = lim ws(0.6) = lim wo(ar,0) = FEI2

z—07t 2

(1444)
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Equivalently, well-posedness occurs when

at+b _g(0)—f
a=b  g(0)+ f(0)

< 0=af(0)+ bg(0). (1445)

We conclude the PDE is well-posed when 0 = af(0) + bg(0).

334 Last Modified: 4/26,/2019



ADE Qual Notes

Heaton

F10.3. Consider the competition with limited resources model

&= (a1 —bix —cyy)z, Y= (a2 —bax — cay)y, (1446)

where a;, b;, and ¢; are positive constant with cias > aico and boay > bias.

Note this implies that
c1bo > cob.

a) Find the equilibria of this system in the closed quarter plane = > 0, y > 0.

b) Show that an equilibrium in the open quarter plane z > 0, y > 0 must be a saddle.

c) Make a plausible plane diagram for trajectories in the closed quarter plane.

Solution:

a) The equilibria are at (0,0), (0,a2/c2), (a1/b1,0), and (Z,7), where

b “ (1447)
by o Y az
Thus .
xT by a1
y by c2 as
S “ (1448)
b162 — b261 —bg bl as
_ 1 aicy — asC
brez =bacr | azby — arby

b) The point (Z,y) is in the open quarter plane, due to our hypotheses regarding the constants a;, b;,

and ¢;. The Jacobian for the system is given by

0x/0x 0%/0y a1 — 2biz — 1y
J(z,y) =
0y/0 03/0y

—C1T

(1449)
—boy a2 — baw — 2c0y
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Using the relation in (1447), we see

a1 — T —c1y) — iz —C1T - —azT
Jap=| T manh S I IR FOPET)
—boy  (az — baT — c2y) — 2y —byy  —c2y

To verify (7,7) is a saddle point, it suffices to verify J(Z,y) has a positive real and a negative real

eigenvalue. Each eigenvalue \ satisfies
0 =det(\Id — J(Z,7)) = A+ 01 Z) (A + c27) — c1boTG = A2 + (01T + o)A + TG (brca — bacy), (1451)

and so

1o 07 ) T P = =) i

Since 7 > 0, ¥ > 0, and bycy < bacy,

— 4@(5162 — b2C1) > 0, (1453)

from which we deduce

\/(blf + c@)2 — 4@(1)102 — bgcl) > ‘blf + Cgm . (1454)

Therefore, (1452) and (1454) together imply J(Z,7) has a positive real and a negative real eigenvalue.

Whence (Z,7) is a saddle point.

¢) Omitted.
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F10.4. Use the method of characteristics to find a solution to

ut + uuy = —x  in R x [0, 00),

u=f onR x {t=0}.

Heaton

(1455)

You will not be able to find u(x,t) explicitly. However, if f’(x) > 0, show that the solution will exist

for t € [0,7/2).

Solution:

We proceed using the method of characteristics. Define F(p,q, z,x,t) = ¢ + zp + x. Then taking ¢ = w,

P = Uy, and z = u yields F' = 0 and gives rise to the ODE system

i(s)=Fpp+ Fyg=2p+q=—z, 2(0)= f(o).
This implies t = s and
x(s) + Z(s) = z(s) + 2(s) = z(s) — z(s) =0,

Likewise, z(s) + 2(s) = 0. Thus,

z=cy8in(t) + cacos(t) and x = cgsin(t) + ¢4 cos(t),

for some scalars cq, co, c3,c4 € R. Note

f(zo) = 2(0) = ¢18in(0) + cacos(0) = co and — zg = 2(0) = ¢1 cos(0) + c28in(0) = ¢;.

Similarly,

xo = x(0) = e3sin(0) + ¢4 cos(0) = ¢4 and  f(zp) = 2(0) = 2(0) = c3cos(0) + ¢4 sin(0) = c3.

Therefore,

u(x,t) = f(xg)cos(t) — xosin(t),

(1456)

(1457)

(1458)

(1459)

(1460)

(1461)
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where x( satisfies

x = f(xo)sin(t) + o cos(t). (1462)

All that remains is to verify the solution exists for ¢ € [0, 7/2). It suffices to show the characteristics cannot
cross for t € [0,7/2). We are given that the solution exists at ¢ = 0. By way of contradiction, suppose
there exists distinct y1,y2 € R such that the characteristics originating from these points cross at some
time ¢ € (0,7/2). Then

cos(t)
sin(t)

fly)sin(t) +yrcos(t) = flyz)sin(t) +yzcos(t) = fly2) = f(y1) = <— ) (y2 —w1). (1463)

By the mean value theorem, there exists y* between y; and y2 such that

fy2) = fy) = F (") (ya — 1) - (1464)

The previous two results imply there exists y* € R such that

pgy = 1@ =) cos) (1465)

Y2 — Y1 sin(t)

where the final inequality holds since ¢ € (0,7/2). This contradicts the fact f > 0 everywhere. Whence

the initial assumption was false and we conclude the characteristics do not cross for ¢t € [0,7/2). O
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F10.7. Consider the heat equation

u—Au=0 in D x (0,00),
u=0 on D x {t=0}, (1466)
u=f on dD x (0,00).
Find an expansion for the solution to the problem in terms of eigenfunctions of A and the solution of
the Dirichlet problem Aw = 0 in D and w = f on dD. What is the leading term in the asymptotic
expansion of u(x,t) — w(z) as t — oco?
Solution:
Define v := v — w so that
ve—Av =0 in D x (0, 00),
v=—w on D x{t=0}, (1467)
v=0 ondD x (0,00).
We proceed using separation of variables. To this end, assume v(z,t) = F(z)G(t) for some functions

F and G. Plugging this into our PDE yields

F(2)G'(t) — AF(z)G(t) =0 = ®) _ . (1468)

Since the left and right hand sides of the final equality are independent of each other, each side equals —p,

where p € R is a constant. Consequently,

—AF =uF in D,
(1469)
F=0 ondD.

Since the Laplacian operator is symmetric elliptic, there exists an orthogonal basis of eigenfunctions

{©n }tnen with associated eigenvalues {\, }nen. Moreover, for each n € N

o,
0< / IVn|? dz = —/ YnAp, dz +/ @ni do = )\n/ @2 da. (1470)
D D aD ov D

If A\, = 0, then (1470) implies Vi, = 0 in D, i.e., ¢, is constant, which is not possible since ¢, = 0 on

0D and the zero function is not an eigenfunction. Whence A,, > 0 for each n € N as the integral on the

339 Last Modified: 4/26/2019



ADE Qual Notes

right hand side of (1470) is positive and A,, # 0.

Heaton

The above result regarding the Laplacian operator implies there exists a collection of functions {g, }nen

such that
gh(t) = —Ang(t), forallme N,

where we are supposing, by the superposition principle, our solution is of the form

v(z,t) = Z In()pn(2).

nelN

Expanding —w in terms of the eigenfunctions yields

—w(x) = Z anpn(x), where «, = M
= (bn,on)
and (-,-) is the L? scalar product on D. Thus, for each n € N,
gqlq, = —A\gn in (0,00), ot

gn = Qp on {t =0}

Compiling our results, we write
v(z,t) = Z o (z)e™ Mt
neN
from which we deduce

u(z,t) = w(x) + Y anen(x)e .

nelN

(1471)

(1472)

(1473)

(1474)

(1475)

(1476)

Since A, > 0 for each n € N, each term of v(z,t) vanishes as t — oco. So, there is no leading term in the

asymptotic expansion of v(z,t) as t — 0o.

O
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F10.8. Let u(z,t) be the solution to

ug + a®(x,t)uy — Au=0 in D x (0, 00),

w=0 ondD x [0,00)) (1477)

u=f on D x {t=0},

u =g on D x {t=0}.

Prove that [, u? dz is bounded for ¢t € [0,00). You may assume that D is a bounded domain with
smooth boundary, f and g are smooth functions vanishing on 0D, and that a is a smooth function on
D x [0, 00).

Solution:

Define the energy E : [0,00) — R via
E(t) := / |Vu(z, t)||? + i (z,t) da. (1478)
D
Since f and g are smooth and D is bounded,

B(0) = /D IVFI12 + g2 do < /D 191220y + 19132 () 42 = 1] [I 912200y + 191300 )] < 00, (1479)

i.e., E(0) is bounded. Differentiating in time reveals

. d
o9 2, .2
z [/D Va2 + 3 dm]

:2/ Vu - Vug + upuyy do
D

:2/ g (—Au + ugy) d:z:+/ ut% do
D op OV (1480)

= 2/ Ut (—azut) dx
D

~ 9 /D (au)? dz

<0

i

where the boundary term vanishes since u = 0 on 9D x [0,00), whereby u; = 0 on 9D x [0,00). Since
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the integrand in the definition of E is nonnegative, we therefore know 0 < E(t) < E(0) for all ¢ € [0, c0).

Furthermore, by Poincaré’s inequality, there exists C' > 0, dependent only on D, such that

[ullL2(py < ClIVull2(py- (1481)

Therefore,
i) < OVl < C* [ [VulP 4 do = CPE() < CPEO) <0, (1482
ie., HUH%Q(D) is bounded for all ¢ € [0, c0). O
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S10.1. Consider the generalize eigenvalue problem

y' —y=-X*y in(0,1),
y=0 on0(0,1).

Show that all eigenvalues —\ must be bigger than 1.
Solution:

Let uw be an eigenfunction of the given ODE with eigenvalue —A. This implies

1
/qux>O.
0

Furthermore,

1 1 1 1
/‘ﬁm@@dx=/nMy—fde—/XMV+fdx+MML$=—/XMV+fd%
0 0 0 0

and integrating by parts reveals

1 1 1

d 1

- / 22y'y do = / Y- o [xzy] dz — [y(x2y)]zzo = / 2xy? + 2%y'y dx,
0 0 € 0

1 1
—/ 22y'y dz = / zy? de.
0 0

which implies

Combining (1485) and (1487) reveals

-2

— fol x2y'y dx - fol xy? doz fol y? dx - fol y? dx

1 1 1 1
:ﬁﬂyﬁ+y2®{_ﬂﬂdy+wﬂdw>ﬁﬂd?+ﬂ2¢v_1+ﬂﬂyydw>l.

Heaton

(1483)

(1484)

(1485)

(1486)

(1487)

(1488)

The division is well-defined due to (1484). The inequality holds since ¢’ is not identically zero, which

follow from (1484) and the fact y = 0 on the boundary. This completes the proof.

0
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S10.2. Let Q C R” be a bounded domain with smooth boundary. Let u be a C? solution of the following
problem
u—Au+u=0 in Q x (0,00),

u=g onQx {t=0} (1489)

u=0 on N x (0,00).
Suppose ¢ is bounded and compactly supported in 2. Using an appropriate energy, show there exists
C > 0 such that |u(z,t)| < Cexp(—t) as t — oc.
Solution:
Let u be a C? solution to the given PDE. We obtain the result by using the “LP trick.” For each p > 2,
let || - ||, be the associated LP(§2) norm. Since Q is bounded with smooth boundary, it has finite measure.

This implies for each ¢ € [0, 00)
Jim fluC, Ol = llul; ) oo- (1490)

Now fix any p > 2 and define ¢ : R — R by ¢(v) := |v[P. Then note ¢ is convex since
" (u) = (n|u|p_2u)/ =n(n—1)uP~2 > 0. (1491)

Next define the energy e via

e(t) = /Q o(u) da = [Ju(- D] (1492)

Q
= [ ~potu) + pu)du do
o ) (1493)
= | —pp(u) — @¢(u)|Dul? dz — u7u o
= [ =petw) = pipu as = [ szt
S/Q—W(U) dz
= —pe(t).
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The second equality holds by (1489), the third since u@(u) = u - pu|u[P~2? = plulP = pp(u). The fourth line
follows using integration by parts and the fifth inequality holds since ¢ > 0 due to convexity and ¢(u) =0

on 0D. Using Gronwall’s inequality, we deduce
t ~
a1 = et < cO)exp ([ = a) = e(0)expi-0) = gl exp(-p1). (1491)
0
Combining (1490) and (1494), we see for (z,t) € Q x (0, c0)
. . 1 .
[uz, 1) < flu(, t)lloo =lgg;Hu(»pﬂb:=Igg;(HgH£eXp(—pﬂ) ﬁ)zzkggHngexp(—f)==HngeXp(—t%

(1495)

where the final equality holds and is finite since g is bounded. This completes the proof. (Il
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S10.3. Let Q be a bounded region in R™ with smooth boundary. Prove C? solutions to the following
problem are unique:

—Au+a(x)u=0 in Q,
(1496)

i (x) on 09,
where a(z) > 0, f(z) € C%(Q), and v is the outward normal vector along 0.
Solution:
Suppose u and v are solutions to the PDE and set w = u — v. It suffices to show w is zero everywhere in

Q. Observe
—Aw+aw =0 in €,

1497)
P (
a—lj =0 on 0.
Using this, we see
2 dw 2
0< [ |Dw|* dz=— | wAw dz+ w—do=— [ wAwdxr=— [ aw” dz <0, (1498)
Q Q oo OV 0 Q
where the final inequality holds since a > 0 in €2. This implies
():(/'uhMde, (1499)
Q
and so Dw = 0 in {2, i.e., w equals a constant § in Q. However, (1498) also implies
0= / aw? dz = 52/ a dz. (1500)
Q Q

Since a > 0 in €2, the integral on the right hand side of (1500) is positive, which implies 5 = 0. Thus w is

identically zero in €2, and we are done. 0
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S10.4. Let u solve the one-dimensional wave equation

Ut — Upg +u =0 in R x (0, 00),
u=g¢g onR x{t=0}, (1501)
ug=h on R x{t=0},

where g and h are compactly supported.
a) Find an energy associated with u.

b) Show that u(-,t) is compactly supported at each ¢ > 0.

Solution:

a) Consider the energy e : [0,00) — R defined via

e(t) == ;/Ru%(x,t) +ui (2, t) + u?(z,t) da. (1502)

As we will show in b) below, u(-,t) is compactly supported, and so this energy does not blow up.

b) We first verify that if u =0 on B(x,r) x {t = 0} for r > 0, then u = 0 in the cone
K(z,r):={(z,t): t€[0,r), z € B(z,r —t)} U{(x,7)}. (1503)

For notational compactness, set S(t) := B(x,r — t). Define the energy E : [0,7) — R via

1
E(t) :== / u? +ui 4+ u? do. (1504)
2 Jsw

Our hypothesis implies F(0) = 0. Then differentiating in time reveals

: 1
E(t) = / Uz Uzt + Uty + vy do + B / (Utui + u? + u2)v -v do,
a5(t)

1
/ Uz Uyt + Uptyy + vty Aoz — = / ui + u? +u? do
S(t 2 Jas)
(1505)

1
/ (—Ugy + ug + u) dx—i—/ utux—f(u§+uf+u2) do
St a5(1) 2

=0

/ utug;— u —i—ut—i-u)da,
aS(t)
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where v = —v is the Eulerian velocity of the boundary of S(¢). Since for all a,b € R we have
1
0<(a—0b)?=a*-2ab+b* = ab< 5(a2+b?), (1506)
we may write

. 1 1 1
E(t) < / “(uf +u?) — = (U2 +uf +u?) do = —/ u? do < 0. (1507)
d5(t) 2 2 Jas)

Thus, E(t) is nonincreasing. Since E(0) = 0 and the integrand in the definition of E is always
nonnegative, it follows that E(t) = 0 for all ¢ € [0,7). This implies u(-,t) = 0 in S(¢) for each
t € [0,7), from which we deduce, by the continuity of u,

u(z,r) = lim wu(z,t)= lim 0=0. (1508)
t—(r)~ t—(r)~

These two facts show v =0 in K (z,r).

We now show wu is compactly supported for all time. Let t* € [0,00). Since u(-,0) is compactly
supported, there exists 7 > 0 such that u(x,0) = 0 for all x satisfying |z| > r. Now pick any z such
that |z| > r+2t*. Then u(-,0) = 0in B(z,7+t*). Our above result implies v = 0 in K(z,r+t*), and in
particular u(z,t*) = 0. Since z was an arbitrary point in R — B(0,r + 2t*), it follows that u(z,t*) = 0
for all z € R—B(0,r + 2t*). Whence spt(u(-,t*)) C B(0,r + 2t*), i.e., u(-, t*) is compactly supported.

Since t* was arbitrarily chosen, we conclude u is compactly supported for all time.
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S10.6. Solve the PDE

u2 +yu, —u=0 in R x (1,00),
T (1509)

%—Fl on R x {y =1}.

u =

Solution:
We proceed using the method of characteristics. Define F(p,q, z,2,y) = p*> + yq — z. Then taking p = u,,

q = Uy, and z = u yields F' = 0 and gives rise to the ODE system

p(s) = —F, — F.p=p, p(0)
i(s)=—Fy—F.q=—q+q=0 q(0)=2(0)—p(0)* =1,

&(s) = Fp =2p, x(0) = zo, (1510)

Zo
2

y(s)=F, =y, y(0)=

1,

2

. 2 Lo
2(s) = Fpp+ Fyq =2p° +yq, 2(0) = 2 + 1.

This implies y = e, p = Z¢°, and ¢ = 1. Thus

S S
x = x0 +/ z(t) dt = xg +/ zoe! dt = zge’, (1511)
0 0

and

2

’ 2 Zo Saf oo g 2§ oo 4]
2=2z20)+ [ 2p(t)"+yt)gt)dt=(—+1)+ | e +e dt=—+1+|—"¢€"+Fe , (1512)
0 4 0 2 4 4 o

whereupon simplifying reveals

2 —5\2 2
Z:T628+6s:(gj‘e4)'62s+es:z+y‘ (1513)
Hence,
22
u(z,y) = vy +y. (1514)
]

349 Last Modified: 4/26,/2019



ADE Qual Notes Heaton

S10.7. Let u : [0,1] — R be piecewise H! with a discontinuity at zp. That is, if u~ : [0,2zr) — R with
u”(z) = u(x) for x € [0,2r) and u™ : (zr,1] = R for = € (zr, 1], then u~ € H*(0,2zr) and u* € H!(xr, 1).
Furthermore, define the jump in u at ar as

[u] == lim w(z) — lim u(x), (1515)

and u as

( lim u(x)+ lim u(x)) . (1516)
Show that if

0z (Bugy) =0 in (0,2r) U (zr, 1),

[Bu:v] =b,
u=0 on 0(0,1),

(1517)

[u] = a,
where [ is piecewise C*°, but with a discontinuity at zr and 9z) > ¢ > 0, then e(u) < e(v) for all

piecewise H' functions v that also satisfy
v(0) =v(1)=0 and [v]=a. (1518)
Here we set

xr 1
e(u) = % [/0 uiB dx —|—/ ulp da:} + ub. (1519)

Solution:
Let u be a solution to the given PDE. Note the set of all piecewise H' functions v satisfying (1518) equals
u+ A, where A := {w: w(0) = w(1) =0, [w] =0, w is piecewise H'}. So, it suffices to show that u + 0

is a minimizer of e over u+.4. To do this, we first we show e is convex. Then we show u is an extremizer of e.
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Define ¢ : R — R via ¢(v) := v2. Then ¢ is convex since ¢” = 2 > 0. Consequently, for all ¢ € (0,1) and
v,w € (u+ A,

e((1 —t)w + tv)

- % /OZF P((1 = we + tvg) B da + /Owr P((1 = tywy + tv,) d:c] + (1= tjw + tob

1[ [or xr B -
=3 :/0 P((1 = t)wg + tvg) 5 da + /0 e((1 = thwg + tv,)B dw] + (1 — tywb + twb (1520)
< % _/0 ) (1 =t)p(we) + to(vy)) B da + /0 ' (1 =t)p(wg) + te(vy)) B dx] + (1 — t)wb + tvb

= (1 = t)e(w) + te(v),

and so e is convex.

Let ¢ € A. Then define 7: R — R by 7(¢) := e(u + eq). We claim 7/(0) = 0. Since e is convex, it follows

that € = 0 is a minimizer of 7, i.e.,

e(u) <e(u+eq), foralleelR. (1521)

In particular, e(u) < e(u + ¢). Since ¢ was arbitrarily chosen, this result holds for all ¢ € .A. Whence

e(u) <e(u+gq), forall qge A, (1522)

which is precisely what we set out to show.

All that remains is to verify 7/(0) = 0. Since 0, (u,/3) = 0, we know w3 is constant on (0,zr) and (ar, 1).

Thus, there exists a1, as € R such that

ap in (0,2p),
Uy = (1523)

ag in (zp,1),

and the fact [Suy] = b implies ag — ay = b. Since [g] = 0, we further know there exists a* such that

o= lim ¢(x) = lim ¢(x). (1524)

.Z’—)J?F CIZ—)$F
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This implies

1

1 Ir -
e(u+eq) = 3 [/ (u2 + 2euzq, +%¢2) B da + / (u? + 2curq, + €2¢2)B dm} +u+eqb
0 T

r

Ir 1 xrr 1
=e(u)+e¢ [/ Upqe3 dx +/ Uz G do +qb} + &2 [/ qgﬁ dz —I—/ qgﬂ dx]
0 T 0 xr

T

xr 1 xr 1
:e(u)—ks{al/ G dx+a2/ G d:c—i—qb] + &2 [/ p dx+/ p dx}
0 xr 0 xr

Tr 1
= e(u) + e lai(a” = q(0)) + az (¢(1) — o)) + a*(az — a1)] + +&? [/ ¢z8 do + / 438 dl‘]
0 T
xr 1 i
= e(u) + +e2 {/ ¢:p dx+/ Q253 dx} ,
0 Tr
(1525)
where we note ¢(0) = ¢(1) = 0. From this, we conclude
— Tr 1
2(0) = lim ST ED) W _ i e U ete) d:c+/ 2p dw} — 0. (1526)
e—0 IS e—0t 0 zr
([l
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S10.8. Find a solution of the inhomogeneous initial value problem

ut + augy = f(z,t) in R x (0,00), (1527)

u=¢ onR x {t=0}.

Solution:
Since the PDE is linear, we may apply the superposition principle to say a solution u may be expressed
via u = v + w, where

v +avy =0 in R x (0,00), (1528)

v=¢ onR x {t=0},
and

wy +aw, = f in R x (0, 00), (1529)

w=0 onR x {t=0}
Set F(p,q,z,x,t) = q+ ap. Then taking p = v;, ¢ = v, and z = v, we deduce F' = 0 and the met-

hod of characteristics gives rise to the ODE system

&(s) = Fp =a, z(0) = xo,
i(s)=F,=1, t(0)=0, (1530)
2(s) =Fpp+ Fyg=ap+q=0, z(0)=¢(zo).

This implies t = s, z is constant along characteristics, and
t t
l‘—:l?():/il(T)dT:/adT:at — x9=2x — at. (1531)
0 0

Therefore,

v(x,t) = 2(t) = 2(0) = ¢p(x0) = ¢(z — at). (1532)

To solve for w, we use Duhammel’s principle to write

w(z, ) = /O Bz, £ 5) ds, (1533)
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where

we(x, t;8) + awy(z,t;8) =0 in R X (s,00),

w(z,t;s) = f(x,s) on R x {t =s}.

In likewise fashion to when we solved for v, we see

w(z,t;s) = f(x —a(t —s),t) in R x[s,00).

Thus,
t
w(x,t) = z—a(t—s),s) ds
@t) = [ fla—a(t=2.5) ds

from which we conclude a solution u to our PDE is given by

u(z,t) —qﬁ(:):—at)+/0 flz—a(t—2s),s) ds.
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2009 Fall

F09.1. Let u(x) be harmonic in the open ball {x € R" : |z| < R}. Assume that u(z) > 0. Show that the

following Harnack inequality holds,

R2 _ ’33‘2
(R+ =)™

R? — |z|?

u(0) < R* "u(z) < R=Ta))

u(0), for all |z| < R. (1538)

Solution:
We assume v € C' (D), where D := {z € R" : |z| < R} so that we may define g : D — R by g(z) := u(z)

for all z € 9D. Then Poisson’s formula for the ball states

R? —|zf 9(y)
u(x) = do(y), forallxz e D. 1539
D= 0B Jop Jr -y 7 1539
Though direct computation, we find
1
= d . 154
u(0) (R /aDg(y) o(y) (1540)

Together with the fact |y — z| < |y| + |z| = R+ |z| for y € 0D, this implies

2 T 2
u(x) > ]jzoz(n|)b’2 . (R!i(i/i)n do(y)
R =P
T (R+ [z 2'W/8Dg(y) do(y) (1541)
R
S w0

Upon multiplying by R?~", this verifies the left hand inequality in (1538). Likewise, |y — x| > ||y| — |z|| =
R — |z| for all y € 0D and = € D, and so

R? — |zf? 9(y)
u(z) < do(y
"= 0k Jop T~ 7
R? — |zf? 2 /
=y BT s [ g(y) do(y (1542)
Flely T nalm T Jpp Y 7V
R? — |2f? 2
= —————R" - u(0).
(R — =)
Together (1541) and (1542) yield (1538), and the proof is complete. O
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F09.2. Let Q C R™ be a bounded open set and let V € C(Q). Show that for ¢ > 0 small enough, the
Dirichlet problem

—A+eV)u=f inQ,
(-A+4+eV)u=f in (1543)

u=0 on 99,
has a unique solution in the space Hg (), for each f € L?(1).

Solution:

As verified from integrating a smooth solution to the PDE by parts, the weak formulation of our PDE is
/ Du-Dv+eVuv dz = / fvdz, forallve H, (1544)
Q Q

where H := H}(Q). To this end, define the bilinear form B : Hx H — R and the linear form £(f) : H — R,
respectively, via

Blu,v] := /QDU -Dv+eVuv dr and ((v) := /va dz. (1545)

We claim that if € > 0 is sufficiently small, then B is coercive and bounded and ¢ is bounded. Therefore,

the Lax-Milgram theorem asserts there exists a unique w € H such that
Blu,v] = {(v), forallve H, (1546)

i.e., by (1544) and (1545), u is the unique weak solution to the given PDE. All that remains is to verify

the three assumptions for € > 0 sufficiently small. Observe B is bounded since

|Blu, v]| < |[|Dul| Dv||| 1) + eChlluvl| L1 (g
< |[Dul| 2o 1DV 20y + eCrllull L2 1Vl L2 ) (1547)

< (+eC)ullellvll,

where C := maxg |V, which exists since V' is continuous and Q is compact. The first inequality holds
from application of the Cauchy-Schwarz and triangle inequalities. The second inequality is an application

of the Cauchy-Schwarz inequality (or Holder’s inequality). Likewise, ¢ is bounded since

)| < Nlvfllze) < lollz@lfllzz@) < 1Fll2@llvll =, (1548)
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where we note f € L?(Q2). Furthermore, Poincaré’s theorem asserts there exists a Cy > 0, depending only

on {2, such that

|wllr2@) < Col|Dwl|p2qy, for all w e H.

Assuming ¢ > 0 satisfies

1— 60102 > O,

we deduce
Blu,u] = / |Dul? + eVu? dz
Q

z/ |Duf? —Cru® de

Q

— ||Du||L2(Q) — 501||UHL2(Q)
> [1 — eC1Co] | Dul| 12y

1 1
> [1-2CiCl- 5 |1Dule + g Nl

> 1-— 80102

> = min{1,1/Co

(1549)

(1550)

(1551)

and so B is coercive. Thus, if € > 0 is sufficiently small that (1550) holds, then each of the needed

assumptions holds. This completes the proof.

0
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F09.4. Let Lu = —ug, + V(z)u, where V(z) is real-valued, Au = 4uzyy — 3(Vu)y + Vug). A page of

exciting computations shows that the commutator LA — AL is given by

(LA — AL)u = (6VV, — Vga )u. (1552)

Do not do that computation. Instead suppose that V' depends on the parameter ¢ as well as x, and
is a solution of the evolution equation V; = 6VV,, — V,,, (the Korteweg-De Vries) equation. Suppose that
u(x,t) satisfies

L(t)u = —uge + V(t)u = A(t)u and / u? dz =1, (1553)
R

i.e., u is a normalized eigenfunction for the operator L(¢). Show that A(¢) must be independent of t.
Solution:

It suffices to show A is constant in time. Differentiating in time reveals
(Lu)y = Luy + Viu = Luy + (LA — AL)u = L(0; + A)u — A)u. (1554)

Thus, expanding the derivative on the left hand side,
Next observe that for all such normalized eigenfunctions v and w, we have

/ vLw dx = / V(—wWye + Vw) do = / — WUz + Vow do = / wlv dz, (1556)
R R R R

where the second equality follows from integrating by parts twice and noting the boundary terms vanish

since |v|, lw| — 0 as |x| — 0. Consequently,

/ M2 + N8 4+ A)u? do = /
R

. [L(0: + A)u|u do = /

(0 + A)u(Lu) doe = / A0y + A)u? dz.  (1557)
R

R

Subtracting the common terms from both sides, we see

O://'\u2 dxz)\/uQ dz = A, (1558)
R R

which implies A is constant in time. This completes the proof. O
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F09.5. Solve the Hamilton-Jacobi equation

1
ur + = (uz)? —2 =0 in R x (0,00),
2 (1559)

u=azr onR x{t=0},
for some scalar « € R. The solution is linear in x, but we want you to use the method of characte-
ristics to solve this problem. The linearity in = is a check on your answer.
Solution:
We proceed using the method of characteristics. Define F(p,q, z,x,t) := q + %pg — x. Taking ¢ = u; and

p = u, and z = u, we see F' = 0 and the method of characteristics gives rise to the ODE system

p(s) =—F, —F.p=1, p(0)=aq,
CI(S) = —F - I.q=0, Q(O) = a0 — %Qa
i(s) = Fp =p, x(0)=2", (1560)
i(s) = F, =1, #0)=0,

2
| 2(s) = Fpp+ Fyg=p* +q ="+, 2(0) = aa”.

This implies t = s, p =t 4+ «, and so

t t 2 2 2 _ 2
x—:UO:/J'C(T)dT:/p(T)dT:p 2a = xozx—p 204‘ (1561)
0 0
Therefore,
t. 2 t 2 3_ 03 o2
z:z(0)+/p(T)—l—a:dT:axO—l—/pQ(T)—i-xO—adT:px0+p @ (1562)
0 2 0 2 3 2
Substituting for z° reveals
2 2 9 3 _ 9 3 _ 3 2t 1
zzp(x—p 204>+ d Oé a :p$+6[3pa2—p3—2a3—3a2t], (1563)
and so
1
u(z,t) = (t+ o)z + 6 [3(t + a)a? — (t+a)® —2a° - 3a2t] . (1564)
]
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F09.6. Let z(t) be a nonnegative differentiable function such that

1
£(t) > ————+t—1, forallt>0. 1565
H(0)2 [t L forallt> (1565)

Show that x(t) > 1 — exp(—t2/2) for t > 0.
Hint: Derive a differential equation for the function t — 1 — exp(—t2/2).
Solution:

Following the hint, set f(t) := 1 — exp(—t2/2). Then
f=texp(—t?/2) =t [1 — (1 —exp(—t?/2))] = t[1 — f]. (1566)

We claim & > t[1 — z|. Indeed,

14+ (1+tx)(at—1)] =

i —t(1—2)> [1 ! >0, (1567)

t—1| —t(1—a) =
i } (1-2)

1+tx

where the final inequality holds since the numerator is nonnegative and 1+ ¢z > 1+ 0 as x is nonnegative.
Since z is nonnegative, we also know z(0) > 0 = 1 — exp(0) = f(0). By way of contradiction, suppose
there exists 7 > 0 such that f(7) > z(7). By the intermediate value theorem, since xz(0) > f(0) and = and
f are continuous, it follows that there exists 71 € [0,7) such that xz(m) = f(71). Choose > 0 to be the

smallest positive number such that f(7 — §) = z(7 — §). Then f(t) > x(¢t) for all x € (7 — 4, 7). Whence

T

x(1) = x(7_5)+/i5 z(s) ds > x(7—5)+/i s[l—z(s)] ds > f(T—5)+/ [1—f(s)] ds = f(1), (1568)

S
1) T—9

which contradicts our assumption that f(7) > x(7). Therefore, we conclude x(t) > f(t) for allt > 0. O

360 Last Modified: 4/26/2019



ADE Qual Notes

F09.7. Let u(z,t) solve the wave equation

(6tt—A)u:O iDRXR,
u=¢ on R x {t =0},
uy =0 on R x{t=0}.

Show that the function

u(x,t) =

\/E

defined for (z,t) € R x (0, 00), satisfies the initial value problem
(O —A)u=0 inR x (0,00),

u=¢ on R x {t=0}.

Solution:

Using the change of variables z = s/v/4t, we may write

(x, t) \F/ (z,V4tz) dz,

and so

hmu(:ct—hm/ u(x, 2v/4t) dz

t—0+ t—0+ \f

:ﬁ/_me—z u(z,0) dz

1 [~ .
:u(x,O)-ﬁ/ooe dz
= u(z,0)

= ().

_52/4t u(zx, s) ds,

Heaton

(1569)

(1570)

(1571)

(1572)

(1573)

We now carefully justify the second equality. Since u solves the wave equation and has compact ini-

tial data, it follows that u(zx,-) has compact support for all z € R. Also with the fact u is continuous, we
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deduce u(zx,-) € L>°(R). This implies

o0

/ ’e_ZQu(;p,z\/Zt) dz < ||u(z, -)HLOO(R)/ e dz = vallul(e, )| pem) < 0, (1574)

—0o0 —00

which shows the integrand in the first line of (1573) is dominated by an integrable function. Thus, the
dominated convergence theorem asserts the limit can be brought inside the integral since the pointwise

limit of u(z, 2/4t) exists as t — 0. Thus (1573) holds.

Next observe

(3] 6752/415

—oo VATt “
() 6752/4t
:/ Oss T u(zx,s) ds

_/ 6_52/4t858u(x,s) ds +

u(x,t) = 0y [ (z,s) ds]

6—52/415 6_82/4t &
85 \/m u(:n,s) - At us(w,s)

o e (1575)
/ e~ u(x, s) ds

1

VAt
1

Vamt

/ 6752/4t8mu(:c, s) ds

1 e 2
—s? /4t ( ) d
(& u\xr, s S
V47Tt /oo ’ :|

= mxa(xa t)‘

The third equality holds since the terms in braces is the fundamental solution of the heat equation.
The fourth equality follows from integrating by parts twice. The fifth equality holds since u has compact
support. The sixth equality since u solves the wave equation. Thus, (1573) and (1575) hold, which verify
(1571), and the proof is complete. O
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2009 Spring

S09.1. Let h(t) and a(t) be continuous and bounded functions on [0, 00), with a(t) > 0. Let z(t) be a

continuous function such that

t
1
2(t) < h(t) / als)e(s) ds+ 7, for all £ € [0,00), (1576)
0
Assume that
/ Ih(t)] dt < o, (1577)
0
Prove z(t) is bounded above on [0, o).
Solution:
If
sup z(t) <5, (1578)

te[0,00)
then z(t) is certainly bounded above. Now consider the case when (1578) does not hold. For each t € [0, 00)

observe

(1) < C|h(t)| /Ot Sy ds + 1 = Ct|h(t)[S, + 1. (1579)

where C' := max{l, || =)}, St := sup,¢o4 *(7), and x € L>([0,#]) since x is continuous and [0, is
bounded. We claim
lim t|h(t)| = 0. (1580)

t—o00

This implies there exists T} € (0, 00) such that
HA()| < —, forall t > T (1581)
40, or a = 17.
Choose T3 € (0,00) large enough such that St, = sup,c(o g,y 2(t) > 4. Taking T := max{T3, T2} yields
1 1 1 St

We claim

x(t) < Sp, forall t € [0,00). (1583)
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This immediately follows for ¢ € [0,7]. By way of contradiction, now suppose there is ¢ > T such that
x(t) > Sr. By the continuity of z, this would imply there exists 7 € (T,t) such that the supremum S; is
attained at 7, i.e.,

% , (1584)

N | =

Sr=ux(r) < = 1<

a contradiction (n.b. the division by S; is justified since S, > 4.) Therefore (1583) holds, as claimed, and

we see x(t) is bounded above.

All that remains is to verify (1580). By way of contradiction, suppose this equality does not hold. This

implies there exists € > 0 such that

limsup t|h(t)] > e. (1585)
t—»00
Consequently, there exists T3 such that
h(t)| > % for all t > Tb. (1586)
Thus,
[ee) Ts 00
/ Ih(t)] dt :/ Ih(t)] dt +/ Ih(t)] dt
0 0 T
To o 1
2/ (1) dt+6/ Lt
0 T 1 (1587)
Ts
_ / Ih(t) dt + lim In(T) — In(Ty)
0 T—o00
= 400.
This contradicts (1577), and so our assumption that (1580) does not hold was false. O
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S09.2. Let p € C'([0,1]) and ¢ € C([0, 1]) be real-valued with p > 0. Show that the eigenvalue problem
— (pu)) 4+ qu =du, u(0)=u(1l)=0 (1588)

has the following properties:
a) All the eigenvalues are simple;

b) There are at most finitely many negative eigenvalues.

Solution:
a) Let u and v be two eigenfunctions with a common eigenvalue \. Letting £ be the differential operator,

it follows that
0 = Auv — Auv = (Lu)v — u(Lo)

pv')u — (pu')'v (1589)

Integrating once and dividing by p reveals there exists C' € R such that
/ / C :
(v'u—wvu')=— in [0,1]. (1590)
p
However, the boundary conditions imply v'u — vu’ = 0 on 9[0, 1]. Thus C' = 0 and we deduce

u
W(u,v) = = w' —vu' =0 in [0,1], (1591)
u v

where W (u,v) is the Wronskian. This establishes that u and v are linearly dependent. Therefore, all

the eigenvalues are simple.
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b) Since this is a regular Sturm Liouville problem, the eigenvalues {\, } are countable and are such that
Ap — 00 as n — oo. Consequently, it suffices to show the eigenvalues are bounded from below. By
Sturm Liouville theory, the small eigenvalue satisfies

A = min {u, Lu)
ueA (u,u)

: (1592)

where A := {u € C?(0,1) N C[0,1] : u(0) = u(1) = 0} and (-,-) is the L? scalar product on [0, 1]. For

all u € A,
1
(u, Lu) = / w(=(pu') + qu) do
0
1 0
= / qu? +p()? do — [ulpiTy
0 (1593)
= / qu* + p(u')? dz
0
Z a1 <’U,, U> + Qa9 <ul7 ul> )
where a1 := minp ;¢ and ag := min ) p. By Poincaré’s theorem, there exists C' > 0 dependent
only on [0, 1] such that
1 1
(u,u) = / u? dz < C’/ (W) dz=C W' v), foralluec A (1594)
0 0
Therefore,
/ / / /
(w, Lu) o on(uw) Fag ) ) %2 o allue A, (1595)
(u, u) (u, u) (u,u) C
from which it follows
. <'LL,/_,"LL> 65
A > — > —00. 1596
géli\l (w, 1) 70&1+0> o0 ( )

This shows the smallest eigenvalue is bounded below by a constant, and the proof is complete.
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S09.3. Let 2 C R™ be open and let v € C°°(Q2) be harmonic in €2 so that Au = 0. Show there exists a

constant C' = C(n), depending only on the dimension n, such that

C
Vu(x)| < ——sup|u|, forall z € Q, 1597
Vu(@)] < Zossuplu (1597)
where
d ;= inf — 1
(@)= inf o —y] (1598)

is the Euclidean distance from z to the boundary of Q. Generalize (1597) to obtain similar bounds for

higher order derivatives of w.

Hint: Use the Poisson formula for the function « in a ball.
Solution:

Observe d%u is harmonic for each multi-index 3 since

AU =" 0y, 0u = 0° <Z um> = 9% (Au) =0°0=0. (1599)

=1 =1

Fix any = € Q. Since 2 is open, d(z) > 0. Let p, := d(x)/2. Then Poisson’s formula for « in a ball yields,
foralli e {1,2,...,n},

1

aln)ps e

|z, (2)] =

1 A
u(z) dz|= ——— / u(z) dz / u(z)v* do
]éff(:c,m } () |JBap.) ) OBz 1) (

where the final equality holds via integration by parts and «(n) is the measure of the unit ball in R™.

This implies

1 .
g, ()] < | @ o
’ a(n),ug OB(z,uz)
1
< n/ sup |u| do
a(n) py OB(z,uz) Q
1 n—1
= -na(n - sup |u (1601)
g e sl
n
= — sup [uf
Hx ©
2n ’ ‘
= —— sup |u|,
d(z) ¢
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where the third line follows from integration by parts and «(n) denotes the measure of the unit ball

in R™. This implies

~—

o, N (& 2 202
Vu() = | Xur@) | < (30 gyl | = gy suplul (1602)

i=1

Taking C = 2n3/2, we see (1597) holds, as desired.

In similar fashion to above, we see, for i,j € {1,2,...,n},
1 . 1 n
‘&Biwju(x)‘ < — luz, (2)|v! do < — sup |ug;,| do=— sup |ug,|.
a(n)ig JoB( ) (M) JoB @) 0B () Ha OB (w12
(1603)
However, due to our choice of p,,
2 2
sup |ug,| < sup —nsup lu| < —nsup|u|, (1604)
OB 1) 2€0B(zue) A2) @ fe ©
and so )
2n? 2n
O,z < — = —] -2 . 1605
Orueyule)] < 2y suplul = () -2suplal (1605)
This inspires us to prove that for each multi-index 8 with |3| = k we have
) < (2) 2 supla (1606)
u(x) < | =] - sup |ul,
d(z) Q
where for each nonnegative integer k
k—1
k(k—1
Fk) =S i= (2) (1607)
i=1

We proceed by induction. The base case is given in (1601). Inductively, suppose (1606) holds for any
multi-index § with |8| = k. Now let v be any multi-index with |y| = k + 1. This implies there exists
i€{1,2,...,n} and a multi-index 8 with || = k such that 87 = 3%0,,. Consequently, in likewise manner
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to above,

0 u(@)] = |07, ()]

1 / .
B — OPu(2) vt do
B | Josn "

OB (x, piy
< el s (o)
Ly Ha )| 2€8B(x,uz)

n 2n k
< —  sup () 270 sup |y 1608
Hz 2cB(z,uz) d(z) Q ( )

_ 2 (2m B
=ity (aym) 2wl

=| == 2R R sup u
(i) a1

= |- 25 +HD) sup Jul,
() al

and we have closed the induction. By the principle of mathematical induction, the claim follows. O
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S09.4. Let Q be a bounded open set and let V € C(Q) satisfy V(z) > 0. Show that for each f € L?(f2),
the Dirichlet problem

A+ Viu=/ i,
(—A+V)u=f in (1609)

u=0 on 0L,

has a unique solution in the space Hg(S2).

Solution:
Let us momentarily assume w is smooth. Then for all v € C2°(€2), we may multiply the PDE and by v and
integrate by parts to obtain

0=/(—Au—i—Vu—f)vd:U:/Du-Dv—i—Vuv—fvdx—l—/ a—uvdx:/Du-Dv+Vuvdx—/fvdx7 (1610)
Q Q oq On Q Q

where the boundary term vanishes due to the compact support of v. Note the right hand side of the
above makes sense even if u is not C2, but rather only in u € H(Q). So, letting H := H} () and defining
{:H—Rand B: Hx H— R by

Blu,v] := / Du-Dv+Vuv dr and {(v):= / vf dz, (1611)
Q Q
using the weak formulation of the PDE, it suffices to show there exists a unique w € H such that
Blu,v] = {(v), forallve H. (1612)

We claim the bilinear form B is coercive and bounded and the linear form ¢ is bounded. Thus, the
assumptions of the Lax-Milgram theorem hold, from which we deduce there exists a unique solution w € H
such that (1612) holds.

All that remains is to verify our claims. Observe £ is bounded since the fact f € L?(Q) implies

()| < Nlvfller) < vl fllz@) < lvllzllfllrz ), forallve H. (1613)
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Similarly, B is bounded since, for all u,v € H,

| Blu, v]| =

/Du-Dv—i—Vuvdx
Q

< |[Du - Dol gy + IV || e (o) luv]| L1 (o)

1614
< | Dull 2 1Dl 2 (@) + IV | oo @ el 2@ 19l 226 (1614)

< lullalivllz + 1V ilzee @ llullmllvl g

= (L+ Vlizoo@) llull vl

Next note Poincaré’s inequality asserts there exists a > 0, dependent only on 2, such that
ull2(0) < al|Dul|r2(q), forallu e H. (1615)

Therefore, together with the negativity of V', we deduce

Blu, u] :/ |Dul® + Vu? dz
Q

Y

1Dl 20

1
5 [1Dul20) + I1DulFeo)|
(1616)

v

1 2 1 2
3 1Pl + e |

min{1,1/a%} 2 2
B (1wl + ul32o)|

in{1,1/a?
_ mln{é/o‘}HuH%{,

i.e., B is coercive. Since all our claims have been verified, the proof is now complete. ]
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S09.5. Consider the complementary error function

Flz) = ;7? / Tt ar, (1617)
Show 2
F(z) = i\;? <1 +0 <;2>> as T — oo. (1618)

Show also that this estimate for large x can be refined to a complete asymptotic expansion

e & ag
F(x) ~ — 1619
CEEvOE S (1619

for some coefficients aj. (You do not have to determine each ay.)
Solution:

First observe differentiating yields

2 ld[

{efﬁ} =2 = eV=-_= eiﬁ} . (1620)

4
dt

Consequently,

2

[e’e) o] oo o] —x 0
/ e dt :/ _1d [e*ﬂ dt= _L. et —/ ie*t2 at =& —/ ie*tz dt. (1621)
" . 2t dt 2t . L 2t? 2z L 2t?

Now for each nonnegative integer k define fi : R — R by fx(t) := t=ke=* Then

o0 © 1 dr _p e k41 [
Hdt= [ ———— e | dt=-— -2~ t) dt. 1622
/gc Ji(®) /m 2F+T [e ] 20F T T2 /x Jia2(t) (1622)

Additionally, for z > 0 and k£ > 1 we see

0 oo €_t2 00 L 1=k 0 o1k -
= —_— < - = = = - . 1 2
/x Fo(t) dt / i, dt_/x 1 dt L_kL L 0@, ase oo (1623)

Thus, for k£ > 1,
/ fe(t) = O@='7F), asz — oo (1624)
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Compiling our results, we see, as * — 00,

F(z) = j% / " folt) dt

2

e_x 1 o0
o7 _Q/m f2(t) dt]

2
N
2 e®® e 1.3 [
= - £) dt
VT | 2z 22m3+22/$ Jalt) ]
2
N

2 2 2

e e * 3e * 1-3-5 /°°
— + - f6(t) dt
2x  22x3 2325 23/,

e " 1 3 1-3-5 [
S T
T/ [ 227 T o2 22 /x fo(®) dt]

e 1 3

= 1 R — JEE— )

/T [ 222 + 224 " Ol )}
2

— ;ﬁ [1+0(2)].

This verifies (1618). Furthermore, from the form of the fourth line in (1625), we see

2

F(z) =
k=1

Since our earlier work implies

1-3.--(2N —1) [®
5 2(N ) / fon(t) dt = Oz 72Y),  as z — oo,

we deduce for large x

F(z) ~ ;:;% (1 +Z(—1)k, 1321%(;5_ 1)) ’
k=1

as desired.

-z N . o — . oo —_ oo
T S

Heaton

(1625)

(1626)

(1627)

(1628)
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S09.6. Consider an initial value proble for the focusing cubic non-linear Schrodinger equation

1
Uy = — gz — lul?u, u(z,0) = ¢(z). (1629)

Show that the following quantities are conserved (assuming u vanishes as |z| — oo together with all of its

derivatives)
a) Mass
/ |u(z,t)]* da (1630)
R
b) Energy
1 1
/R el — Sul* d (1631)
Solution:
a) First note
1 1 , 11w
w= [ o] = m=— [—“;” - |u2u} = [“2 + |u!2u} . (1632)

Then differentiating the mass in time yields

d/ lu(x,t)]? d:c:/ O [uu] dx

:/utu—l—uut dx
R

_ / [—“m.“ - |“.|1 + {“m.u + Wﬂ do
R 2Z 1 22 1 (1633)
1
= — | UgaU — Uget dT
21 R
1 _ _
= — —Uply + Uy Uy dx
21 R
— O’

where the fifth line holds via integration by parts, noting we assume u and all its derivatives va-

nish as |z| — oco. This shows the mass is constant in time, as desired.
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b) Likewise,

d

@ | O [ustiy — (vu)?] dz

1 1

L2 = Lt dz = /

207" 2 R

/ U Tyt + UgiTy — 2|u|? (ueT + i) dz
R

A

uxﬁwt + Uwgﬁz dx

/ Upr Ut + Uplypy AT
R

R

:/ u|? [uty + W] do
R

=0,

where we recall in (1633) we showed w;u + wu; = 0.

Heaton

(1634)
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S09.7. Solve the PDE
ug +u2 =0,

(1635)
2

u(z,0) = —x°.
Find the time T for which |u] — cc ast — T.
Solution:

Set® g(x) = —2? and H(p) := p?. Then we see the PDE can be written as the Hamilton-Jacobi equation

ug+ H(Du) =0 in R x (0,00),

(1636)
u=g¢g onR x{t=0}.
The associated Lagrangian L is given by the Fenchel transform
L(v) := sup pv — H(p) = pv — p°. (1637)
peR
Differentiating and using the fact this expression is a quadratic and concave down, we discover
dp 2
Consequently,
v v\2 02
o=+ (5)- (3 |
(v)=v 5 5 1 (1639)
Then by the Hopf-Lax formula
u(z,t) =min (t- L 70 4 g(y) | = min M —2). (1640)
yeR t yeR 4t
In similar fashion to above, differentiating with respect to y yields
d [(z—y)? ] y-= v
dy [ a7 or Y AT (1641)
Therefore for (z,t) € R x [0,1/4)
(2,8) = — v\’ e \'__ @ (1642)
T N T 1—4t)  1—4t’
and we see lim;_,; /4 |u(w,t)| = +o0 for  # 0. O

59As in Zane and Peter’s notes, we note that this problem can be solved using the method of characteristics.
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S09.8. Consider the hyperbolic equation
Ut + Uyt + 2Ugpr = 0 (1643)

in the quarter-plane @ = {(z,t) : x,t > 0}. Assign boundary conditions along t = 0 and = = 0 such that
the boundary value problem in ) will have a unique solution.

Solution:

We shall prescribe conditions for which the PDE uniquely admits the zero solution. The PDE may be
“factored” and rewritten as

0= (9 + 0,) (9, + 20, )u. (1644)

Set v := uy + 2u,. Then set F(p,q,z,x,t) := q+ p. Taking p = v, and ¢ = v; and z = v, we see F' = 0 and

the method of characteristics gives rise to the ODE system

i(s)=F,=1, z(0)=2°
i(s)=F,=1, t(0)=0, (1645)
2s)=Fyp+Fq=p+q=0, 2(0)=2z"

From this, we see v is constant along characteristics, which are of the form ¢t = x + C for scalars C € R.

Thus, v is uniquely defined by its values along the z and t axes, i.e., by
v(0,t) = u(0,t) + 2uy(0,¢), and wv(x,0) = u(x,0) + 2uy(x,0). (1646)

In similar fashion, define F(p, q,z,2,t) = ¢+ 2p. Taking ¢ = v; and p = u, and z = u, we see F =0 and

the method of characteristics gives rise to the ODE system

i(s) =F,=2, z(0)=2a"
i(s) = F, =1, t(0)=0, (1647)
is)=Fp+ Fug=2p+q=0, 2(0)=2".

Thus u is constant along characteristics, which are of the form ¢ = %ZL‘ + C for scalars C' € R. Whence u

is RETURN AND FINISH...... Something is missing with argument... O
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S09.9. Consider the boundary value problem in a smooth bounded domain D in R"™

Au=0 in D, ( )
1648
% +a(z)u=f ondD,

where n is the outer normal to dD.
a) Find a functional whose Euler-Lagrange equation leads to the boundary value problem above.

b) Assume that a(z) > 0. Prove that this boundary value has a unique smooth solution.?!

Solution:

a) Define the functional E : H%(D) — R via

1 9 au?
Elu] := 3/, |Du|* dz + p 2 uf do. (1649)

Then for all v € H?(D) and ¢ € R,

1 2 2 2.2
E[u+€v]:/ 7|Du|2—|—6Du~Dv+i\Dv|2 dz+/ W cquv + 2L
D2 2 oD 2

1 2
:E[u]—l—g{/ Du-Dvdx—i—/ (au—f)vda]+52[/|Dv|2da:+/ avda]
D oD 2Jp oD 2

—uf —evf do
(1650)

Therefore,

SE(u,v) = lim Elu+ev] = Elu

e—0t €

U2

1
= lim [/ Du~Dvdx+/ (au— fluvdo| +¢€ / |Dv|2dx+/ W 4o (1651)
e=0+ [Jp oD 2J)p op 2
:/Du‘Dvd:c—i-/ (au — f)v do.
D oD

The PDE satisfied by each extremizer of E yields the Euler-Lagrange equation. Supposing

SE(u,v) =0, forallve H*D), (1652)

51We interpret this to mean “Prove this PDE admits at most one solution” rather than also proving existence.
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we obtain, from integrating by parts the expression in (1651),

O:—/Auvd$~|—/ (éM—I—au—f)vdJ, (1653)
D ap \On

from which it follows, by the arbitrariness of v, that u satisfies (1648).

Suppose u and ¢ are two solutions of the given PDE, and set w := u — ¢. It suffices to show w is

identically zero. Observe that

Aw=0 in D, ( )
1654
ow +aw=0 ondD,
on
and so
0
0:/ wAw dx = —/ | Dw|? d:v—i—/ w2 do = — [/ | Dw|? dx—l—/ aw? do] <0, (1655)
D D op On D oD
>0
where we have used the fact aw? > 0. This implies
/ |Dw|? dz = 0, (1656)
D
and so |Du| =0 in D. Whence w is constant in D. Furthermore,
0= / aw?*doc = aw?’=0 on dD. (1657)
oD

However, since a > 0, we deduce w = 0 on dD. Together with the fact w is constant in D, we conclude

w is identically zero, as desired.
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2008 Spring

S08.1 Consider the eigenvalue problem

y'(0) +y(f) =0 (1658)

a) Show that if f and g satisfy the boundary conditions, then [f'g — ¢'f]%_, = 0.
b) Prove all eigenfunctions u; and uy are orthogonal in the L? sense.

c) Find an equation satisfied by the eigenvalues, and find the corresponding eigenfunfctions. Show

graphically that there are an infinite number of positive eigenvalues with li_>m Ap = 4o00.
n o0

Solution:

a) Suppose f and g satisfy the given boundary conditions. Then

"9 = 9 flao = F/(D)g(0) — g/ (O f(£) + f'(0)g(0) — ¢'(0)£(0)
=10 [9(0) +4'(O] —g'(0) [f(&) + f(0)]

(1659)
= f(0)0—g'(€)0
=0.
b) Let (-,-) denote the L?(0, /) scalar product, i.e.,
¢
(1.9) = [ F@)gla) da. (1660)
0
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Let w1 and wug be eigenfunctions with distinct eigenvalues A1 and Ag, respectively. Then observe

. (1661)

=0

This implies 0 = (A — A\2) (u1, u2). Since A\; # Ag, we conclude (uq,us) = 0, as desired.

We claim all the eigenvalues are positive. By way of contradiction, suppose the ODE has an eigen-
function v with eigenvalue A = 0. Then integrating twice yields v = c1z + ¢o for some constants
c1,c2 € R. The first boundary condition implies 0 = v(0) = ¢10 + ¢ = ¢2. Thus ¢ = 0. The second
boundary condition implies 0 = v'(¢) +v(f) = ¢1 +c1€ = ¢1(14¢), which implies ¢; = 0 since 1+¢ > 0.

Thus v is identically zero, a contradiction to the fact eigenfunctions are nonzero.

Now suppose there is an eigenfunction v with eigenvalue A < 0. Let p = +/—A\ and note p > 0. Then
v is of the form

v(x) = cre” " + cpe!”. (1662)

The first boundary condition implies
0=v0)=c1+ca = v(@)=c1(e " —e"). (1663)
The second boundary condition implies

0="2v"(0) +v(l) = c1 | —pe " — pett + e 18 — e“q — 0= (1—pe -1+ pe, (1664)
=:f (1)

where we define f : R — R to be the underbraced quantity. Note the second equality holds since
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c1 # 0 as the eigenfunction v is nontrivial. Now note f(0) =0 and

f'(u) = [—e"” - e’”] — (1 = p)e ™ — p(1+ p)et’ = —p? [e’” - e"‘q —(1+p) [e"‘ + e“‘q <0,
(1665)
where, since p > 0, e* — e #* > 0. This implies f(x) < f(0) = 0 for all 4 > 0. This contradicts

(1664), from which we deduce no eigenfunctions exists for the given ODE with negative eigenvalues.

Finally, suppose A > 0. Then the general solution v of the ODE is given by
v = ¢y 8in () + ¢ cos (ax) , (1666)

where a = v/A. The condition v(0) = 0 implies ca = 0. The second condition implies

0=c [sin(al) + acos(al)] = a=—tan(al), (1667)
where c; # 0 since v is an eigenfunction. Then set g(a) = a+tan(af). Since lim,_, (g /9)- = +00 and
limg_,((k—1)r/2)+ = —oo for each £ € N and g is continuous, it follows from the intermediate value

theorem that ¢ has a root aj in each interval [(k — 1)7/2,kn/2]. Consequently, there are infinitely

many positive eigenvalues.
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S08.2 Use the method of characteristics to solve the Eikonal equation (uy;)? + (uy)? = 1 with initial values
ur = 1 on the unit circle T' = {(x,y) : 2% + ¢ = 1}.

Solution:

Let Q = {(z,y) € R? : 22 + y?> < 1}. Then I' = 9. For notational convenience, for each (z,y) € Q we
write w = (z,y). Now define F(p,z,w) = |p|*> — 1. Then, using the method of characteristics and taking

p = Dw and z = u, we obtain the ODE system

P(s) = —Fy— Fp=0, p(0)=p
w(s) = F, =2p, w(0)=uw" (1668)

i(s)=Fp=2[p|> =2, 2(0)=1.

0

The above system implies z(s) = 2s + 1, w(s) = 2sp’ + w’, and p(s) = p°. Employing the use of

polar coordinates (r,6) with the fact u =0 on I', we see

_Ou _Oudx + Oudy = uz(—rsind) + uy(rcosd) = —uy +uyx =p-q on T, (1669)

0=%0 = oz 00 dy 06

where ¢ := (—y,x). Since w-q=—2y+2zy=0and 0 =p-q on I', we have w - p = £|p||w|. Then observe
for all w € Q

lw|? = |25p° + w°|? = 45%(p°)? + 4sp° - w® + |W°|* = 45%[p°|? £ 4s|p°||w°| + |w°|? = 4s® £4s5 + 1, (1670)

where the third equality holds by our above argument and |[p°| = 1 since F = 0 and |w®| = 1 since

initial points for the characteristics occur on the unit circle I'. We now have two cases:

Case 1: |w|? = 452 + 45 + 1. In this case, we see 22 = (25 + 1)? = 452 + 45+ 1 = |w|?, which implies

u(z,y) = \/:ﬁy2 and we note the positive square root must be taken in order to satisfy the boundary

condition w =1 on I'.

Case 2: |w|? = 45®>—4s+1. In similar fashion, in this case, we see |w|? = 452 —4s+1 = (25—1)? = (2—2)?,

which implies u(z,y) = 2 — /22 + y2.

The above two cases show two solutions to the PDE are u(x,y) = \/m and u(z,y) =2 — \/m
O
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S08.4. Solve the following IVP

Ut + Uyt + —20uzy = 0 in R x (0, 00),
u=¢ on R x {t =0},

ur =1 on R x{t=0}.

Solution:

The given PDE may be “factored” as

(O + 50%) (0 —40;)u =10 in R x (0, 00).

Set v(z,t) == (ur — 4uy)(z,t). Then

vt +5u; =0 in R x (0,00).

Heaton

(1671)

(1672)

(1673)

Now let F(p,q,z,x,t) = q+ 5p. Using the method of characteristics, taking ¢ = us, p = uy, and z = u, we

then have F' = 0 and obtain the ODE system

i(s)=F,=5, z(0)=a",
t(s)=F,=1, t(0)=0,
2(s)=Fyp+F,q=5p+q=0, z(0)=uv(2’0).

This implies s = ¢, z is constant along characteristics, and z = 2" 4+ 5¢t. Thus
v(z,t) = 2(s) = 2(2°) = v(2°,0) = v(z — 5¢,0) in R x (0,00).

Setting f(z,t) := v(z — 5t,0) and using our initial conditions, we see

fx,t) = w(x — 5t,0) — duy(z — 5t,0) = ¢(x — 5t) — 4é(x — 5t).

(1674)

(1675)

(1676)
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Consequently, we find the solution u satisfies

ur — 4uy = f(x,t) in R x (0, 00),

(1677)
u=¢ onR x {t=0}
By linearity of the PDE, we may separate u and write u = wi + we where
(w1)t —4(w1); =0 in R x {t =0},
(1678)
w; =¢ on R x {t=0},
and
(we)y — 4(we), = f in R x {t =0},
(1679)
wy =0 on R x {t=0}.
Following the argument in the method of characteristics used for v, we deduce wi(x,t) = ¢(x + 4t).
Now, using Duhamel’s principle and this knowledge of the transport equation, we know
t
wo(x,t) = / flx+4(t—s),s) ds
0
t
= / P(x +4(t —s) — bs) — 4¢'(x + 4(t — s) — 5s) ds
0
1 [e-st (1680)
I G AGE:
T+4t
4 1 x+4t
— =5~ g an)+ g [ () e
9 9 x—5t
Compiling our results, we conclude
u(z,t) = wi(z,t) + wa(zx,t)
4 1 x+4t
= oo +40) + 5o =50 o+ 40+ 5 [ 0(6) de (16s1)
4 5 1 T+4t
= ¢(x—5t)—|—d>(:z+4t)+/ P(€) d&.
9 9 9 Jo—st
U
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S08.6. Consider the differential equation
up = —eAu + A, (1682)

on the interval [0, 27| with periodic boundary conditions. Find the largest value of &y so that the solution
of the PDE stays bounded as t — oo, if € < g¢. Justify your answer.
Solution:

Since u satisfies the PDE on [0, 27| and is periodic, it may be expressed via

u(z,t) =Y a(k,t)e*”, (1683)
keZ

where each term u(k,t) is a Fourier coefficient. Transforming our PDE reveals, for each k € 7Z,
g (k,t) = —e(ik)*a(k, t) + (ik)%a(k,t) = [ek* — k] a(k, 1), (1684)

where we have used basic properties of the Fourier transform to replace the Laplacian terms. Integrating

with respect to t yields

a(k,t) = a(k,0)exp (k* [e — k'] t), for all k € Z. (1685)
Therefore,
u(a,t) = > a(k,0)exp (ke — k']t) - e*”. (1686)
kez

The only term in the series that is not constant with respect to time is the middle term. Thus, in order

for u to remain finite as ¢ — oo, we must have
k* [e — k'] <0, forall k €7, (1687)

which is true precisely when

e < k', forall ke Z—{0}. (1688)

The infimum of the right hand side of the inequality is obtained at k = 1, which gives k* = 1. Thus, we
see the solution remains bounded as t — oo, if € < g, where O
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2008 Fall

F08.2 Let g : [0,00) — R be a continuous function with ¢g(0) = 0. Derive an integral formula for the
solution of the problem
U — Uze =0 in RT x (0,00),

u=0 onR™ x {t =0}, (1689)

u=g on {z =0} x(0,00),
in terms of g.
Solution:
We first define an extension of w with domain R x (0,00). Then we use Duhamel’s principle to obtain
the integral formula for this extension, which reduces to u in [0, 00) x [0,00). Let us momentarily assume
g € C'. We will use integration by parts to obtain a final expression that only requires continuity of g.

Set v(z,t) := u(x,t) — g(t) and

B t) = v(z,t)  in [0,00) x [0, 00), (1690)

—v(—z,t) in (—00,0) x [0,00).

Since v = 0 on {z = 0} x (0, 00), this odd extension ensures o = 0 in {z = 0} x (0,00). Then observe

Ban( 1) Vg (T, 1) = Uge (2, 1) in [0,00) x [0, 00), (1691)

—Vgg(—2,t) = —ugg(—z,t) in (—o00,0) x [0,00),

and
B, ) = ve(z,t) = ue(x,t) — ¢'(t) in [0, 00) x [0, 00), (1692)
—v(—x,t) = —ug(—z,t) + ¢'(t) in (—o0,0) x [0, 00),
which implies ¥ satisfies
Vp — Ve = f(z,t) in R x (0,00),
7=0 onR x {t=0}, (1693)

02=0 on {x =0} x (0,00),

where
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g'(t)  in[0,00) x [0,00),
fla,t) =
—¢'(t) in (—o00,0) x [0,00).
Duhamel’s principle asserts we can build a solution by writing
¢
uet)= [ [ ol—er-9fcs) s,
0o Jr
where ® is the fundamental solution of the heat equation given by

O(x,t) =

1 ( |x]2>
exp | —— | .
VAnt P 4t

Using the definition of ® and f, we write

= | g [0 (5D) [ e (52E)
[ o (D) o ()

From above, we know ¢ = u — ¢ in [0, 00) x [0,00). Hence

00 [ s [ (5) e (25

For s € [0, 1], letting

g(s) == m/f exp (‘Zt__ij) — exp <—Zt+_§|2> d¢ if s €[0,1),

9
0 if s=t,
reveals t
u(z, t) = g(t) + /0 ¢ (s)q(s) ds
— g(t) - /0 9(5)d'(5) ds + lggl'_q
— g(t) - /0 9()d'(5) ds + g(D)a(t) — 9(0)g(0)
— g(t) - /0 9(3)q'(s) ds,
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(1698)

(1699)
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where the final line holds since ¢(t) = 0 and g(0) = 0. Note also the final line gives an expression

solely in terms of g, not including any of its derivatives. ([l
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F08.3. Consider the initial value problem for Burgers’ equation

ut +uzu=0 1in R x (0,00),

(1701)
u=g onR x {t=0}.
Find the entropy solution of this problem with the initial data
0 if x> 1,
9(x) =9 1—z ifze(0,1), (1702)
1 it z < 0.

Also find the maximum time interval [0,#*0 on which the solution is continuous.

Solution:

We proceed by using the method of characteristics. Let F(p,q,z,z,t) := q + pz. Then taking ¢ = uy,
P = U, and z = u yields F' = 0 and gives rise to the ODE system

i(s)=F,=2z z(0)=2a",
i(s)=F,=1 t(0)=0, (1703)
Hs) = Fyp+ Fyg=2p+q =0 2(0) = g(a").

This implies ¢t = s, z is constant along characteristics, and

0 if 20 > 1,
2(t) = t2(0) +2° = tg(a®) +2° = § 41— 2%) +2° if 20 € (0,1), (1704)
1+ if 20 < 0.
Written more concisely, we have
20 if 20> 1,
r=9 (1-t)2"+¢t if20€(0,1), (1705)

1420 if 29 < 0.
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Thus the initial characteristics are vertical in the (z,¢) plane for z° > 1 and have slope 1 for z° < 0.
For time ¢t € (0,1) and 2° € (0,1), we see each characteristic is a line segment originating at (x°,0) and

intersecting (1, 1). Thus, the characteristics crash at time ¢t* = 1, and so the maximum time interval [0, t*)

on which the solution is continuous occurs when

We now identify w for ¢t € [0,1). If x > 1, then the fact the characteristics are vertical there and g = 0
for x > 1 implies v = 0. Similarly, if x — ¢ < 0, then the origin of the characteristic was at a point

2% =2 —t < 0, for which g(z°) = 1, and so u = 1 in such a case. In the final case, where t < z < 1, we see

o T—t x—t l-ux

= (1 —t)2" +¢ = HN=1-2"=1- = : 1
x = )z + = T g(x”) x 1= 1% (1706)
Compiling these results reveals, for (z,t) € R x [0, 1),
0 ifx>1,
u(zx,t) = 1 if z <t, (1707)
1—
T oift<az<l
1—t

To obtain the entropy solution for ¢t > 1, we apply the Rankine-Hugenoit condition to get that the shock

curve parameterized as (s(t),t) satisfies (s(1),1) = (1,1) and

sy = L) = Flur) 5'12—5' _ - (1708)

Up — Uy 1-—

where f(u) := u?/2 and uy = 1 and u, = 0 are the limiting values approaching the shock from the left and

the right, respectively. Thus
1+t

s(t) = —— (1709)

and, for (z,t) € R x (1, 00),
1 ifz < (1+1)/2
u(z,t) = (1710)
0 ifx>(1+1)/2.

Together (1707) and (1710) identify u(x,t), as desired. O
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F08.6. Consider the first order system of equations
n
ug+ Y Ajug; =0, (1711)
j=1
where u : R" x [0,00) — R™, and the A;’s are symmetric m x m matrices with constant real entries. Use

an energy argument to show that the domain of dependence of (xg,ty), to > 0, for a solution of the system

above is contained in the cone

{lz — zo| < Ato— 1)}, (1712)

where
i A 1713
222, POl .

and, for £=1,...,m, A\r(§) is the {-th eigenvalue of the matrix A(§) =377, &4;.
Solution:

Fix (xo,t0) € R™ x (0,00) and define S(t) via
S(t) := B(xo,A(tg —t)), forall t € 0,tp), (1714)
and S(to) := {zo}. Then observe the cone in (1712) may be expressed as
K(xo,t0) :={(x,t) : x € S(t), t € [0,t0]} = {|x — xo| < A(to —1)}. (1715)

In order to verify the domain of dependence assertion, it suffices to show that if u(-,0) = 0 in S(0) C

K(xo,tp), then w =0 in K (z9,%y). Suppose u = 0 in S(0) and define the energy E : [0,ty) — R by

E(t) = % /S I (1716)

and note E(0) = 0 by our assumption. Differentiating in time reveals

E(t) = / u-up do + 1/ lu|?v - v do, (1717)
S(t) 2 Jas(t)

where v = —Av is the Eulerian velocity of the boundary and v is the outward normal along 0S(t). This
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implies

) " A
E(t :—/ u- Ay doe — — ul? do. 1718
== Jyy ™ ey do =5 [ (1718)

Integrating by parts for a fixed j € [n] yields

—/ u- Ajug, dr = / Ug; - Aju dx —|—/ (u-Au)y; do
S(t) S(t) 95(t)

(1719)
= / Ajug; - u dr +/ (u- Au)v; do,
S(t) 8S(t)
where the final line holds since A; is symmetric. Using the symmetry of the dot product reveals
1
- / u- Ajug; dr = / (u-Au)v; do. (1720)
S(#) 2 Jos(t)

Combining (1718) and (1720) yields

. 1 L 1 1
E(t) = / u- Z Vv Aju— Aul? do = / u- A(W)u — Alu)? do < / Alu? — Alul* do =0,
2 Joswy 4o 2 Jas@) 2 Jas)

(1721)
where the inequality holds by our choice of A. Since the integrand in the definition of E(t) is nonnegative,

it follows that E(t) > 0 for all ¢t € [0,%p). Combined with the facts that E is nonincreasing and E(0) = 0,
we deduce E(0) =0 for all ¢ € [0, tp).

The above result shows u(-,t) = 0 in S(¢) for all ¢t € [0,%p) (since otherwise E would be positive at some

t € [0,tp)). In particular, u(zg,t) =0 for all ¢ € [0,ty). Together with the continuity of u, this implies

u(zo, to) = lim u(zo,t) = lim 0 =0. (1722)
t—ty t—ty
Whence u = 0 in K(xg, %), as desired. This completes the proof. O

393 Last Modified: 4/26/2019



ADE Qual Notes Heaton

F08.7. Suppose u is a smooth solution of the following problem

Ugt + Uzz —u =0 in [0,1] x (0,00),
u=0 on 9]0,1] x (0,00), (1723)
u=zx(x—1) on [0,1] x {t =0}.

Derive a differential inequality for w(t) := fol (ug)?(x,t) dr and show u uniformly tends to zero as t — oo.

Solution:

First observe, using the given PDE and integration by parts,

1 1 1 1
w(t) = 2/ Uplyy do= —2/ Ulgyr dx = —2/ u(u? — uge) do= —2/ u? — wug, de, (1724)
0 0 0 0

where the boundary terms cancel since u = 0 on 9|0, 1] x (0, 00). Since —u* < 0, it follows that

w(t) < —2 /01 u? dz= —2uw(t). (1725)

Then, using Grownwall’s inequality, we deduce

w(t) < w(0) exp ( /0 " df) — w(0) exp (=21) (1726)

Given our initial data, we see

1 1 1 4 1
w(0) = / [0z (z(z — 1)) da= / 20 —1]* dz = / 42 — 4z + 1 do= 3 2+1=2. (1727)
0 0 0
This implies we have the differential inequality
1
w(t) < 3 eXP (—2t). (1728)
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With this inequality, we see for (z,t) € (0,1) x (0, 00)

fulz, )] = \ /0 ) dg' < /0 us(e.)] de < < /0 2 df)mw(tf”:\}gem(—t)- (1729)

The first inequality holds by the triangle inequality and the fact x < 1. The second inequality is a special
case of Holder’s inequality. Because we obtained the inequality in (1729) and v = 0 on 9|0, 1] x (0, 00), it
follows that

1
u(+, t)|| e < —exp(—t). 1730
u(, )L ([0,1]) /3 p(—t) ( )
Whence
. . 1
0 < Tim fJu(,) = Ol oo (po,1)) < lim 7 exp(—t) =0, (1731)
and so by the squeeze lemma we conclude u tends to zero uniformly as t — oo, as desired. O
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F08.8. Suppose that ¢(z) is a real-valued continuous function such that fol q(z) dz = 0, but ¢(x) is not
identically zero. Show that Lu = —u” 4 qu with the boundary conditions «/(0) = /(1) = 0 must have a
strictly negative eigenvalue by showing that fol uLwu dx can be negative.

Solution:

Taking p = 1, we see the eigenvalue may be expressed via

Lu=—(pu') +qu=Xu in (0,1),
0-u(0)+1-4/(0)=0, (1732)
0-u(l)+1-u/(1) =0,

which is in regular Sturm-Liouville form. Whence, by Sturm-Liouville theory, the smallest eigenvalue

A for this problem satisfies

A = min {u, Lu)

ued (u,u)’ (1733)

where (-,-) is the L? scalar product on (0,1) and A := {u € C?(0,1) N C[0,1] : ¥/(0) = /(1) = 0}. Let
v € A be any function satisfying fol vq dzx # 0, which is possible through our hypothesis concerning gq.
Then choose o € R such that

(v, Lv) + 2 /01 qu dx <0, (1734)

which can be done since « is multiplied by a nonzero quantity. Observe
(v+ao,L(v+a)) = (v,Lv) + (v, La) + (o, Lv) + (o, La) (1735)

and . .
<a,La>:/ a(0 + qa) dx:a2/ q dx =0,
0 0

1 1
(v, La) = / v(0+ qa) dz = a/ qu dz, (1736)
0 0

1 1 1
(o, Lv) = a/ —" +qu dx = a/ qudz +[1- (=)} = a/ qu dz,
0 0 0
where the final line follows from integration by parts with the boundary conditions. This implies

1
(v+a,L(v+ «a)) = (v, Lv) + 2a/ qu dz <0, (1737)
0
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where the final inequality holds by (1734). By our choice of v, we know v is not constant, which implies

v + « is not identically zero, and so

(u, Lu) < (v+a,L(v+ a))

(v+a,v+a)>0 = A=min < < 0. (1738)
ue A (u,u) (v+a,v+ )
Whence the eigenvalue problem admits an eigenfunction solution with negative eigenvalue. O

REMARK: The solution above does not provide any insight into why we might know to take this approach.
This is explained as follows. First, (1733) is straightforward to obtain. Since A\ equals the minimum value
of the shown fraction over all choices of u, it suffices to find a particular choice of w for which the given
fraction is negative. The simplest function that satisfies the boundary conditions is a constant function.
This is why we need to choose «. Then, in order to utilize the fact ¢ is not identically zero, we also must
introduce a second term v € A to get that fol qu dz # 0. We then want (v 4+ «, L(v + «)) < 0. Expanding

this out reveals the condition we seek for «. AN
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2007 Fall

F07.1 Let ¢ be continuous and bounded in R™. Assume lim;|_, o ¢(x) = ¢o. Consider the Cauchy problem

up—Au=0 in R" x [0,00),
(1739)

u=¢ onR" x {t=0}.
Prove that limy_, u(z,t) = ¢o.
Solution:

Since u is a solution to the heat equation, its integral representation is given by the convolution

1 —£J? 1
u(x,t) = W - d(&) exp <—‘x i | ) d¢ = 72 /Rn 1) (Z\/@—{—x) exp (—]z|2) dz, (1740)

where the final equality holds by using the change of variables to z = (£ — x)/v/4t so that dz = dg/(4t)"/2.

Since ¢ is bounded by some M > 0,

oz + Vatz) exp(—|z?) dz < M/ exp(—|2|?) dz = Ma"/2, (1741)
R" R"

This shows the integrand is dominated by an integrable function, and so the dominated convergence

theorem may be applied. Indeed, for each fixed x € R", it follows that

lim w(z,t) = lim 1/ o) (x + \/@z) exp (—[2[%) dz
Rﬂ,

t—o0 t—00 71'”/2
- lim ¢ (:U + \/@z) exp (—|z|?) dz
7r”/2 Rn t—00
Po 2 1742
= Jo exp (—|z]*) dz ( )
_ (Z)O n/2
= ¢o,

as desired. The dominated convergence theorem may be applied to obtain the second line, bringing the
limit inside the integrand. The third line holds since as ¢ — oo the norm of the argument of ¢ in the

second line also goes to infinity. This completes the proof. O

398 Last Modified: 4/26/2019



ADE Qual Notes Heaton

F07.2. Let A;(x) for ¢ = 1,2 be smooth functions in a bounded domain  C R such that A; = Ay on
0€Q2. Assume that

J J

"L /0A 2 "L [0A5)\ 2
AA; + Z <8.’L‘1> = AAy + Z (8;) (1743)
i=1 i=1

Solution:
Set w := A; — Ay so that

Aw = |DAg|2 — |DA|? in €,
(1744)

w=0 on 0.
It suffices to show w = 0 in Q. Since Q is bounded and (A; + A),, is smooth on (, it follows that

this expression takes on its supremum. Thus, we may set

A:=2- max(A; + A2)y, | - (1745)
TS

Now let € > 0 and set v(z) := w(x) + cexp(Az1). Observe that
Aw = (DAy — DA;) - (DAs + DAy) = —Dw - (DAy + DAy), (1746)
and so
Av(z) = Aw(z) + Neexp(Az1) = — (Dv(z) — Nexp(Az1)é1) - (DAs(z) + DA () + Neexp(Axy), (1747)

where é; = (1,0,...,0) € R™ Since v is smooth over Q, it attains its supremum. By way of contradiction,

suppose v attains its max at a point z € ) in the interior. This implies, at z, Dv = 0 and

0> Av=—(0—cehexp(Az1)é1) - (DAy + DAy) + Neexp(Az)
— exexp (A1) [(Aq + Az)a, + A (1748)

> 0,

where we note edexp(Az1) > 0 and A > (A1 + A2)g,, by (1745). This implies 0 > 0, a contradiction.

Therefore, v attains its maximum along the boundary. Because 2 is bounded, there exists M > 0 such
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that exp(Az1) < M for all z € Q. Whence

0 = max w(zr) < maxw(r) < maxw(x) 4+ cexp(Ar;) = maxv(z) = max v(x) < maxeM =M. (1749)
€082 reQ zeQ reQ €02 hiIstolY]

This implies

0 < maxw(z) < eM. (1750)
€S

Letting ¢ — 07 reveals maxw = 0, and so w < 0 in . Note the above argument can be repeated with
Q

W := Ay — A7 to deduce that —w = @ < 0 in Q. Therefore, w = 0 in  and the proof is complete. O
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F07.5. Consider the initial value problem

where ¢ > 0, o > 0, and up € (0, 1).
a) Find the solution of this ODE.
b) Find the blowup time ¢, at which v — +o0.

c¢) Find the value of o that minimizes ¢, for fixed values of ¢ and uy.

Solution:

a) Observe this DOE is separable, and so

Heaton

(1751)

ﬁl—l—a

v Adda t B
/ = / cdf = —a! [u_a — uaa] =c = U= [uaa — act}
u 0

“He | (17s2)

0

b) We claim t, = (cau®)~!. Indeed, for this choice of t,,

lim u(¢t) = lim |u,® — act e _ ac) V/* lim ———— =
tsts ®) t—sts [ | (ac) st (te — t)1/

+00. (1753)

c) We seek o* that minimizes the expression (cau®)~!. Since the logarithm function is strictly increasing,

this is equivalent to finding the a* that minimizes f : R — R defined by

f(a) :=In (ca_luaa) =In(c) + In (a_l) +In (uy®) = In(c) — In(e) — aIn(up). (1754)

Through differentiation, we see o* satisfies

1
0= f'(a*)=0— Pl In(ug) = o= —

Since ug € (0,1), we know In(up) < 0, and so a* > 0, as desired. Lastly, since

_ 4
 da

1
[~a™t — In(uo)] e = (a*)2 >0,

f'(a)

it follows from the second derivative test that o* is, in fact, a local minimizer.

(1755)

(1756)

0
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2007 Spring

S07.1. Consider a minimizer u of the energy

E(u) === /Q(f —u)? + MN(Au)? da, (1757)

where both v and f are periodic on the 2-torus €.
a) Show the Euler-Lagrange equation for u is —(f —u) + AAZ%u = 0.
b) Compute a solution of this problem in terms of a Fourier series expansion.

c¢) Discuss how the high frequency modes depend on the value of A, which imparts smoothing to w.

Solution:

a) For each test function v with v = 0 on 9 we see

SE(u,v) = lim ~ [B(u+ ev) — ()]

e—=0t €
111 1
= lim ~ [/(f—u—sv)2+)\(Au+5Av)2 dx—/(f—u)2+)\(Au)2 dx}
e—0t € |2 QO 2 Q

= lim ! [/ —2ev(f — u) + 20?4+ 2 e Aulv + \e?(Av)? dx}
@ (1758)

I
=

/—(f—u)v—l—)\AuAv dx+£/

e—0t |: Q Q

_/ —(f —u)v+ AAuAv dz
Q

v? + A(Av)? da:]

:/ (=(f —u) + M%) v da,
Q

where the final equality holds via integration by parts twice and utilizing the fact v = 0 on 9.

Since this holds for all the test functions, it follows that
0=—(f—u)+ A% inQ, (1759)

as desired.

b) Assume u and f are 27 periodic. Then we take the Fourier transform of the Euler-Lagrange equation

402 Last Modified: 4/26,/2019



ADE Qual Notes Heaton

to find that for each (m,n) € 72,

0=— (f(m,n) — a(m,n)> +AAZy
= —f(m,n) +a(m,n) + AX(m? + nz)& (1760)

— —f(m, n) + (1 + )\(m2 + n2)2) a(m,n).

Then solving for each coefficient @(m,n) and recalling for each = and y we have

u(x,y) = Z a(m,n)elmetny) (1761)
(m,n)EZ?

we deduce

f(m7 n) i(mz+n
wey)= > 3 A(mZ + n2)2° . (1762)
(m,n)€Z?

¢) Smoothness of u corresponds to rapid decay of its Fourier coefficients as m and n get large. From
(1762), we see, as A\ becomes large, the coefficients for larger m and n become smaller. This implies

u becomes increasingly smooth as A — oo.
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S07.2. Find all solutions to the boundary value problem Au = x in 22 +y? < 1, du/0r = y on 2% +y2 = 1.

Solution:

Set Q:= {(z,y) € R?: 22 + 4% < 1}. Our PDE becomes, using polar coordinates,

1 .
Urr“‘%ur"‘ﬁuO@:Au:rcose n Q’
ur =sinf on 012,

By linearity of the PDE, we assume u = v + w where

Av=0 in Q, Aw =rcosf in €,
and

v, =sinf on 99, w, =0 on 0f).

We solve for v using separation of variables, i.e., we assume v(r,0) = f(r)g(0) so that

1 r

0=g0) |£'0)+ 110 + BI0O) = s

[rf") + £/)] = -

(1763)

(1764)

(1765)

Since the variables on the right and left hand sides are independent of one another, there exists A € R

such that
d0)+Xg(0) =0 = g(#) = Asin(\0) + B cos(\f).

From the boundary condition in (1764), we deduce A =1, B =0, and A = 1. Thus,
r2f(r) v f'(r) = f(r) =0,
which implies f(r) is of the form z™ and yields
O=mm—-1)+m—-1=m?>-1 = m==l
With the boundary condition in (1764), it follows that m = 1. Compiling our results, we see

v(r,0) = rsin(0).

(1766)

(1767)

(1768)

(1769)
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Similarly, assuming w = ¢(r)y(6), we immediately see the ansatz v(#) = cos . This implies

r2¢"(r) + ¢/ (r) = ¢(r) = 17, (1770)
for which we assume a particular solution ¢ is given by ar® + br? + cr + d. Then

r3 = r2(6ar + 2b) + r(3ar® + 2br +¢) — (ar* + br* +cr +d) = 0=1r*8a—1) +r%(3b) + +d, (1771)

from which equating coefficients reveals b = d = 0, and a = 1/8. Using the fact ¢,(1) = 0, we know

3 3
0=¢p(1) = [3ar® +2br +¢|,_, = [8 +0+ c} — =3 (1772)
Compiling our results, we obtain
} r3 — 3r
u(r,0) = v(r,0) +w(r,0) = rsin(d) + g os 0, (1773)
and so
2,2
w(z,y) =y+ ty)e 3 (1774)

8 8

We were asked to find all solutions, and we claim every other solution @ to the PDE differ from w only by

a constant. Indeed, setting ¢ := u — @ yields Ag =0 in © and ¢, = 0 on 02, and so

0= / qAq dx = —/ | Dq/? dx+/ q— do = / |Dg|? dz, (1775)
Q Q

where the final equality holds since the normal vector n is radial along 9 and ¢, = 0. This implies Dgq is

zero in £, from which our claim follows. This completes the proof. O
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S07.4. Suppose that Au = 0 in a bounded domain D and that v € C3(D). Show that |Vu|? takes its
maximum value in D on the boundary of D.
Solution:

For each = € D, set v(z) := |Vu(x)|? and observe

n n n n
Av = A|Vu‘2 - Z axixi Z u:26j =2 Z Uz, Ug;ziz; + (umzrz)Q =2Du- D(Au) +2 Z(uﬂfzrz)Q >0,
i=1 j=1 =1 =
(1776)

where the final inequality holds since Au = 0 in D and the terms in the summation are nonnegative. Thus

v is subharmonic.

Because D C R™ is closed and bounded, it is compact. Since v € C?(D), it attains its supremum. Now let
e > 0 and set v. := v + £|z|%, and note v. is continuous on U. By way of contradiction, suppose v. attains

its maximum at an interior point z € int(U). This implies
n
0> Av.(z) = Z@wm (v(z) + |z|?) = Av(z) + 2ne > 0, (1777)
i=1 r=z

where the final inequality holds since € > 0 and Av(z) > 0. This implies 0 > 0, a contradiction. Conse-

quently, max v, = max Ve. Then observe
U

< 2) = = = %). 1778
mng < Iilea%( (v(z) + elz]?) rfé%(%(x) irelg)ﬁvg(x) max (v(z) + elz]?) ( )

Since U is bounded, there is M > 0 such that |z|> < M for all x € U. Thus

maxv < max v(zx) + e|z|? < (maxv> +eM. (1779)
U xedU oU
Letting ¢ — 0, we deduce maxv < négx v. And, because OU C U, maxv > r%[z}xv. Combining our
U U
inequalities, we conclude v = |Vu|? takes its maximum value in D on the boundary of D. O
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S07.5. Consider the equation

u + (u?); = au? in R x (0,00),

(1780)
u=g¢g onR x{t=0},
where a > 0 and
0 if |z| > 1,
g@) =91+ if-1<z<0, (1781)

1—-2 if0<x<l.

a) Solve this problem by the method of characteristics to get functions w(y,t) and z(y,t) such that
the solution u(zx,t) must satisfy u(x(y,t),t) = w(y,t). To really find u(z,t) you would have to solve
x = x(y,t) for y(x,t), but do not attempt to do that.

b) The functions w(y,t) and x(y,t) will not exist for all ¢ > 0 and y € R. Find t*, the largest number
such that w(y,t) is finite for 0 <t < ¢* for all y € R.

c) Will it be possible to solve for z = z(y,t) for y(x,t) for all ¢ in the interval [0,t*)? Explain your

answer.

Solution:
a) We proceed by using the method of characteristics. Let F(p,q, z,2,t) = q¢+2zp—az?. Taking p = u,,
q = u, and z = u yields F' = 0 and gives rise to the ODE system

i(s)=F,=1, t(0)=0, (1782)

This implies ¢t = s and, using separation of variables,

= d ¢ 1 1 1
/ —g = / ardr = ——=at = z=-——. (1783)
g(zo) C 0
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Following the notation of the prompt, set

1
w(y,t) == ———. (1784)
m —at
Then .
x—mo—i-/ (1) dr
0
t
2
=ro+ [ —4———dr

——— —ar
0 g(xo)

2 [t —adr
=To— — 1
a Jo aT

——
“n- (1“ (gwlco) - at) o (g(i()))) |

Likewise to above, taking y = x(, we see

2= 2y, t) =y % (m <g(1y) - at) “In (g(ly)» —y %mu — atg(y)). (1786)

from which we obtain u(z(y,t),t) = w(y,t).

(1785)

b) We seek to t* such that 1/g(y) — at* > 0 for all y € R, with ¢* as large as possible. We assume this
equality holds whenever g(y) = 0, in which case we assume 1/g(y) = +oo since g is always nonnegative

and positive somewhere. Observe

1
argmin = argmax g(y). (1787)
v ag(y) Y

Of course, 0 < g(y) <1 for all y, with the final equality strict precisely when y = 0. Consequently,

1 1 1
t* = inf — —_— (1788)
v ag(y

~
Q
Q
—~
(e}
=
S

¢) No, it will not be possible. We verify this claim by showing two characteristics crash together before

time t* = 1/a. Consider two characteristics that originate at g, as € (0,1) with o # ag. ...

(Return and complete.)
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S07.7.

a) Suppose a(z) is a smooth function (continuous of all order) which vanishes for |z| > R. If the

derivative of ¢(z) does not vanish for |x| < R, show that

F(k) = /]R k@) g (z) da (1789)

satisfies |F(k)| < Onk~" for all N € N for some sequence of constants Cly.

b) Consider the solution to Au + k*u = 0 given by

u(z,y, k) = /Rexp (ik [z sin(a) — y cos(a) — a]) a(a) de, (1790)

where a(a) is as in part a). Show that |u(x,y, k)| < Oxk~ for all N on 2% +y2 < 1.

c¢) Suppose that a(a) = 0 for |a| > 7. Show that

u(1,0,k) = ki?g/exp (—izg) dn+ O(k™213) as k — . (1791)

Solution:

a) Differentiating yields

L fexp(iko(a))] = ik () expliko(r) = exp(iqu»(m)):ml,@ fexp(iko(2))] . (1792)
Then integrating by parts, we find
= #ex ikd(x))] alx x:—i exp(tko(x)) - (I(l‘)/ T
P = [ ks o) =g [ eptikote) - | 5] ar o

where the boundary term vanishes since a(x) = 0 for |z| > R. Note the right hand side is also

well-defined since ¢ does not vanish in the domain. However,

1 1
‘ < 2 1@/8) | mmy (1794)
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where we note (a/¢’)" is smooth on the compact set B(0, R), and so the supremum is finite. Setting

C1 = [[(a/d)' || L By We see [F(k)| < Cik~.

Proceeding inductively, we may make repeated used of (1792) and integration by parts. Suppose we
apply this N times for some N € N. Then there the factor in front of the integral in (1793) will be
replaced with (—1/ik)N and the right hand term will become [a/¢'|Y), i.e., it will be differentiated
N times. Also, all the boundary terms will vanish, by the same reasoning as before. Furthermore,
the denominator of the expanded expression for [a/¢']Y) will only have terms that are multiples of
¢', and so the entire expression for the derivative is well-defined and smooth in B(0, R). So, in this

case, we set

Cn = 10/ M| o BTy (1795)

Choosing the constants in this way for all N implies
|F(k)| < Cxk™N, forall N € N, (1796)

as desired.

b) Set ¢(a) := zsina — ycosa — a. Then ¢ is smooth (differentiable of all orders) and, from our result

in a), it suffices to show ¢/(a) # 0 whenever x? + y? < 1. Indeed, in this case,

¢'(a) = wcos(@) + ysin(a) — 1
= ((@,9), (cos(a),sin(a))) — 1
< I, y)lll(cos(e), sin(a))[| — 1
— Va7 2 - \Jeos? (@) + sin(a) — 1

<l-1-1

(1797)

=0.

The second line follows from rewriting the first terms as the dot product of two vectors in R2.
Then the third line follows from the Cauchy Schwarz inequality, and the fifth line since 22 4+ y? < 1.

Thus, ¢'(«) < 0 in 22 +y? < 1. So, a) can be applied to assert there exists a sequence {Cy}nen such
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that |u(z,y, k)] < Cnk™ for all N € N and 22 + 2 < 1.

c) First observe

u(1,0,k) = /7r exp (ik [sin(a) — a]) a(a) da. (1798)

—Tr

In a neighborhood of the origin, we see

3

exp(ik[sin(a) — a]) = exp <zk {—Oé + (9(045)]) = exp <—“€(?‘?)> (1+0(%), asa—0, (1799)

where we use the expansion of the exponential and the fact e®® = e®e? to obtain the final equality.

This implies that, as a — 0,

ikad

exp (ik [sin(a) — a]) a(a) = exp (— (1+ O(a5)) a(a)

)
= exp (— kg‘3> (14 0(a®)) (a(0) + d'(0)a + O(a?)) (1800)
)

( ikad
=oxp | ——

.

(a(0) + O(0)) .

Let 6* > 0 be the radius of convergence of the Taylor series for the left hand side of (1800) and
set ¢ := min{d*, 7}. Then

é -0
u(1,0, k) / exp (ik [sin(a) — a]) a(«) da+/ exp (ik [sin(a) — a]) a(a) da

—T

+

\On\..

exp (ik [sin(a) — a]) a(a) da (1801)

é

exp (ik [sin(a) — a) a(a) da + P
-0

for some C' > 0. The final inequality holds from our result in a), noting that

% [sin(a) — a] = cos(a) —1 <0, forall a € [—m, w|\(—9,0). (1802)
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We seek an integral over all the reals, not just [—d,0]. So observe, following the trick in (1792),

/ooae _L{:a?’ da| = —1/00e _ika3 [g}, da
s YO\ T T Sy P\ a2

1 /00 ex _ika3 a2
i Js TP\ 6

51/ 02 da (1803)
k Js
-7 [a™]5
_9
ok
This implies
o ika?
aexp | ——¢ da =0(1/k), ask — oc. (1804)
é
Likewise,
-0 ika?
aexp | ——¢ da =0O(1/k), ask — oo. (1805)
Thus,
9 6 ikOé3
/ exp (ik [sin(a) — a]) a(a) da = / exp <— 5 > (a(0) + O(e)) da
-0 -0
: (1806)
— [ e
-5
(THERE IS AN ERROR IN HERE.)
Thus, compiling the results of 77, we see
3
u(1,0,k) = (0) exp (=21 ) dyp+ OB +1/k), ask — . (1807)
k3 Jr 6
Since k~2/3 +1/k = O(k=2/3) as k — oo, the proof is complete.
[l
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S07.8. The porous media equation in R" is
ug = Au™, m > 1. (1808)

Consider a similarity solution of the form ¢=2U(z/t%), where U is nonnegative.

a) Compute the values of a and 3, depending on the dimension of the space. (hint: the PDE conserves
f]R" u(z,t) dz.)

b) Show that U(n) satisfies an elliptic PDE of the form
CLU + Con - VU + AU™) = 0. (1809)

Compute C7 and Cs in terms of « and .

c) Find a family of radially symmetric solutions of the PDE in b). Use the fact that for radially

symmetric f(r), Vf = f.# and Af = f., + ”;1 fr, where 7 is the unit vector pointing outward from

the origin, and n is the dimension of the space.

d) Find the special solution with unit mass, i.e., [u(z,t) dz = 1.

Solution:

a) Since the mass is conserved we have

4
= — —a -5
0 p” _/nt U(xt™") dx}
d [ — n,
= / =g (y)t"” dy]
ar (1810)
= — |[t7otnp / d
| } g(y) dy

= (Bn — a)tﬂnal/ 9(y) dy,

n

where y = zt~?. Assuming u is not the trivial solution, the integral is positive since g is nonne-

gative. And, because this holds for all ¢ € (0, 00), it follows that

a=np. (1811)
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Differentiating in time reveals

ue,t) = S [0 = —nBt 01U 1 PVU ) - (B )

(1812)
=t~ [=npU (n) — BVU(n) - 1],
where 7 := 2t~?. Next observe
Au™) = Z Oz u"™
i=1
n
i=1 (1813)
i=1
=mu™? [(m - 1)||Vu|? + ulu] .
Since
Vu(x,t) = t7IVU (xtP) - t77 =t~ YU () (1814)
and
Au(z,t) =t 0y, U(at™?) =t~ 2P AU (), (1815)
i=1
it follows that
m—2
Ay =m [0 )] " [m - D2 TP 4+ 0 ) AT ()|
= ¢~ P2 20 Dy ()™ =2 [(m — 1)I[VU () |* + U () AU ()] (1816)
= DU ()2 [(m = DIIVU ) |> + U () AU ()] -
Equating (1812) and (1816) reveals, from the powers of t,
1 n
—nf—1=— P - - - 181
np fmn+2) = =2 T “Tmoinrz B

where the final equality holds by (1811).

414 Last Modified: 4/26,/2019



ADE Qual Notes Heaton

b) Equating (1812) and (1816) for our choices of a and 3 yields
—nBU(n) = BVU(n) -0 =mU ()" [(m = D|VU@)|> + Um)AU ()] = AU™(n)),  (1818)
where the final equality holds in analogous fashion to (1813). This implies
al(n) + BVUm) - n+AU™ (1)) =0, (1819)

recalling o = nf. Thus C; = a and Cy = £.

c) Let r :=||n|| and assume f(r) is a solution to the PDE in (1819). Then the PDE transforms into the
ODE
-1
0=ngs+ a7+ (' + " Hgmy ). (1820)

which implies

0= nBr" L4 BF" 4 ((f7)'7" + (n = (™)) = Bfr") + (")) (1821)

Integrating with respect to r» and assuming the integration constant is zero, we obtain

0=Bfr" + " (f™) = Bfr" +mr" N = 0=Br+mf"f (1822)
Integrating once more yields

. 1/(m—1)
/mfm_Qdf:—/ﬁrdr — mf 1:()_’%2 = fZ{n;l(C—ﬂ;z)] , (1823)

for some scalar C' € R. Since we assume U(7) is nonnegative, we then write

U(n) :max{ {m_ ! (C— B”gnzﬂwm_l), 0}, (1824)

m

noting 0 is a solution to the PDE. Then u(z,t) = t~“U(n), using «, f, and U as derived above.
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d) Setting
2020\ '/
R(t) := ( > ) (1825)
s
it follows (1824) that u(x,t) = 0 for all x ¢ B(0, R(t)). Consequently,
R(t)
1 —/ u(z,t) dz —/ u(z,t) dz —/ / t=U(rt ") dodr, (1826)
R™ B(0,R(t)) r=0 JaB(0,r)
where we abusively write U(z) = U(||z||) = U(r) since U is radially symmetric. Then
R(t) o R(t) [y — 1 Br? 1/(m=1)
_ —a —B n—1 — o n—1
1 7”L|B(O,1)|/T:0 tTU(rt™) " dr = WBO.1)| /T:O [ - (C 2t25>} r T dr
(1827)
This implies
e m 2t2ﬁ 1/(m-1) R(t) ) o\ 1/(m—1) 1
. = t)” — T dr 182
e i ) JLy mer =y e s

Then using the trig substitution » = Rsin # the integral becomes

/2 w/2
(/ (RZ——R2$n2@1Am_D(RSmHYVJl%adeH::R"+W“”4)/n cosMHD/(m=1) ggin™=19 dg.
0 0

(1829)
Thus
a 28\ 1/(m=1) [ ,.7x/2 -1
nt2/(m-1) _ _ ¢ m 2t / (m+1)/(m=1) g sinn=1p 49 1
R 2B, <m— 1" 5 ; cos sin . (1830)
With R as in (1830), we then deduce, by (1825),
_ e B
C=R . (1831)
With this choice of C and U as in (1824), we see u(x,t) = t~*U(n) has unit mass, as desired.
O
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2006 Fall

F06.3 Consider the PDE

ug—Au =0 1in R x [0,00) x (0,00),

(1832)
u=ug on R x[0,00) x {t =0},
with ug > 0. Compare the following two boundary conditions:
u=0 on R x {y =0} x (0,00), (1833)
and
uy =0 on R x {y =0} x (0,00). (1834)

Denote the solution of (1832) and (1833) by u” and the solution of (1832) and (1834) by u¥. Show
uP <u in R x [0,00) x (0, 00).

Solution:

We proceed as follows. First we define a function @” : R? x [0,00) — R that extends u” to all of R? by

D

means of a reflection. Then we express @~ in terms of a convolution. We then do similarly with a function

@V. Then we obtain our result by directly comparing the integrands in each of the integral representations.

For each function f : R x [0,00) — R define f : R? —» R via

~ ) at if zoa
Py~ Town i (1835)

—f(z,~y,t) ify <O0.

Then note f = f in R x [0,00) for each f and @”(x,0,t) = uP(x,0,t) = 0. The extension @ satisfies

aP — AaP” =0 in R? x (0, 00), (1836)
1836

aP =1y on R? x {t =0}.

For notational convenience, let r = (z,y) € R2. Since @ solves the heat equation, its solution is given by
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the convolution

2
aP(r,t) = 4;/IR 0(€) exp <—|T & > d.

We may expand this using the definition of 4y by writing

Heaton

(1837)

2 2
4”/ / wo(€1, 62) exp( - ) d&d&—/ / o(E1,—6) exp( - ) d&d&]

ﬁ/ / wo(€1,£2) {exp( (z—&)° 4t(y*52) )exp <($fl) 4t(y+52)2>} d,dé,

,.;;

Now for each function f : R x [0,00) — R define f : R? = R via

f(x,—y,t) ify <O,

flz,y,t) =

Then note f = f in R x [0, 00) for each f and Hé\f = 0 since

3}
lim @ (z,y,t) = lim — [uiv(x, —y,t)] = lim —ujyv(x, —y,t) = lim —ﬂév(x

y—0— v y—0— 0Y y—0— y—0—

which implies

ﬂév(aj,(),t) = —ﬂév(a:, 0,t).

Thus
aP — AuP =0 in R? x (0,00),

uP =1y on R? x {t = 0}.

418

Ai:/ /‘UO&£2wP<(x—ﬁfzjy—&ﬁ>{l_mp(_

)} d&;1dé

(1838)

(1839)

,—y,t) = lim ~1,, (ﬂc,y,t)7 (1840)

y—0+

(1841)

(1842)
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In similar fashion to above, we write

r— 2
(0 = g [ w@ew (<73 a
oo oo 2 2
— ﬁ [/ A u0(§1,§2)exp< r 4t§| ) d§1d§2+/ / o(€1, —&2) exp< Ir 4t§\ > dgld&}
_ _ _ 2
R | TR RS AURSE ) [

2 PR
4ﬂ/ / wo(61, &) exp( (@=&) It(y &2) ) [Hexp (—yf?ﬂ déydés.

(1843)

Since ug > 0 and exponentials are always positive, the integrands in (1838) and (1843) are nonnega-

tive. Consequently, for all ¢ > 0 we see the integrand for u!¥

is at least as large as that for @” (by
comparing the final terms), which implies @ > @” in R? x (0,00). Furthermore, since @” = u” and

Y =4 in R x [0,00) x [0,00), we conclude u” > uP | as desired. O
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2006 Spring

S06.1. Solve the following initial value problem and verify your solution

Up + Uy = u? in R2?, (1844)
u=h onR x {y=0}.

Solution:

We proceed by using the method of characteristics. Define F(p,q,z,z,y) = p + q — 22. Taking p = u,,

q = Uy, and z = u yields F' = 0 and gives rise to the ODE system

y(s) = Fq =1, y(O) =0, (1845)

This implies y = s and x = x¢g + s = x¢ + y. Using separation of variables, we see

@ q s 11 1 1
/ g_/ds — _Cos = z=— =— . (1846)
h(zo) ¢ 0 h(zo) 2 R(zo) S ha—y) Y
Therefore,
1
ha—y) Y

Indeed, u(z,0) =1/(1/h(x)) = h(z) and

o+ 4y = [—@ﬂ . <—h($1_y)2> W — y)} + [—u2 - (—M W —y)-(=1) - 1)] 2, (1848)

as desired. 0
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S06.8. Let u(z,t) € C?(R"™ x R) be a solution of the wave equation
ug —Au=0 in D, (1849)

where

D:={(x,t): 2" = (z1,...,2p_1) € R"L, |z,] < t}. (1850)
Assume that u = 0 for |2'| > R for some R > 1. Suppose also that u|. =0 and u|, = 0, where
Iy ={(z,t): 2’ eR" t—2,=0,t>0} and Ty:={(z,t):2' e R}, t+uz,=0,1t>0} (1851)

Prove that u = 0.
Solution:

Let T € (0,00), and set Q2 := DN {t <T}. Then note

= |J s@) = {t}, (1852)

t€[0,T)

where S(t) := {z : |z,| < t}. Thus, multiplying our PDE by u; and integrating reveals

0= / ug(uy — Au) dedt
Q

T
:/‘/ we(use — Aw) dadi
o Jsw
T
:/ / wpthgy + Vu - Vg dx—/ uta—u do
0o |Jsw as@w on
T
=/ / 315[ (Ut + |Vu| )} d:z:—/ ut@ do
o |Jsw as(r) on
T 1 )
= O | = u? + |Vaul? dz| — do | dt
2 /s aS(t)
/ Bt dt—/ / 2 dodt
oS(t

= E ) 99?7

(1853)

> E(T)

> 0.
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Therefore, E(T) = 0. Since T was arbitrarily chosen, we deduce E(T) = 0 for all T" € (0,00). The-
refore, u; = 0 and Vu = 0 in D, and so u is constant. Since u = 0 at a point in D, it follows that u = 0,

and we are done. OJ
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2005 Winter

W05.6. Find the Fourier transform of the integrable function x ~ sin?(z)/x2.

Solution:

Let f(z) :=sin(x)/x. Then note

F(sin(z)) = \/12? /]Rsin(a:) exp (—2mizg) dx
1 1 T —iT :
= T /]R % (e —e™"®) exp (—2mizg) da

— 21'\}% /Rexp <—2m'x(£ — 217r)> — exp <_2m.x <€+ 217r>> " (1854)
v [ () o)
O
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2005 Fall

F05.4. Consider the heat equation u; = uy, on the real line with initial data up = 1 if y < 0 and ug = 0

ify > 0.
a) Show the solution u(y, t) satisfies lim;_, o u(y,t) = 1/2.
b) Is the limit uniform in y? Prove your answer.

Solution:

a) Let u be a solution to the given PDE. Then

u—Au=0 in R x (0,00),

(1855)
u=1wuy onR x {t=0},
where
1 ify <0,
up(y) = (1856)
0 ify>0.

Then since this is the heat equation we know the solution is given by

2
) = @000 = [ 2-.0u(e) e = [ ew (<P Yo as s

where @ is the fundamental solution of the heat equation given by

2
1 y :
= €xp <_4t) in R x (0, 00),

P(y,t) := (1858)
0 if R x (—00,0).
We may then use the definition of ug and the change of variables z = (£ — y)/v/4t to write
1 0 ‘y B 5‘2 1 7y/\/ﬂ 2
t)=—— - df = —= —2%) da. 1859
wnt) == [ e (L u@ as = [ e () s (1859)

For any fixed y € R, we deduce

1 [V 1[0 1 1
tllglo u(y,t) = tliglo NG /_OO exp (—2%) dz = N /_OO exp (—2%) dz = 7 \/27? =3 (1860)
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b) We claim the limit is not uniform in y. By way of contradiction, suppose the limit is uniform in y.

Let € € (0,1/2). Then, by our assumption, there is 7' > 0 such that ¢ > T implies

1
u(-,t) — = <e. (1861)
2wy
However, for each t € (0, 00)
. . —y/Vii 9 e 2
ykrjloou(y,t) = ygr}oo . exp (—z%) dz = /_Oo exp (—z%) dz =0. (1862)

Now note u is positive in R x (0, 00), which is apparent by (1859) since the integrand on the right
hand side is always positive. Let t* > T. Then the positivity of u together with (1862) implies there

exists y* € R such that u(y*,t*) € (0,5 —¢), and so
1 * *
5 u(y*, t*) > ¢, (1863)

which contradicts (1861). Whence the limit is not uniform in y.
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F05.7. Find the (entropy) solution for all time ¢ > 0 of the inviscid Burgers equation u; + 3 (u?), = 0 with
the initial condition

0 if x < —1,

r41 if-l<az<0,
u(z,0) = (1864)

1-1z if0o<z<?2,

0 if x > 2.

Solution:
We proceed by using the method of characteristics. Let F(p,q,z,z,t) := q + zp. Then taking q = uy,
p = uz, and z = u yields F' = 0 and gives rise to the ODE system

i(s)=F,=1, t(0)=0, (1865)
i(s)=Fpp+Foq=2p+q=0, z(0)=g(xo),

where g(a) := u(,0). This implies t = s and z is constant along characteristics. Thus, integrating

reveals

X0 if xg < —1,

t t (I+t)xo+t if —1<zp <0,
xr=ux0+ / (1) dr =20 + / z(1) dr = g + tg(zo) = (1866)
0 0 (1—Dzo+t if0<zp<2,

X0 if g > 2.

\

Notice the characteristics are linear, and, in particular, are vertical for g < —1 and zg > 2. And, for
xo € (0,2) we see

t
lim z = lim (1 - 2> xo+t=2, (1867)

t—2— t—2—

i.e., the characteristics crash at time ¢ = 2. Note they do not crash before this time. As mentioned, they

are vertical in two regions. And, if two characteristics originating at distinct points oy, ag € (—1,0) cross
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at a time ¢* € (0,2), then we we see
(1 + t*)Oq 4+t = (1 + t*)OQ +t* — a1 = o, (1868)

a contradiction. In similar fashion, we see characteristics both originating in (0,2) don’t crash before time
t = 2. And, the slope of characteristics originating in (—1,0) exceeds that of those originating in (0, 2),
and so these characteristics cannot cross either. Thus, we see t = 2 is, in fact, the first time at which the

characteristics crash.

Solving for xp in terms of x and t in our above expression reveals that, for all z € R x (0, 2),

;

0 ifz<—lorz>2, 0 ife<—-1loraxz>2,
) . 1+z n
u(z,t) = g(wo) = 14z if-1< ”f—;t <0, = 1+t if —(1+1¢) < (z—1t)<0, (1869)
. — 2 —
L= if0< =<2, 5“:2 0 < (z—t)<(2—1).

Let f(u) := "72 Then, by the Rankine-Hugenoit condition, the shock curve parameterized®® by (s(t),t)
satisfies (s(2),2) = (2,2) and
flue) = flur) _ 307 = 5u7

. 1
Up — Uy Up — Uy 2

14 s
2(1+1t)’

(1870)

where uy and u, denote the limiting function values approaching the curve from the left and right, respecti-

vely, and we note u, = 0. Using separation of variables, we see

(/1$¥:i/2gﬁﬂ —  In(l+s)=In((1+)"*)+I(C) = s=C(1+1)">-1, (1871)

for some scalar C' € R. The initial condition implies C' = v/3. Therefore, for all (z,t) € R x (0,00),

1+2
if —1 <=t < s(t) =/3(1+¢) — 1,
u(z,t) = 1+t e (1872)
0

ife<—lorx>s(t)=+31+t)—1.

52This s is distinct from that used in the method of characteristics earlier.
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F04.2. Let u(x,t) be a bounded solution to the Cauchy problem for the heat equation

ou = a?d0u,t >0, x € R,a > 0,

u(z,0) = ¢(x).

Here ¢ € C(R) satisfies
lim ¢(z)=b and lim ¢(z)=c.

T—r—+00 T——00

Compute the limit of u(x,t) as t — +oo, x € R. Justify your answer carefully.
Solution:

Define the function v(x,t) := u(az,t) for each (z,t) € R x [0,00). Then v satisfies

v — Uz =0 in R X (0, 00),

v=g on R x {t=0},

where g(z) := ¢(ax). Since v solves the heat equation, it is given by the convolution

= [ s (—'x 4t52> .

v(z,t) =

Letting z = (€ — z)/\/4t, we may write

v(z,t) = \/17? /]Rg <2\/4E+ :U> exp (—22) dz.

Heaton

(1873)

(1874)

(1875)

(1876)

(1877)

We claim ¢ is bounded and, thus, so also is g. This implies the integrand is dominated by some constant

multiplied by exp(—z2), which is integrable. Whence we may use the dominated convergence theorem to
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deduce for z € R

] ] 1 “+o0o 0
tllglo v(z,t) = tli>oo N [/0 g <2\/4t + :c) exp (—22) dz + /Oog (Z\/4t + x) exp (—zz) dz]
= L lim <Z\/4t + 93) ex (722) dz + ' lim (2\/425 + x) ex (722) dz
0 t%oog P oo t%oog p

+o0 0
b/ exp (—22) dz—i—c/ exp (—zQ) dz}
L Jo s
WE o/
| 2 2
c
2 )

e

(1878)

where we use the dominated convergence theorem to obtain the second equality. The first part of the
third line holds by using the fact z > 0 in the first integrand and g — b as * — o0, by hypothesis. The

second part of the third line follows similarly. Therefore for each x € R we conclude

b
lim u(z, t) = lim v(z/a,) = re (1879)

t—00 —00 2 7

as desired. Note the division by a is well-defined since a > 0.
All that remains is to verify ¢ is bounded. Since ¢ — b as x — 400, there is y > 0 such that x > y implies
lp(x) = bl <1 = |o(z)] < |bl+ 1. (1880)

Consequently, ¢ is bounded on (y1,00). And, since [0, y1] is closed and bounded, it is compact and therefore
#([0,y1]) is compact as ¢ is continuous, which implies ¢ is bounded on [0, y1]. This shows ¢ is bounded on

[0,00). Similar argument allows us to deduce ¢ is bounded on (—o0,0] and, thus, ¢ is bounded on R. O
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F04.3. Consider the damped wave equation

(O — A +ad)u=0 inR3xR,
u=¢ onR3x{t=0}, (1881)
u=1 onR3x {t=0},

where a € C§°(R?) is a nonnegative function and ¢, € C§°(IR3). Show the energy FE(t) is decreasing in

time, where

1
E(t) := / |Dul? +u? dz. (1882)
2 R3

Solution:

To proceed, we differentiate £ in time to find

E(t) = Du - Duy + upuy do = /

ug (—Au +uy) doe = / u [—au] do = —/ au? dzr < 0. (1883)
R3 R3 R3

R3

The equality holds via integration by parts, where the boundary terms vanish since we claim u is com-
pactly supported for all time. The following equality holds by the PDE wu satisfies, and the final inequality
holds since the integral is nonnegative. Therefore E(t) < 0 for all times ¢ € [0, 00), which implies E(t) is

nonincreasing in time.

All that remains is to verify our claim that u is compactly supported for all times. To do this, we first
show that if there exists a ball B(z,7) C R? such that u = u; = 0 on B(z,r) x {t = 0}, then u = 0 in the
cone K(z,r) defined by

K(z,7) = {(x,t) € R* x [0,7) : & € B(z,r —t)}. (1884)

For notational convenience, set S(t) := B(z,r —t). Then define the energy e(t) via

1
e(t) := / |Duf? 4 u? dz. (1885)
2 Jsw
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We assume ¢ = ¢ = 0 in S(0), from which it follows that e(0) = 0. Then differentiating in time reveals

1
é(t) = / Du - Duy + uguy do + / §(|Du|2 +u?)v-n do
S(t) a5(t)
ou 1 9 o
= u (U — Au) do + u— + —(|Du|* + uy)v-n do (1886)
S(t) as@ on 2

where v is the Eulerian velocity of the boundary 9S(t) and n is the outward normal along 05(t). To-

gether the Cauchy-Schwarz inequality and the fact that

1
0<(a—p)2=a’+p>-2a = af< 5((12 +B%), forall a,f € R, (1887)
imply
ou 1, ., 9
Uty | = lug| [Du - n| < |ug||Du| < §(ut + |Dul?). (1888)

Thus, our boundary integral is nonnegative, i.e.,

é(t) g/ —au? dx+/
S(t) aS(t)

where the final inequality holds since a is nonnegative. This shows é(t) < 0 for all ¢ € [0,7), and so e(t)

1 1
(|Duf® +uj) — 3 (|Duf? +u7) do = —/ au? dz <0, (1889)
S(t)

N |

is nonincreasing. Since the integrand in the definition of e(t) is nonnegative, it follows that 0 < e(t) <
e(0) = 0, whereby we see e(t) = 0. Whence u; = 0 and Du = 0 in S(¢) for each ¢t € [0,7), i.e., in K(z,7).
Consequently, u is constant in K (z,7). Since v = 0 in S(0) C K(z,r), it follows that u = 0 everywhere in
K(z,r), as desired. In particular, this implies, by the continuity of u,

u(z,r) = lim u(z,t) = lim 0 =0. (1890)

t—r— t—=r—

We now apply our result to show u is compactly supported. Let T € (0,00). Since ¢ and 1 are compactly
supported, there exists R > 0 such that spt(u(-,0)) C B(0, R). Now choose z € R*— B(0, R+ T +1). This
implies u = 0 on B(z,T') x {t = 0}, from which our result above with (1890) implies u(z,7") = 0. Since z
was arbitrarily chosen in R? — B(0, R+ T + 1), it follows that spt(u(-, 7)) € B(0, R+ T + 1), i.e., u(-,T)

is compactly supported. Since T was chosen arbitrarily, this holds for all times, and the result follows. [
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F04.7. Consider the PDE
uugy +ur+u=0 in R xR. (1891)

a) Find the particular solution that satisfies the condition u(0,t) = e=%.

b) Show that at the point (z,t) = (1/9,In(2)), v = 1/3.

Solution:
a) We proceed by using the method of characteristics. Define F(p,q, &, z,t) = {p+q+ €. Taking p = u,,

q = w, and £ = u yields F' = 0 and gives rise, via the method of characteristics, to the ODE system

i(s) = Fp = &(s), 2(0) =0,
i(s)=F, =1, t(0)=to, (1892)
(s) = Fpp+ Fyq = &p+q=—&(s), £(0) = e 2o,

This implies t = tg + s and

E(s) =&(0)e* = e 2077, (1893)

Thus,
2(s) = 2(0) + /OS (1) dr =0+ /OS e 20T dr = e 20 [1 —e %] = £(s) [e® — 1], (1894)

and so
eszgﬂzzzf, (1895)

where the division is well-defined since £(s) # 0 for all s. Whence we obtain the quadratic equation

o 2+E
£

£ = e Aots)ts — =28 — ey =. (1896)

=€

Using the quadratic formula, noting & > 0, we deduce

~2t | /o~ ¥ 4ze-2F —2t
Ve e € 1+ Az 1897
2 2
Therefore, we conclude
-2t
u(z,t) = 67 [1 V1t 4z62t} . (1898)
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b) Directly plugging (1/9,1n(2)) into our expression for u reveals

1 1
1 14+4( = 2In(2) | = =
e 1 (3)emo] -

e—2 In(2)

u(1/9,1n(2)) = — 16

144/1
1+

1 51 1
-1+l =2, (1
8[+3} 5 (1899)

as desired.
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F03.1. Consider the ODE

w=v—ud, V=u—nu. (1900)
a) Find all the stationary points and their type.

b) Draw the phase plane and find all connections between the stationary points.

Solution:
a) The three fixed points of this system are given by (u,v) = (0,0) and (u,v) = (1,1) and (u,v) =
(—=1,—1). The Jacobian matrix for this system is given by
du/ou  du/ov —3u? 1

J(u,v) = = ) (1901)
dv/ou  0U/0v 1 -1

which has eigenvalues A that satisfy

(Bu?+1) £ /(Buz +1)2 —4(3u® — 1)
2

0= (A+3u?)A+1)—1 = X2+Bu+1)+(3u*-1) = I=— . (1902)

At the origin, we obtain eigenvalues A = (—=1 ++/5)/2, and so the origin obtain forms a saddle. At
(£1,+£1) we see

\ —4 4 /422_ 4B3-1) -4+ V8 913 (1003)

5 =
and so (£1,+1) form stable nodes.

b) The null-cline for % = 0 is v = u® and for © = 0 it is u = v. A phase plane is given below.
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Figure 30: Phase plane for F03.1.
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F03.3 The function h(x,t) defined by

72
h(z,t) = \/Z% exp <_4t> (1904)

satisfies the heat equation h; + h,, = 0. Using this result, verify for any smooth function ¢

3 00
u(z,t) = exp <t‘3 - a:t) / p(E)h(x —t2 — £,t) d¢ (1905)

satisfies u; + xu — uy, = 0. Given that f is bounded and continuous everywhere in IR, establish that

lim /_ T Oh(z - €.t) de = f(a), (1906)

t—0

and then show that u(x,t) — ¢(x) as t — 0.
Solution:
The first part with the derivatives is long and tedious, and so we omit the details here. Let € > 0 be given

and fix z € R. We must show there is " > 0 such that ¢ € (0,7") implies

’f(x) - /_ T Oh—6.t) de| < <. (1907)
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‘W02.5. Consider the boundary value problem

Au+ S0 gy, —ud=0 in Q,
Rl TR (1908)

u=0 on 0N,

where 0 is a bounded domain in R™ with smooth boundary. If the aj’s are constants, and u(z) has

continuous derivatives up to second order, prove that « must vanish identically.

Solution:
Set v := (aq,...,qy) so that
Au+4v-Du—u®>=0 in Q. (1909)
Then
Oz/u(Au+v~Du—u3) dx
Q
2 4 du 2
= [ —|Du|*—-0—u" do + u— +u‘v-ndo (1910)
Q o on

= / —|Dul? — u* dz,
Q
where n is the outward normal along 92 and we note Dv = 0. This implies
O§/|Du|2dx:—/u4dx§0 —  Du=0 inQ, (1911)
Q Q

and so u is constant in . Combined with the fact u = 0 on 0f2, it follows that u is identically zero.
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W02.6. Solve the Cauchy problem

ur +u?u, =0 in R x (0, 00),

u=2+2z onR x {t=0}

Solution:

Heaton

(1912)

We proceed by using the method of characteristics. Set F(p,q,z,z,t) = q + 2%p. Then taking p = uy,

q = ut, and z = u yields F' = 0 and gives rise to the ODE system

i(s) = F, = 2%, x(0) = o,
t(s)=F,=1, t(0)=0,
#(s)=Fp+ Fyq=2p+q=0, z(0)=2+ .

This implies t = s and z is constant along characteristics. Thus,

x(s) = xzo + / (1) dr =z + / 22(1) dr = 20 4 52%(0) = 20 + (2 + 20)>.
0 0

Expanding this quadratic expression reveals
r=s(4+4x0+23)+xg = szi+(ds+1)zo+ (4s—x)=0.

Using the quadratic equation, we then obtain

(4s + 1) + /(45 + 1) — 4s(4s — 7) +—1+\/88—|—1+4sx

(1913)

(1914)

(1915)

(1916)

- - 9
0 2s 2s
Therefore,
—14++/8t+ 144t
u(z,t) =2(t) =2+ 9 = + 2:_ + a:’ for all (z,t) € R x (0,00) s.t. 2+ 1/4t +x > 0. (1917)

0
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F01.2. Consider the differential operator
e Ty pdu (z) (1918)
U= — — + a(x)u

da? dx ’

where « is a real-valued function. The domain is = € [0, 1], with Neumann boundary conditions u’(0) =

u'(1) = 0.

a) Find a function ¢ for which L is self-adjoint in the norm
1
Jull? = [ da. (1919)
0
b) Show L must have a positive eigenvalue if « is not identically zero and

/1 a(z) dx > 0. (1920)
0

Solution:

a) In order for L to be self-adjoint in the given norm we need
(u, Lv) = (Lu,v) (1921)
to hold for all appropriate functions u and v, where the scalar product is defined by

(u,v) ::/0 uvg dx. (1922)
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Observe .
(u, Lv) = / uw(v” + 20" + aw)¢ dz
0

1
= / —(ug)'v" + 2uv'¢ + auve dx + [uv'qﬁ]é
0 SN——

=0

= /1 —u' v’ + w'[2¢ — ¢'] + auvg dx

; (1923)

1

= / (' @) v + uv'[2¢ — ¢'] + cuvg dx

0 X
= / [u” + 2u" + aujvpdr + / [uv” — u'v][2¢ — ¢'] dz

0 0

1
— (Lu) + [ [~ w20 - ¢ da.
0

Taking | ¢ := exp(2x) | yields ¢’ = 2¢ so that the second term on the right hand side above vanis-
hes and we obtain (1922), as desired.

b) The integral inequality (1920) suggests we divide by w, which we presume is well-defined. For a

nonzero eigenfunction u with eigenvalue A we have
v’ +2u' + au = Lu = Au, (1924)

and so

1 1,/ /
/\:/ /\da::/ Lot tade
0 o u u

1 o 2 o o 1
= — | — 2— d —
/0 (u) + u+a m—'—[u]o (1925)

——
1 / I\ 2
Z/2u_<u> dz.
0 u u

=0

(Return and complete.)
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S01.3. Solve the initial value problem

2, .2 :
ur — = (uz +2°) =0 in R x (0,00),
3 (e +27) (1926)
u=2z on R x {t=0}.

You will find that the solution blows up in finite time. Explain this in terms of the characteristics for
this equation.

Solution:

We proceed by using the method of characteristics. Define F(p, q, z, x,t) = q¢— % — % Then taking p = uy,
q = ug, and z = u yields F' = 0 and gives rise to the ODE system

p(s) = —Fy — Fop = x(s), p(0) =1,
i(s) = —F, — F.q=0, q(0)=31+a}),
i(s) = Fp = —p(s), x(0) ==z, (1927)

t(s)=F,=1, t(0)=0,

(s) = Fpp+ Fyqg = —p*(s) +q(s), 2(0) = xo.

This implies t = s and

iP=-p=—-1r = I+x=0 = x=cjcos(t)+ cysin(t). (1928)

The initial condition x(0) = xo implies ¢; = xg. The condition p(0) = 1 reveals

—1=—p(0) = #(0) = —z0sin(0) + cacos(0) =c2 = 2 =—1 (1929)
Thus,
x =xgcos(t) —sin(t) and p= —z = zgsin(t) + cos(t), (1930)
which implies
x +sin(t) . . 9
p = cos(t) + “oos(d) sin(t) = cos(t) 4 sin“(t) + x tan(t). (1931)

441 Last Modified: 4/26,/2019



ADE Qual Notes Heaton

Thus, for z # 0,
lim  |ug(z,t)| = lim | cos(t)+sin®(t) +xtan(t) | = +oo. (1932)
e N N —

t—(mw/2)~ t—(m/2)~ - - Y
— — —doo

This reveals |u,| — 400 and, thus, |u| — +oo by the time ¢ = 7 /2.
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F00.1. Consider the Dirichlet problem in a bounded domain 2 C R™ with smooth boundary 9€:

Au+ a(z)u = f(z) inQ, (1933)

u=0 on 0.

a) Assuming |a(z)| is small enough, prove the uniqueness of the classical solution.
b) Prove the existence of the solution in the Sobolev space H!(2), assuming f € L?(9).

Solution:
a) Let u and v be two classical solutions to the PDE. Setting w := u—w, it suffices to show w is identically

zero. Note

Aw+aw =0 in ,
(1934)

w=0 on of.

Since w = 0 on 012, Poincaré’s inequality asserts there exists C' > 0, dependent only on D, such

that
/ w? dz < (J/ |Dwl|? da. (1935)
Q Q
However,
/aw2 dx:/ —wAw dz :/ | Dw|? dx—/ wo da—/ |Dw|? dz, (1936)
Q Q Q
and so

1 1
HaHOO/ w? dx > / aw? dz > / w? de = (\auoo - ) / w? dr > 0. (1937)
Q Q C Jo C) Jq

If ||a||so < 1/C, then it necessarily follows that

/ w? dz = 0, (1938)
Q

which implies w = 0 in €2, as desired.
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b) We proceed by application of the Lax-Milgram theorem and assume ||a||oc < 1/C. Define H := H} ()

and the bilinear form B : H x H — R and the linear form ¢ : H — R via

Blu,v] := /QDU -Dv —auv dzr and {(v):= /Q —fv dx. (1939)

We claim B is bounded and coercive and ¢ is bounded, from which the Lax-Milgram theorem asserts

there exists a unique @ € H such that

Bla,v] = 4(v), forallve H, (1940)

i.e., 4 is the unique weak solution of the PDE.

All that remains is to verify the assumptions of the Lax-Milgram theorem hold. Observe

() < N follerg) < Nfll2@llvllicz@) < Iz llvllm (1941)

and
|Blu,v]| < [[Du - Dv||p1(q) + llall Lo luv][ 21 )

< |[Dull 2@ 1DV 2y + llall oo @ [lull L2y 101l 22 @) (1942)

< (L+ llallzee (o) lullllolla,

which shows £ and B are bounded. By our hypothesis, there exists 8 € (0,1) such that ||a||« < 3/C.

This implies B is coercive since

Blu, u] :/ |Dul? + au® dx
Q

> | DullZ2 () — llallze @) lull7z @
g
> (1= B)|DulZ2 i) + (C = llall o=y ) lull 720 (1943)
: s
> min {1 5. & = lalli~a) | (IDulE20) + Il

. B
= min {1 - B, c- ‘GHLOO(Q)} ||U||%I7

and the proof is complete. 0
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F00.2. Consider the Cauchy problem

ug — Au+u?=f inR" x (0,7),

(1944)
u=0 onR" x {t=0}.
Prove the uniqueness of the classical bounded solution, assuming 7" is small enough.
Solution:
We proceed by applying Banach’s fixed point theorem. Fix M > 0 and set
Vi={veC*(R"x [0,T)): |v]| < M}, (1945)
where || - || denotes the sup norm. Since V' is a closed subset of a complete space, V' forms a Banach space.

Define
t
o0 = [ [ @t =) (F5) = o.)?) s, (1946)

where @ is the fundamental solution of the heat equation, i.e.,
—n/2 |$’2 :
O (z,t) = (4nt) exp |~ ), in R™ x (0, 00). (1947)

We claim ¢ forms a contraction for 7" sufficiently small. Because V is complete and ¢ is a contraction for
T sufficiently small, the Banach fixed point theorem asserts, for T sufficiently small, there exists a unique

fixed point u of ¢. However, this fixed point u satisfies the implicit equation

u(z,t) = (pou)(z,t)) = /0 /n O(x —y,t—s) [f(y, s) — u2(y, s)] dyds, (1948)

from which Duhamel’s Principle asserts u forms a solution to the inhomogeneous PDE (1944). The uni-

queness and existence of the fixed point u of ¢ (for T" sufficiently small) establishes the result.
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All that remains is to verify ¢ is a contraction. Observe, for all vi,vo € V,

[p(v1) — ¢(ve)|| = sup
(z,t)

<Hv2—v1|] Sup// O(x—y,t —s) dyds

// (@ =yt —s) [v2(y,9)" = vi(y, 5)] dyds

a (1949)
~ 43 ~ofll-sup [ as
(z,t) JO
2 2
= Tvy —vi]
S QMTHUQ — ’U1H.
Fixing T' < 1/2M, we see ¢ forms a contraction on V', and the proof is complete. ]
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F00.5. Consider the eigenvalue problem in the interval [0, 1],

=y () +p(®)y(t) = Ay(t), y(0) =y(1) =0. (1950)

a) Prove all eigenvalues X\ are simple.

b) Prove there is at most a finite number of negative eigenvalues.

Solution:

a) First observe this problem may be rewritten in regular Sturm-Liouville form

(1) +py =My
1y(0) 4+ 0y/(0) = 0 (1951)
1y(1) + 0y'(1) = 0.
Define the differential operator L by Ly := —y” + py. Suppose y; and ys are eigenfunctions with

a common eigenvalue A\. Then

0= )\<y1y2 - yly2)
= (Ly1)y2 — y1(Ly2)

= [~y{ + pyrly2 — vi[—vh + pyo)
(1952)

=Yy — Y12
= (n1y)" — (y1y2)’

= (195 — i)

This shows y1y5 — y}y2 is constant. But, from our boundary conditions, we see
y1(0)5(0) — y1(0)y2(0) = 0y5(0) — 1 (0)0 = O, (1953)
which implies the Wronskian satisfies
W (y1,y2)(x) = = y1(2)ya (@) — yi(x)y2(2) = 0. (1954)
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This shows y; and yo are linearly dependent, from which it follows that each eigenvalue A corresponds

to a single linearly independent solution of the ODE, as desired.

b) See S09.2b.
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F00.6. Consider the initial boundary value problem

U — Uy +au =0 in {t >0} x {x > 0},
u=0 on {z>0}x{t=0}, (1955)
u=g on{x=0}x{t>0},

where ¢(t) is a continuous function with compact support and a is a constant. Find the explicit solu-
tion of this problem.
Solution:

See F18.05. 0
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1999 Fall

F99.1. Suppose Au = 0 in the weak sense in R™ and there is a constant C' such that
/ lu(y)| dy < C, for all x € R™. (1956)
{lz—yl<1}

Show w is constant.
Solution:
Let © be a compact subset of R™. Then the collection {B(x,1)},er» forms an open cover of Q. By

compactness, there exists a finite subcover, i.e., there are {x? i, such that
m
Q| JB(i,1). (1957)
i=1
By our hypothesis, it follows that
m m
[rumlay < [ juwldy<) C=cm<o. (1958)

Because (2 is an arbitrary compact subset of R™, it follows that u € Li (R"). Together with the fact u

loc

is a weak solution of Laplace’s equation, the assumptions of Weyl’s lemma are satisfied. Whence, up to

redefinition on a set of measure zero, u € C*°(£2) is smooth and satisfies Au = 0 pointwise in .

Fix z € R™ and set®3

(1) = ]la o M) o) = ]é U7 A012) (1959)

Then

) = . _ Y- _ Ou
¢'(r) —]{33(0’1) Du(z +rz) -z do(z) ]([93(“") Du(y) do(y) ]{93(93,70 o do(y). (1960)

r
Upon integrating by parts, we then see

r

¢ (r) = ][ Au(y) dy = 0. (1961)
B(z,r)

n

53Tis follows the approach in the proof of Theorem 2 on page 25 of Evans’ PDE text.
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This implies ¢ is constant, and so

¢(r) = lim ¢(t) = lim u(y) do(y) = u(z). (1962)
t—0+t t—0+t OB(z,t)
In particular,
u) = [ u) dy| <alm) [ Juldy < Calm) (1963)

where «(n) is the measure of the unit ball in R"™. Because x € R"™ was arbitrarily chosen, it follows that

54

u is bounded. Thus, Liouville’s theorem®* asserts u is constant. O

1See Theorem 8 on page 30 of Evans’ PDE text.
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